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Abstract

Let h(x) be a non constant polynomial with rational coefficients. Our
aim is to introduce the h(z)-Chebyshev polynomials of the first and second
kind T,, and U,,. We show that they are in a Q-vectorial subspace F, (x) of
Q [x] of dimension n. We establish that the polynomial sequences (h*T}, )
and (h*U,_1)x, (0 < k <n — 1) are two bases of E,, (x) for which T}, and U,
admit remarkable integer coordinates.
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1. INTRODUCTION

The n'* Chebyshev polynomials of the first and the second kind are respectively
defined by the following second order recurrences

T,=2xT, 1—T, 9 withTy=1and T} =z,
U, =2xU,_1 —U,_o with Uy =1 and U; = 2z.

For n > 1, the explicit expressions of T}, and U, are given (see for instance
[4, 3]) by the following identities
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The Chebyshev polynomials of the first and the second kind admit respec-
tively the following exponential generating functions, see Cesarano [8] (we also
find in it the ordinary generating functions and some other generalizations, see
also [6]),

ZTn (2) i—n, = exp (tx) cos (t 1— gg2) ,

n>0

" exp (tx) .
n— e tvV1— 2 .
nE>O Up—1 () oy = sin ( x )

In [7], the integral representations of Chebyshev polynomials of the first and
second kind in terms of bivariate Hermite polynomials H,, (z,y) are established
(for the used version of Hermite polynomials see for instance Appell and Kampé
de Fériet [1]). Cesarano propose [6] a new extension of Chebyshev polynomials
via the integral representation as follows, for a real parameter o and the variables

T,Y,

1 o
Un (z,y,a) = m/ exp (—at) t"H, (2z,—y/t) dt,
- JO
1 > n—1
T (z,y,a) = m/o exp (—at) t" " Hy, (2z,—y/t) dt,
where
/2] n_ k
_ e - n—2k, k

k=0

Identities (1) and (2) give the decomposition of T;, and U, in the canonical basis
of E,, [x] (with dimension |n/2|+1) of polynomials having the same parity with n
and of order < n. Our aim is to extend the results of Belbachir and Bencherif [2] by
considering a non constant polynomial h(z) instead of 2z. We were led, at the be-
ginning, to consider separately the situation h(z) = az as a specific distinct case.
As an example, we establish that for (n > 2, 1 <k < |n/2|, 0<I<|(n—1)/2])
the family 9%, = (h"_zk, ﬂ:h"‘zl_l) is a basis in all situations, excluding the case
where h(z) = ax. This work is not a generalization of Belbachir and Bencherif
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work [2], but a complementary situation and an extension to the case h(z) # ax.

We have just to notice that all the results we give are independent of the degree
of h.

2. THE GENERALIZED CHEBYSHEV POLYNOMIALS

We define, for every integer n, the h(z)-Chebyshev polynomials of the first and
second kind respectively by the recurrence sequences

(3) Tn = h(w)Tn_l — Tn_g (TO =1 and T1 = 1‘),
(4) Un = h($)Un,1 — Un,Q (U(] =1 and U1 = 2$)

where h(x) is a non constant polynomial with rational coefficients.
The generating series of (7},), and (Uy,),, are given by

1—t(h(x) — x)
— h(z)t 4 t2

1 —t(h(z) — 2x)
1—h(z)t+t>

gr, (t) = and gy, (t) =

According to these expressions, we establish the following result

Theorem 1. For every integer n > 1,

(5)

/2] Ltn=1)/2]
k (n—k o n—2k(n—k ke
T, = Z(_l)knk( B )h() 2k 4 Z k( L ):vh(x) 2kt
k=0
(6)
/2] L(n—1)/2]
kK (n—k . n—2k(n—k N2k
U, = Z(_l)knk( B )h(:v) RET Y (—1)knk< B )xh(m) Zk—1,
k=0 k=0

Proof. We have — ht+t2 =Y o (=) =37 50 2 ko (M) (—1)kpm=Fkgmtk,
Taking m + k = n, we obtain m = Zn>0 IEn/(?J ("gk)( 1)kpn=2kn Tt fol-
lows that 1+ o) Tt" =143 -, St", where S =3 n/2J( 1)k(";k) hn—2k
ZIE(HO 1)/2J( 1)k(n k— 1)hn 2% z[ n—1) /2J( 1)k(n Ilz 1) h"=2k=1 Using the
equality ("7} . 1) = n=2h ("kk) we obtain S = ZLn/2J( 1)kﬁ(";k)hn_2k

n 1 2 n n n—
R J(—l)kr%f( cJh 2,

Similarly, we obtain formula (6). ]

Remark 2. For h(z) = 2x, we have for each n > 1.
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These identities are well known for Chebyshev polynomials of the first and second
kind (see for instance [4]).

