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Abstract

In this paper we consider the solutions of the generalized matrix Pell
equations X2 — dY? = ¢l, where X and Y are 2 x 2 matrices over Z, d
is a non-zero (positive or negative) square-free integer, ¢ is an arbitrary
integer and I is the 2 x 2 identity matrix. We determine all solutions of
such equations for ¢ = +1, as well as all non-commutative solutions for an
arbitrary c.
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1. INTRODUCTION

In [8] Vaserstein suggested solving some classical number theory problems in
matrices. He considered a few classical problems of number theory with the ring Z
substituted by the ring My (Z) of 2 x 2 integral matrices, that is 2 x 2 matrices over
Z.. Some generalization of the classical Diophantine equations, such as Fermat’s
equation, to matrix equations were studied by number of authors such as [1, 6]
and [9].

The Pell equation is a diophantine equation of the form 2% —dy? = 1, where d
is an arbitrary integer. In the discussion on classical Pell equation, it is customary
to assume that d is positive since negative d yields only trivial solutions. Gen-
erally, d is taken to be square-free, since otherwise we can “absorb” the largest
square factor of d into y. Given that d is square-free positive integer, it is known
that Pell equation has infinitely many solutions, which arise from a special “fun-
damental solution”. This problem is extensively discussed in the literature. See,
for instance [5, pp. 137-158] and also [4].
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Given a non-zero (positive or negative) square-free integer d we shall be
interested in finding the set of all 2 x 2 integral matrices X and Y which satisfy
the matrix equation

(1) X% —dY? = dI,

where ¢ is an arbitrary integer and“I” denotes the 2 x 2 identity matrix. By
analogy to the ordinary Pell equation, this matrix equation will be called “matrix
Pell equation”. We emphasize that contrary to the classical Pell equation, where
d is considered to be positive, in the matrix Pell equation we shall also handle
negative d, since in this case we also get non-trivial solutions.

A similar matrix equation was studied by Grytczuk and Kurzydlo in [2].
The former authors gave a necessary and sufficient condition for solvability of the
negative matrix Pell equation, namely, of the equation

(2) X? —dY? =1,

for nonsingular 2 x 2 matrices X, Y over Z.

In order to solve the matrix Pell equations (1) we investigate separately
commuting and non-commuting solutions, that is, solutions satisfying XY = YX
or XY # YX, respectively. In this paper we determine all (non-commutating and
commutating) solutions of matrix Pell equations (1) for ¢ = £1, as well as all non-
commutating solutions for an arbitrary ¢. The following theorem demonstrates
our main results for ¢ = 1, that is, concerning the equation X? — dY? = I (see
Theorem 2.1 and Theorem 3.2).

Theorem 1.1. Suppose that X and Y are 2 X 2 integral matrices and let d be a
non-zero square-free integer. Then

(a) XY =YX and X% —dY? =1 iff either

(0 o (ti t
=(on) = %)

where t1,t9,t3,ty € 7. satisfy t% - alt?1 — dtots =1, or

< _ t1 “7—%2 v ty gtg
- G’T_ltg aty — bdty ’ - gtg bt — aty

where t1,to,t3,t4,a,b € Z, a # 1, g = ged(a — 1,b) and the following relations

hold:
2(a—1)
2

2 — dt2 — tot3 =1 and a® —b*d=1.
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(b) XY # YX and X2 —dY? =1 iff

(3 5) - oe(e )
t3 —t1 83 —81

where t1,ta,t3, 51, 52,53 € Z satisfy t3 + tats — d(s? + s253) = 1 and the vectors
t = (t1,to,t3) and § = (s1,52,53) are linearly independent over the field Q of
rational numbers.

We shall denote the trace of a square matrix A by tr(A), its determinant by
|A| and its adjugate matrix by adj(A). The linear algebra information may be
found, for example, in the book [3].

The author is grateful to the referee for his constructive remarks.

2. COMMUTING INTEGRAL SOLUTIONS OF THE MATRIX PELL EQUATION

The following theorem characterizes all the commuting integral solutions of the
matrix Pell equation (1) and for ¢ =1 and ¢ = —1.

Theorem 2.1. Suppose that X and Y are 2 X 2 integral matrices and let d be a
non-zero square-free integer. Then XY = YX and X% — dY? = +1 iff either

_ 3] 0 . . ty to
() =)

where t1,ta,t3,t4 € 7 satisfy t3 — dt3 — dtatz = 1, or

a¥l b
X _ ti it oyt 2t
“Elts +(aty —bdts) ) gtg +(bty — aty)

where t1,ta,t3,t4,a,b € Z, a # £1, g = ged(a F 1,b) and the following relations

hold: ) )
2oa 20T md1 and @ Pd=1.
g
Proof. We shall prove this theorem simultaneously for the equations X? —dY? =
I and X2 — dY? = —I, where the upper signs refer to the first equation and the
lower signs refer to the second case. Note that the condition a # +1 means that
a # 1 in the first case and a # —1 in the second case. Thus g is always defined.
We begin by proving that the conditions are sufficient. We have to verify two
cases.

First suppose that

C(t1 0\ (ta to
=) =G5,
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where t1,to,t3,t4 € Z satisfy t% — dt?l —dtots = £1. Then X and Y commute and
2 2
t 0 t t
X2 o Y2 — 1 o 4 2
d (0 t1> d (t3 —ty
2 — dt — dtats 0
(3) = 2 2 :

By our assumption 3 — dt — dtats = 1, so indeed X? — dY? = £, as required.
Now suppose that

t afly, ty b,
X = 1 g o Y =1, g
%tg i(atl — bdt4) §t3 :E(btl - at4)

where t1,to,t3,t4,a,b € Z, a # +1, g = ged(a F 1,b) and the following relations
hold: 3 — dt2 ¥ 2(1 F a)tats/g? = +1 and a® — db*® = 1. First let us verify that
X and Y commute. Indeed, a direct computation yields
0 a27b2d71t t
XY-YX:( ) L

:I:%Qd_ltgg 0

Since a? — b%d = 1, it follows that XY = YX, as claimed. Next, we have

2 2
t afly t by
—dY? = o a7 —d(,! g7
itg j:(atl — bdt4) §t3 :t(btl — at4)

t% _ dt2 4 a 7dbg+112at2t3 4 a?—db’—-1 fcébQ 1t1t2
B @Vl g d(b2d — a?)t2 + u*dbgjl 204,15 + (a® — b2d)t2

Since a? — b%d = 1, we get

—d 2(‘””)75 t3 0
(4) X? —dY? = o o 9 2(aFl) 7
0 tl - dt4 + g2 t2t3

By our assumption t2 —dt] F2(aF 1)tats/g* = £1, so X2 —dY? = £, as required.
Next we prove that the conditions are necessary. Set

X — <IE1 !E2> S Y = <y1 yz) :
T3 T4 Ys Ya
where the x;’s and y;’s are integers and assume that X2 —dY? =41

Since by our assumption XY = YX, it follows that over the ring Z[v/d] we
get the following decomposition

(5) (X 4+ VdY)(X — VdY) =
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Hence |X 4+ VdY||X — VdY| = 1. Set
X +VdY| = a+bVd,

where a,b € Z. Note that

+y1vVd in\/ﬁ>
X+Vay =" .
(963 +ysvVd x4+ ysVd

Thus
X £ VAY| = (21 + Vdy)(zs £ Vdya) — (w2 + Vdya)(z3 £ Vdys)
= 124 — 2223 + d(y1ya — Y2y3) = (@1ya + Tay1 — Tayz — y2x3)Vd.
Therefore |X —vdY| = a—bVd. By (5) we get (X+vdY)™! = £(X —V/dY) and

a? — b®d = 1. Hence

1 ) B _
madJ(X+ VdY) = £(X — VdY),

that is

T4+ \/ﬁy4 —T2 — \/ng
(a= b\/&) <—$3 - \/Ey?) x1+ \/3?;1 )

_ <x1 —Vdy1 x — ﬁyg)
w3 — Vdys x4 —Vdys)

Thus
(awq — bdys) + (ays — bra)Vd = £(z1 —y1Vd) (i)
(©) (bdys — axs) + (bxy — ays)Vd = +(xo — y2/d) (ii)
(bdyz — ax3) + (bxs — ays)Vd = +(x3 —y3v/d) (iii)
(azy — bdy1) + (ayy — bxy)Vd = £(zq — ysv/d)  (iv).

We shall distinguish between two cases.