3. DETERMINING AN ADEQUATE BASIS

The aim of this section is to establish that for h(x) not equal to azx, the family
of polynomials 98,, bellow constitutes a basis of the vectorial space E,(z).

Let By = {z} and B, = (A" 2, zh""271) (n>2), with 1 < k < [n/2]
and 0 <[ < |(n—1)/2]. For every n > 1, the polynomials T}, and U,, are in the
Q-vectorial subspace E,,(x) of Q [x] generated by the family 9B,,.

Theorem 3. The family B, is a basis of E,(z).
Proof. Forn = 2m (m > 2) (the case n = 2 is trivial), Bo,,, = {1,xh, h?, zh3, ...,

h®m=2 xh?m=11 From the fact that the degree, with respect to z, of xh?m~!
is strictly greater than degrees of R?™~! and zh®™* (k> 2), the polynomial

xh?™~! can not be written as linear combination of 1, zh, ..., h*™ 2.
Now, for a; € Q, (0 <i < 2m — 3), suppose that
(9) h2m=2 = agmfgxhzm_g + a2m74h2m_4 + -+ +ajzh + ag.

The degree of h?™~2 is strictly greater than the degree of xh?™~3 except
when d°h = 1 for which the two degrees are equal. Then, if d°h > 1, relation
(9) is not possible. If d°h = 1 then h(xz) = ax + b with a and b in Q-{0}. By
identification according to (9) we obtain a contradiction. Then By, is a basis of

Egm (.’L’)
The same approach holds for n odd. [ |

The first values of polynomials 7;, and U,, over the basis 28, are
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T ==,

Ty =xzh—1,

Ty =ah® —h— =z,

Ty = zh® — h? — 2zh + 1,

Ty = zh* — b3 — 3zh? + 2h + x,

Ts = xh® — h* — 4ah® + 3h% + 3zh — 1,

U, = 2z,

Uy =2xh — 1,

Us = 2zh® — h — 2z,

Uy = 2zh3 — h? — 4ah + 1,

Us = 2zh* — h3 — 62h® + 2h + 2z,

Us = 2zh® — h* — 8xh® 4+ 3h? + 6zh — 1.

4. TWwWO OTHER BASES

In this section, we establish that ¥, = (han—k)ogkgn—l and U, =
(hkUn—k)ogkgn—l for n > 1, are two bases of E,(x). Notice that T, and i, are
families of E,, ().

Theorem 4. For anyn > 1, %, and L, are bases of E,(z).
This result follows from the following lemma.

Lemma 5. For anyn > 1,

1 for n even,
dets, (Tn) = { (_1)Ln/2J for n odd,

2ln/2] for n even,
dets,, (Un) = { (—1)ln/2] gln/2)+1 for n odd.

Proof. For any integer m > 1 and for 1 < k < 2m+1, set Vk(m) = hk*1T2m+1,k
and W™ := W5 Usp 1. We have V) V™ = V™D and ) —wi™ =
wimy.

Let A, = deta,,, (V"™ V™, .. V™) and Dy, := deta,,, (W™, W™,
7W2($)) We have
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2m—1

m m—1 m—1 m—1
= dety, . (Vl( ) ym= ym=b (_1)).

2m

Ay = dete,,. (Vl("”, AR 7SN 7 A 7440 )

Set d;T,, the degree of T;, with respect to h according to the basis B,,. It
follows that d;Ty = 0 and d;7;, = n — 1 (n>1). Then deVk(m) =2m — 1
(1<k<2m). We have 3V, ™V =2m —3 (1 <k <2m—2) and V")) =
2m — 2. The dominant coefficient of Vl(m), V2(:nn:11) and V"V (1<k<2m-2)

k
are equal to 1. It follows that A, = (—1)+2m-1 detss,,, ., (Vl(mfl), Vz(mfl), ey
Vo)) = Apy =+ = Ay = 1. Similarly
Dy = detay,,, (W™, wi™, .. win)
m m—1 m—1 m—1
= dets,,, (Wf owim D wm émfl)) :