Case 1. Assume, first, that a # 1 and a # —1. Hence b # 0. Since the x;’s
and the y;’s are integers, it follows from (ii) and (iii) of (6) that

bry —ay2 = Fy2 and brs — ays = Fys.

Hence

b d b
To an =
aF1 2 Ys a¥Fl1

Similarly, by equations (i) and (iv) of (6) we get

Y2 = xs.

{ ays — bry = Fyr
ayr — bxy = Fya,



18

that is
bxy

b.ilfl.

{ Ty +ays =
ay1 £ ys =

Since 1 — a? # 0 we may use Cramer’s Rule to obtain

bry «a
bry +1|  b(+xg4 — axq) b ( )
= = = ax €T
Y1 1 4 1— &2 21 1+ 24
a =+1
and
+1 ba:4
a bry b(£x1 — axy) b ( )
— = = axr xr .
Ya 1 4 1— a2 21 4F 21
a =*1
Therefore
b ary Frg (at1)xo
Y = .
a? -1 \(at Dz axyFa
Using a? — 1 = b%d yields
Y—i ar1 Fxy (a£1)xs
S bd \(atDxs arsFz )’

Since Y is over Z, it follows in particular that

bd | ax1 Fx4 (i)
bd | (a £ 1)z (ii)
bd | (a £ 1)z (iii).

(7)

B. COHEN

If we set z1 = t1, then by (i) of (7) there is t4 € Z such that bdts = at) F x4, that
is x4 = £(at; — bdty). By (ii) there is so € Z such that bdss = (a & 1)x9, that is
Ty = %32. Since (a—1)(a+1) = db?, we have x9 = %52. Note that since x4 is
an integer, it follows that b | (aF1)se, that is 3 | s2, where g = ged(aF1,b). Thus
there exists t9 € Z such that sy = th. Since b?d = a? — 1, we get xo = %tg.

Similarly, by (iii), there is t3 € Z such that x3 = %1753. Therefore

tl a}gltz
X = aFl )
g t3 i(atl — bdt4)
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where t1,t2,t3,t4,a,b € Z, a®> —b*d =1, a # 1, a # —1 and g = ged(a F 1,b).
Moreover

2_
v — 1 (aazl Fry (at 1)@"2) B ta abdg1t2
bd \(a+1)x3 axyFax; bdglt?’ + (angl — at4)
[ ta §t2
- §t3 :t(btl — at4) ’

To complete the proof we need to show that t2 dt4 F ( )tgtg = +1. Indeed,
by (4) we have

2yt £ — dt3 7 2 1oty 0
N - 2 _ 42 o 2aF]) '
0 t] —dty F =z —tat3

Since X2 — dY?2 = 41, the assertion follows.

Case 2. Now, assume that either a = 1 or a = —1. Hence b = 0 and by (6)

we get
a(zs +yavVd) = +(z1 —y1Vd)
—a(xy + y2vVd) = (22 — y2V/d)
—a(zs + y3Vd) = +(x3 — ysv/d)
a(z1 +y1vVd) = +(z4 — yaVd).
Thus

args Fx1 =0 and ays£y1 =0 (
(8) (at1)ze=0 and (aF1ly2=0 (
(a£1)zg=0 and (aF1)yz=0 (iii)
ary Frs=0 and ay; +tys =0 (

First let us consider the equation X? — dY?2 = I (so we shall refer in (8) to the
upper sign among “+” and “F”).
If a = —1, then (ii), (iii) and (iv) of (8) yield

Ty = —21
Ya =111
y2 =y3 = 0.
Therefore, there exist t1,to,t3,t4 € Z such that x1 = t1, xo = —t9, x3 = —t3,

y1 = t4 and

(o~ o [(ta O
() v=(00)
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In addition,

3 — dt] + tot 0
2_ gv2_ (U 1T 12t3
X —dy ( 0 t%—dt§+t2t3>'

Since by our assumption X2 — dY? =1, it follows that t3 — dt3 + tat3 = 1.

We note that the matrices and the condition which we obtained for a = —1
(regarding the equation X2 — dY? = I) are obtained by taking a = —1 in Case 1.
Indeed, if a = —1, then b = 0, so g = ged(a — 1,b) = ged(—2,0) = 2. Hence in
Case 1 we obtian

X — t1 QT_th _ t1 %Ztg [t —ts
o QT_ltg atl—bdt4 o _72t3 —t1—0 o —t3 —tl

and

t by

v — b4 sl2 _ <t4 0) ‘

Uty bty —aty 0 t4

In addition, for a = —1, b = 0 and g = 2 we get the same condition
2(a—1 2(—2
1=t —dt? - ytm =13 —dt? — (4 )t2t3 =12 — dt3 + tot3,

as claimed.

If a = 1, then (i), (ii) and (iii) of (8) yield

Ir1 = X4
Y4 = -4
9 = I3 =0.

Therefore, there exist t1,to,t3,t4 € Z such that x1 = t1, yo = to, y3 = t3 and

Y1 = 14, SO
_(t1 0O ) [ty b
x=(50) v )

In addition, by (3) we have

t2 — dt? — ditst 0
2 2 _ 1 4 203
XT—dY ( 0 ] —dtf — dt2t3> '

Since by our assumption X2 — dY? = 1, it follows that t? — dt — dtat3 = 1, as
required.

Next, let us consider the negative matrix Pell equation X2 — dY? = —I (so
we shall refer in (8) to the lower sign among “+” and “F”).
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If a = —1, then (ii), (iii) and (iv) of (8) yield

Ty = X1
Ya=—1
Tro = I3 =0.

Therefore, there exist t1,to,t3,t4 € Z such that x1 = t1, yo = to, y3 = t3 and

y1 = t4, SO
t 0 ty to
X = Y = .

As in the former case, since X2 — dY? = —I, it follows that t? — dt3 — dtats = —1,
as required.
If a = 1, then (i), (ii) and (iii) of (8) yield

Ty = —21
Y4 = Y1
y2 =ys3 = 0.
Therefore, there exist t1,to,t3,t4 € Z such that x1 = t1, xo =9, x3 =13, y1 = t4
and
ty 1o ty 0O
X = Y= .
6 5) =6 0)
Since )
ty — dty + tots 0
X2 —dy?= (" =1
d < 0 t] — dty + tots ’

it follows that t — dt] + tats = —1.

As shown in the previous case, it can be verified the matrices and the con-
dition which we obtained for a = 1 (regarding the equation X2 — dY? = —I) are
obtained by taking a = 1 in Case 1. [

Example 2.2. Let us construct a set of commutative solutions for the matrix
Pell equation X? —2Y2 =1.

First we choose a solution for the ordinary Pell equation a? — 2b%> = 1, say
(a,b) = (3,2). Regarding the equation X? —2Y2 =1, set g = ged(a — 1,b) = 2.
By Theorem 2.1, the matrices

X = tl %h . tl t2
o %tg atl—bdt4 o t3 3t1—4t4

v — ty gtz (s to
- gtg bty —aty ]~ \t3 2t; —3ts)’

and
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where t1,to,t3,t4 € Z such that t? —2t2 —t5t3 = 1, constitute a set of commutative
matrix solutions for X2 — 2Y?2 = I. For example, by choosing t; = 5, ty = 2, t3 = 3
and t4 = 3, we get the particular solution

5 2 3 2
Indeed,

2 2
9 o (5 2\ (3 2\"_ (31 16\ (15 8\ _ (1 0\ _
X5 —-2Y _<3 3) 2<3 1) _<24 15) 2(12 7>_(0 1)_1'

Example 2.3. Let us describe the set of all commutative solutions for the matrix
Pell equation X% +Y? =1.
Theorem 2.1 gives us two sets of solutions. The first set consists of all matrices

of the form
([t 0 . [ty b
X= <0 t1> Y= <t3 —t4>

where t1,t2,t3,t4 € Z satisfy t7 + 13 + totg = 1.