Since &SW,™ = 2m—1 (1 <k <2m), &sW" ™ =2m—3 (1 <k < 2m — 2)
and d;’LWézill) = 2m—2 with dominant coefficient of Wl(m) and W,gmfl) (1<k<
2m —2) are equal to 2 and the dominant coefficient of W2(an::11) is equal to 1. Then
Dy, =2(=1)*"D,, 1 =2Dy, 1 = -+ = 2™,

Taking n = 2m + 1, we have

det‘B2m+1 (T2m+1, hT2m, ey h2mT1)
= (—1)?™.(~1)™. detss,,, (Tom, hTam-1, .., h*™ ' T})
—1)" detss,, (Tom, hTom—1,-- -, h2m—1T1)

and

detes,,, 1 (Uamt1, WUsm, . .., h*™Uy)

= 2(—1)?2 (—1)™ detw,,, (Uzm, WUam_1, - .., h*™107)
= 2(—1)"detss,, (Uapm, U1, ..., K210

= 2(=1)™D,,

= (—1)m2mtl,
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5. EXPRESSIONS OF T, AND U,, IN THE BASES ¥,, AND i,

85

In this section we give the decomposition of T,, and U, in each of the bases ¥,

and i, respectively. There are height possibilities:
. Ty, over %o, : Toy, is Top;

. Usy, over LUy, @ Usy is Usp;

1
2
3. T2n+1 over §2n+1 : T2n+1 is T2n+1;
4. Uzpy1 over Uopi1 : Uzpyr 18 Uspyr;
5

. Ty, over $lo,, ie., expressing Tb, in terms of Us,, hUsp—1, h?Usn_o,

L 220, B2

6. Usy, over To,, ie., expressing Us, in terms of Th,, hTan—1, h?Ton_o,

o WA R

7. Toni1 over Us,i1, i.e., expressing To,11 in terms of Usyi1, hUay, thgn,l,

. ,h2n71U2, h2nU1;

8. Uapy1 over To,i1, ie., expressing Us,41 in terms of Toy i1, hToy,, h2Ton_1,

e h2n_1T2, thTl‘

The first four situations are obvious. The remaining situations are established

below.

Theorem 6. For every integer n > 1,

2n—1

(10) 2T5n = 2Usn + Z (—1Y " agy_1,;h Usp—j,
j=1

(11) 2T2n—|—1 = U2n+1 + Z(—l)j—’_lagnd‘hJUQn_,_l_j.
j=1

Theorem 7. For every integer n > 1,

2n—1

1 o 2n —1 .
(12) Usp = Ty + 3 Z (—1)7~1 [( i > +042n—2,j—1] W Toy,—j,
=1
2n ' '
(13)  Uzpg1 = 2Top41 + Z(—l)]%n,jh]Tan—j,
=1

where (o, ;),, is the sequence given by oy, ; = ZZ:j(—l)k(l?) (0 < j < n) with

J
the first values
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1 1

0 -2 -2 -1

1 2 4 3 1

0 -3 -6 -7 —4 -1

1 3 9 13 11 5 1

S
ST W N~ _—
.

—_

We need the following proposition to establish Theorems 6 and 7.

Proposition 8. For every integers n and j, the following holds

1. apgrjtanj1=ap 1+ anp1;-1,
2n
2. aopj1tQam-gj 2+t 2 1= (j,l)a
(2n+1)

3. —aonyoj + agn -1+ agnj + %a2n,jf2 = —%
Proof. 1. apy1j + Qnj1 — Q-1 — on-1-1 = (=1)"(%) + (—1)"(jﬁl) +
(=" =o.

2. agpj-1+tQop2j-2+ Qo1

= 22%"]21( )k(jkl) - (2;1711) ( ) + zzn]22( )k(yg)
= 255 DR GE) A CDRGR) - () + (1) + (17 (65
= (_1)J 1(;71) + (2;'111) - (2;'111) + (j2IL1) + (_1)j (;:3) = (j2IL1)'

3. — Qang2,j + Qopj1+ Qon i+ 1042%] 2

= ("= ()31 (2D + 20 (CDF(E) 3 R (DR ()
= () = () P ) + B ) + O = -4

Using Theorem 6, we get

2T, = Uy,

2Ty = 2U, — hUj,

2Ty = Us 4+ hUs — h2Un,

2T = 2U, — 2hUs + 22U, — R3UY,

2Ty = Us + 2hUy — 4h%Us + 303U, — h*U3,

2T = 2Us — 3hUs + 6h2Uy — Th3Us + 4h* Uy — KUY,

2Ty = Uy + 3hUs — 9h%Us + 13h3U, — 11h*Us + 5h°Us — KU,
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and from Theorem 7, we get

Uy = 215,

Uy =Ty + Ty,

Us = 2T — hTy + h2Ty,

Uy = Ty + 2hT5 — 2h% Ty + B3T7,

Us = 2Ty — 2hTy + 4h>T5 — 3h3 Ty + Wi,

Us = Ty + 3hTs — 6h>Ty + Th3T3 — 4h* T + KOT7,

Uy = 2T% — 3hTs + 9h*Ts — 13h3Ty + 1104 Ty — 5T, + hOT7.