For the second set, notice that the solutions of the ordinary Pell equation
a2 +b? = 1 with a # 1 are (a,b) € {(-1,0),(0,-1),(0,1)}. For (a,b) = (—1,0),
we have g = ged(a — 1,b) = ged(—2,0) = 2. The corresponding matrix solutions

are therefore
t %1152 1 —to
X=1 a1 =
Ttg at1 — bdt4 —t3 —tl

b
N I L <t4 0) ,
5753 btl — at4 0 t4

where t1, to, t3,t4 € Z satisfy t%—dtﬁ—Q(a—1)1&2753/92 =1, that is t%+ti+t2t3 =1.
For (a,b) = (0,1), we have that ¢ = ged(a — 1,b) = ged(—1,1) = 1. The
corresponding matrix solutions are therefore

t1 %tz t1 —ta
X = a—1 =
Ttg at1 — bdt4 —t3 t4
t by
Y = b4 g2 _ tqg to
oty b1 —aty ts 4

where t1, o, t3,t4 € Z satisfy 3 —dt3—2(a—1)tats/g* = 1, that is t3+t3+2tat3 = 1.
Similarly, for (a,b) = (0,—1), we get the following matrix solutions:

T N F—
X_<—t3 —t4> ’ Y_(—ts —t1>

and

and
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where t1,to,t3,t4 € Z satisfy t2 + 3 + 2tat3 = 1.
In particular, assigning t; = 3, to = —1, t3 = 6 and t4 = —2 in the last set of

solutions yields
3 1 -2 1
() ()
Indeed

2 2
2 w2 (3 1 -2 1\ (3 5 -2 =5\ (1 0\ _
X+Y_(—62+—6—3_—30—2+303_01_I'
By Theorem 2.1, the solutions of the matrix Pell equations X? — dY? = +I

are parameterized using six parameters which satisfying certain conditions. The
following theorem discusses the solvability of these conditions.

Theorem 2.4. Let d be a non-zero square-free integer and let a,b be solutions of
the ordinary Pell equation a® — b*d = 1.

a) ti,to,t3,t4 € Z satisfy t2 — dt3 — dtaty = £1 §
1 4

t?2F1

7 —t7 and t} = +1(modd).

tots =

2(aF1)

(b) If a # 1, then t1,t2,t3,t4 € Z satisfy t3 — dt3 F 7

g =gcd(aF1,b) iff

tots = £1, where

92

2(aF 1) (

tots = + t1F1—dt])

and

2 1
+1 (mod (a2:F)> g 15 even

2 = g
- 1
+1 (mod aq; ) g 1s odd.
g

Proof. (a) Iftoty = (t31)/d—t3, then clearly t3—dt3—dtats = 1. Suppose that
t2 —di2 —dtats = £1. Then totz = (t3F1)/d—t3. In addition, t2 F1 = d(t3 +tat3),
so d | t2 F 1, as required.

(b) Iftots = +g*(t2F1—dt?)/2(aF1), then clearly t3 —dt2F2(aF1)tats/g* =
+1. Suppose that t7 — dt2 F2(aF 1)tats/g? = £1. Note that in order to prove our
claim it suffices to prove that whenever g is even, then 2(a F 1)/g? is an integer
that divides d and whenever g is odd, then (aF1)/g? is an integer that divides d.
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We begin by proving that g2 | 2(a F 1). By the assumption a? — b%d = 1, so
(a —1)(a+ 1) = b*d. Since g° | b?, it follows that g | (a — 1)(a + 1). Note that
ged(a —1,a + 1) € {1,2}. We shall distinguish between these two cases:

Case 1. ged(a—1,a+1) = 1. Since g | (aF1), it follows that ged(g,a+1) = 1.
But g% | (a — 1)(a + 1), s0 g? | (a F 1) and hence also ¢g* | 2(a F 1), as claimed.
Case 2. ged(a — 1,a —|— 1) = 2. Since ¢? | (a —1)(a+1) and g | (a F 1), it
follows that ¢? | 4(71)( 7 1) and g | 2(%F}). If g is odd, then g2 | (252) (%) and
g | “EL. But ged(“ 21, atl ) =1,s0 ¢° | i and hence ¢° | 2(a F 1) as claimed.
If g is even, then (2%) L)(2t!) and g | 451, Again, since ged(%51, ¢H) =1,
it follows that (4)” | “5, so 92 | 2(aF 1), as clalmed.
Now we shall prove that %1) | d if g is even, and that %21 | d if g is odd.

Recall that by the above proof g% | 2(a F 1).

If g is odd, then g? | (a F1). Since (a — 1)(a + 1) = b?d, it follows that
(agigl)(a:t 1) = ( )2d. Thus ﬁ | ( )2d. But ged(2EL, %) =1 and i | i SO
gcd(“ agl (2)2) = 1 Hence gi | d, as required.

Assume now that ¢ is even. Hence ¢ — 1 and a + 1 are even. As above
2(a¥1)(ai1) ( )2d 0 2(a¥1) | ( )2d But (wl) L9 _ i so 2(fﬂF1) | ﬁl and
g°

9 2 2 g
since ged (4% - ,g) = 1 it follows that ged( (aﬂ), (3)2) 1. Hence (Cfl ‘ d, as
required. -

Example 2.5. Let us construct a set of commutative solutions for the negative
matrix Pell equation X2 — 3Y? =
Theorem 2.1 suggest two sets of solutions. The first set consists of all matrices

of the form
ot 0\, (ta i
=5 n) + v=(n )

where t1,to,t3,t4 € Z satisfy t§—3t3—3tot3 = —1. In this case, by Theorem 2.4(a),
t; must satisfy the congruence t? = —1(mod3). But this congruence has no
solutions, so the first set does not yield any solution.

For the second set, let us choose a solution for the Pell equation a? —3b% = 1,
say (a,b) = (7,—4). In this case g = ged(a + 1,b) = ged(8,—4) = 4, so the
corresponding matrix solutions are

X — ty %}b ([t 2t
- aT“tg bty —at; ] \2t3 —12t4 — 7t

v — ty4 gtg | ta —t9
- gtg aty — bty | — \—t3 Tta+ 4t

and
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where t1,t9,t3,t4 € Z satisfy t2 — 3t3 + tot3 = —1, that is taotg = 3t2 — 2 — 1.
Clearly, for any t1,t4 € Z, we can find suitable to,to € Z. For example, if t; =1
and t4 = —1, then a suitable to, t3 € Z are such that tot3 = 1. Taking in particular
to = t3 = —1 yields the solutions

1 =2 -1 1
x=(5 ) ov=( )
Indeed

2 2
1 -2 -1 1 5 —12 2 -4
2 — 2 = — = — = —
XT=3y <—2 5 ) 3( 1 —3) <—12 29 ) 3 <—4 10) L
It is worthwhile mentioning that not every solution of a? — 3b*> = 1 yields
a set of solutions for X? —3Y?2 = —1. For example, if (a,b) = (2,1), then g = 1

and by Theorem 2.4(b) a suitable solution of X? —3Y?2 = —I depends upon the
condition

1

t?=-1 (mod a—l; ) , thatis 3= —1(mod3).
9

Since this congruence is not solvable, it follows that (a,b) = (2,1) does not yield

any solutions.

Note that if one changes the condition # — dt F 2(a F 1)tat3/g* = +1 to
the condition 2 — dt? F 2(a F 1)tat3/g> = ¢ (where a, b and g are defined in
the same manner), then it follows to (4) that the family of solutions describes in
Theorem 2.1 is an infinite set of commuting solutions of the matrix Pell equations
X2 — dY? = cl for arbitrary c. However, it is not clear whether the condition
t2 — dt? F 2(a F 1)tats3/g? = c is necessary. This is an interesting problem that
lies out of the scope of this paper.

We end this section with a brief discussion concerning the cost of computing
solutions. Our results imply that solving the matrix Pell equation involves solving
the classical Pell equation over Z, which is the bottleneck in these computations.
If the solutions of the classical Pell equation x> — dy? = 1 are ordered by mag-
nitude, then the n-th solution (x,,y,) with x,, > 0 and y,, > 0 can be expressed
in terms of the first one (x1,y1) by &, + ynvVd = (z1 4+ y1v/d)™. Accordingly, the
first solution (z1,y1) is called the fundamental solution. Therefore, solving the
Pell-equation reduces to finding a fundamental solution. The standard method
for finding the fundamental solution is computing the continued fractions for
V/d. Tt can be shown that the continued fraction method running time is at most
Vd(1+log d)¢, where ¢ some constant. For more details the reader can consult [4]
or [7].
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3. NON-COMMUTING MATRIX SOLUTIONS OF THE GENERALIZED MATRIX
PeELL EQUATION

In this section, we shall find the non-commutative solutions of the generalized
matrix Pell equation (1), namely X? — dY? = I, for an arbitrary integer c¢. The
following proposition will be crucial in order to solve (1) with non-commutative
solutions.