6. PROOF OF THEOREMS
The proofs of the two theorems are essentially based on the induction approach
and on the proposition above.

Proof of Theorem 6. The precedent tables show the validity of the first terms.
We have

2n 2n—1
2T5p42 = hUzpy1 + Z(_l)j+1a2n,jhj+1U2n+l—j —2Us, — Z (=1 g1 7 Uy .
j=1 J=1

Set j + 1 =4 in the first summation and using relation (4), we get

2Ton12 = 2Usnto — hUspni1 — Qan0nh®™ UL + a2 2n—1h*"Us + aan—1.1hUzn 11
2n—1
— h2U. —1) I . L= - .
Q2n—1,2n—1 2+ Z( D)W Uspyo—j [an,j—1 — Q2n—1,j — Qan—1,j-1]
j=2
Using ap1 = +(=1)"2n+1) = L, a0 = (1), apn—1 = (=1)"n + (=1)""1, one

deduces
2n+1

2Ton12 = 2Usn42 + Z (1) agpi1, 0 Usnaj.

j=1

Formula (10) is proved. Let us establish (11), we have

2n+1
21543 = 2hUzp42 + Z (=) agn i1 ;07 Uspyo—j — Usnia
=

2n
- 4
- E (=1)? gy, jh! Uspy1—j
j=1

In+1 2n+2
= Uznts + hUzni2 — @2ni1,20h*" T U2 + @21 204102 72U + a2n 1 hUsp 2
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2n
2n+1 i1 j
+ a2p2nh*" T UL + E (=17 [—agnt1,j-1 + Q2n,j + a2nj—1] B Uspys—;.
i=2
2n+2
- .
= Uszn43 + E (=) agpy2 jh Uspig—j.
j=1

Proof of Theorem 7. Suppose, by induction, that relations (12) and (13) are
true until order n. Then, we have

Uant2
2n . ) 1 2n—1 . m—1
= 20Tons1 + D _(—1) azn jh7  Top g1y — Ton — 5 > (-1t K . >
j=1 j=1 J
+ a2n—2,j—1:|hJT2n—j
1 2n —1
= Tonyo + hTont1 + Qon 20 h*" T — gy on 1 BT — 3 K% 7 1) + 042n—272n—2]
2n—1
1 2n —1 . 1 2n —1
2Ty + = n—2.0| hTon 1 g, i 4+ =
AL oot Eir s (3
2n —1 )
+ agp_2,-2+ ( i ) +042n—2,j—1)] W Tonto—j
2n-+1
1 . 2n+1 ;
= Topyo + 3 Z (—=1)/ ! {( i ) —l—azn,j—l] W Topqa—j.
j=1
Analogously, we obtain
Uzn+3
2n+1
. 2n+1 )
— hT2n+2 —+ 5 Z (—1)3 1 |:< J ) —+ a2n1j1:| hj+1T2n+27j — 2T2n+1

=1
2n

- Z(_l)ja2n,jth2n+l—j

1 2n+1 1 2n+1
= 2T5,43 — Wby, — noon | RV — = " 2n—
2n+43 2+2+2K2n+1)+0@ ,2] 175 o + Qop 2n—1

2n
o 1 2 1
W2 Ty — on b Ty — g 1 hTonia + Y (=1) W Tonsa- [— << ThL )
o 2 j—1
- Oézn,j—z) + aop,j-1 + 04271,]}

2n+2
= 2T, 43 + Z (—1) agnta, i’ Tonys—;.
j=1 [ |
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Some perspectives. The extension given here is related to two papers written
by Belbachir and Bencherif [4, 3]. As a first perspective, as suggested by Professor
Andreas Philippou in a private communication, it is interesting to establish the
same results for the multivariate Fibonacci and Lucas polynomials. The second
one is to see how can be extend the results given by Prodinger [10] and by
Belbachir and Benmezai [5] to the ¢g-analog situation.
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