Proposition 3.1. Suppose that X and Y are 2 X 2 matrices over C such that
XY # YX andletc € C. If X2 +Y? = cI, then tr(X) = tr(Y) = 0 and |X| + |[Y| =

—c.
X — <£U1 $2> S Y = <y1 2/2) :
T3 T4 Ys Ya

where the z;’s and y;’s are complex numbers. Note that

Proof. Set

X2 4 y? = ( 2+ Yt + w2x3 4+ yays  w2(w1 4+ x4) +ya(yn + y4)> _
w3(@1 +xa) +ys(yr +ya) @ +yE+xoas + ey

Set a = 1+ x4, &/ =21 — x4 and B = y1 +ya, B = y1 — y4. We shall prove that
a = =0. Since X? 4+ Y? = I, it follows that

22+ 2+ xow3 +ypys =c (i)

(9) 1'421 + yi + Zox3 + Y2y3z = ¢ (ii)
rz3a+y3B =0 (iii)
o+ Y28 =0 (iv).
Let us look at the equations (iii) and (iv) of (9) as a homogeneous system of
linear equations with two unknowns o and S.

If z3yo — xoy3 # 0, then the solution of the this homogeneous system is
a = f = 0, as required. Next suppose that xsys — xoys = 0. By subtracting
equation (ii) from (i), it follows that

ot +yi — (2] +yi) =0
(1 —xa) (21 + 24) + (Y1 — ya)(y1 +ya) =0,
that is
da+p88=0 (v)

If z38" — ysa/ # 0, then the unique solution of the homogeneous system (iii) and
(v) is a = 8 = 0. Similarly, if x93 — y2a/ # 0, then the unique solution of the
homogeneous system (iv) and (v) is o = 8 = 0, as required.
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Suppose now that 33 — y3a’ = 0 and x93 — y2a’ = 0. Then

XY - YX = < T2Y3 = T3Y2 y2(r1 — 24) — 22(y1 — y4)>
r3(y1 — ya) — y3(@1 — 74) T3Y2 — T2Y3
= / / - O,
38 — y3a 0

so XY = YX, which contradicts our assumptions.
It follows that o = tr(X) = 0 and g = tr(Y) = 0. In order to prove that
IX| + |Y| = —¢, note that by the Cayley Hamilton Theorem

X2+ Y2 = tr(X)X + tr(Y)Y — (IX| + [Y)I = —(|X] + [Y])L
Since X? 4+ Y? = cI, then it follows that |X| + |Y| = —c, as required. |

Now we are ready to solve completely the generalized matrix Pell equa-
tion (1) for non-commutative 2 x 2 matrices over Z. Note that in the following
theorem we may assume that d is an arbitrary non-zero integer.

Theorem 3.2. Suppose that X and Y are 2 X 2 matrices over Z., ¢ is an arbitrary
integer and let d be a non-zero integer. Then X2 — dY? = cl and XY # YX iff

x— [ttt Loy o (o

t3 —t1 83 —81
where t1,te,t3, 81, 2,53 € Z such that t3 +totz — d(s3 + s283) = ¢ and the vectors
f = (t1,t2,t3) and § = (s1,s2,s3) are linearly independent over the field Q of

rational numbers.

Proof. First we shall prove that the conditions in the theorem are sufficient. So

suppose that
X — 1 12 - 1 89
t3 —11 §3  —S1

where t1,t2,t3,51,582,83 € Z such that t3 + tots3 — d(s} + s2s3) = c and the
vectors t = (t1,t2,t3) and § = (s1, s2, s3) are linearly independent over Q. Then
tr(X) = tr(Y) = 0 and |X| — d[Y| = —c. By the Cayley Hamilton Theorem
X2 —tr(X)X + [X|[I= 0 and Y? — tr(Y)Y + [Y|I = O. Hence

X? —dY? = tr(X)X — [X|I— d(tr(Y)Y — |Y|I) = —(|X| — d|Y|)I = I,

as required.
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Next we shall prove that XY # YX. Suppose otherwise that XY = YX.
Hence O = XY — YX. Note that

ta t3 o|t1 t2
XY — YX = < Sgtg — 82t3 2(82t1 — Sﬂfg)) _ S2 83 S1 S92 ,
—2(53t1 —Sltg) —(83t2—82t3) 9 tl t3 _ t2 t3
S1 S3 S2 83
SO
to t t1  t: t1 t
2 3 -0 : 1 3 -0 : 1 2 —0.
52 83 81 83 S1 82
The vector product of £ = (t1,t,t3) and § = (s1, 59, 53) is
]k
U Alto T At T ~t1 t
Ix 5= ty ty 3| =1 2 3 1 3+]€ 1 27
2 S3 51 S3 S1 89
S1 S92 S3

where 7 = (1,0,0), j = (0,1,0) and k = (0,0,1). Therefore,  x § = 0, so the
vectors ¢ and § are linearity dependent over @, which contradicts our assumption.
Now we shall prove that these conditions are necessary. Set

() ()
t3 14 53 54

where the t’s and s’s are integers such that XY # YX and X? — dY? = L
Notice first, that the equation X2 — dY? = cI is equivalent to the equation

X% + (vV=dY)? = cI. In addition, since d # 0, it follows that XY # YX iff
X(v—dY) # (vV/—dY)X. By Proposition 3.1 it follows that

IX| + [V—=dY| = —c
and
tr(X) = 0 and tr(v—dY) =0,
that is
IX| =d|Y] = —c
and

tr(X) = 0 and tr(Y) = 0.

Since tr(X) = t1 + t4, it follows that ¢4 = —t; and similarly that s4 = —s;.
Consequently, |X| = —t2 — totg and |Y| = —s? — s2s3. Since |X| — d|Y]| = —c we
deduce the condition 2 + tot3 — d(s? + s283) = ¢, as required.

In addition, recall that since tr(X) = 0 and tr(Y) = 0 it follows from the
proof of the first part that XY = YX iff £ x § = 0. Hence, if XY # YX, then ¢

and § are linearly independent over @, as required. [ |
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Example 3.3. Let us construct a non-commutative solution for the matrix Pell
equation X? —2Y?2 =1.
First let us choose a 2 x 2 matrix with zero trace, say

= (8-

The corresponding matrix X should be also with zero trace and should satisfy
|X| —2|Y| = —1, that is |[X| = —3. As one can verify, the following matrix is

suitable:
1 1
X = (2 _1> .

Note that the vectors & = (—3,4,—2) and ¢ = (1,1,2) are linearly independent
over @, so X and Y are non-commutative. Now,

2 2
2 ov2 (1 LY /=3 4\7 (3 0\ (/1 0\ (1 0\_
X 2Y_<2—1> 2(—23 =0 3) %0 1)= o 1)t

Example 3.4. Let us construct a non-commutative solution for the matrix Pell
Equation X2 + Y2 =1
First let us choose a 2 x 2 matrix with zero trace, say

<)

The corresponding matrix Y should be also with zero trace and should satisfy
IX| 4+ Y] = —1, that is |[Y| = 6. As one can verify, the following matrix is suitable:

(2.

Note that the vectors 5 = (2,2, —5) and £ = (1,2, 3) are linearly independent over
@, so X and Y are non-commutative. Now,

2 2
s s (1 2 2 2\* (70 6 0\ (1 0\
X+Y_<3 —1)*(—5 —2)‘(0 7>+<0 —6>_<0 1>_I'

Example 3.5. Let us construct a non-commutative solution for the matrix equa-
tion X? = 2Y?2.

Note that equation X? = 2Y? can be written in the form X? — 2Y? = (L
Hence we can apply Theorem 3.2 with ¢ = 0. Therefore, the set of non-commu-
tative solutions of the equation X? = 2Y? consist of the matrices

X:<t1 t2> : Y:(Sl 82)
t3 —11 83 —S1
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where t1,t9,t3,51, 82,83 € Z such that t3 + tot3 = 2(s? + s2s3) and the vectors
f= (t1,t2,t3) and § = (s1, S2, 3) are linearly independent over Q. In particular,
let us take the vectors § = (3, —1,4) and ¢t = (2,2,3). Clearly, § and t are linearly
independent over @, so X and Y are non-commutative. Now,

X2

[1]

2]

2 2
w2 (2 02Y (3 —1\7_ (10 0\ (5 0y _ (0 0\ _
2Y_(3 —2) 2(4 —3)‘(0 10) 2(0 5)‘(0 0)_0'
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