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Abstract

In this paper, the concept of a cubic generalized bi-ideal in a semigroup
is introduced, which is a generalization of the concept of a fuzzy generalized
bi-ideal and interval-valued fuzzy generalized bi-ideal. Using this concept
some characterization theorems are provided. In particular, we character-
ize regular semigroups by using cubic generalized bi-ideals. We show how
the images or inverse images of a cubic generalized bi-ideal of a semigroup
become a cubic generalized bi-ideal.
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1. INTRODUCTION

A semigroup is an algebraic structure consisting of a non-empty set S together
with an associative binary operation [1]. The formal study of semigroups started
in the early 20th century. Semigroups are important in many branches of math-
ematics, for example coding and language theory, automata theory. The con-
cept of fuzzy set was introduced by Zadeh [2]. The fuzzy algebraic structures
play a prominent role in mathematics with extensive applications in many other
branches such as theoretical physics, computer science, control engineering, infor-
mation sciences, coding theory, topological spaces, logic, set theory, group theory,
groupids, real analysis, measure theory etc. Kuroki [3-6] is the pioneer of fuzzy
ideal theory of semigroups. The notion of fuzzy generalized bi-ideal in semigroups
was introduced by Kuroki [6]. In [7], Zadeh made an extension of the concept
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of a fuzzy set by an interval-valued fuzzy set, i.e., a fuzzy set with an interval-
valued membership function. Interval-valued fuzzy sets have been actively used
in real-life applications. Using a fuzzy set and an interval-valued fuzzy set, Jun
et al. [8] introduced a new notion, called a cubic set, and investigated several
properties. In [9], Jun et al. introduced cubic subsemigroups and cubic left (resp.
right) ideals. They studied several properties of cubic subsemigroups and cubic
left (resp. right) ideals, and discussed the relation between them.

In this paper, we introduce cubic generalized bi-ideals in semigroups and
study their several properties. We characterize regular semigroups in terms of
cubic generalized bi-ideals. We prove that how the images or inverse images of a
cubic generalized bi-ideal of a semigroup becomes a cubic generalized bi-ideal.

2. PRELIMINARIES

A non-empty set S together with an associative binary operation “.” is called a
semigroup. A non-empty subset A of a semigroup S is called a subsemigroup if
xy € A for all x,y € A. Let S be a semigroup, by a left (resp. right) ideal of S,
we mean a non-empty subset A of S such that SA C A(AS C A). By a two-sided
ideal or simply an ideal of S, we mean a non-empty subset A of .S, which is both
a left and a right ideal of S. Let S be a semigroup, by a bi-ideal of S, we mean a
subsemigroup A of S such that ASA C A. A non-empty subset A of S is called
a generalized bi-ideal of S if ASA C A.

A semigroup S is called regular if for each element x € S| there exist y in S
such that z = zyzx.

An interval valued fuzzy set (IVFE set for short) pi, defined on a non-empty
set X is given by

p= {1‘, [:uj(x%MZ(w)])?x S X}7

which is briefly denoted by u = [MX, ], where uj& and ., are two fuzzy sets in
X such that ,uig <, forall z € X.

A cubic set A in set X is a structure having the form

A= {(z,pa(2), fa(2)): © € X},

which is briefly denoted by A = (fi, f), where g = [u}, ;] is an IVF set in X
and f is a fuzzy set in X.

Let C(X) denotes the family of cubic sets in a set X. The order relation
“C” in the set of all cubic sets A = (114, fa) and B = (up, fp) is defined as
follows: A C B if and only if ig =< g, fa > fp if and only if ga(x) < up(z),
fa(x) > fp(zx) for all x € X.

Let A and B be two cubic sets in S. Then A = B if and only if A C B and BC A.

AI—IB:<ﬁAﬁﬁB7fAva>7
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where (4Nfip)(x) = rmin{fia(x), ip(z)} and (fa V fp) = max{fa(z), fp(x)}
AUB = (iaU i, fa A [B),

where (7aUfip)(x) = rmax{fia(z), ip(2)} and (fa A fp) = min{fa(z), fp(2)}
A©B = {(z: (naoup)(x),(fa o fB)(z)): x € S}, which is briefly denoted by
A©B = ((naopg), (fao fB)), where

rsup [rmin{ga(y), pp(2)} if x = yz for some y,z € S,
(naopp)(z) = “=¥°

[0,0] otherwise

and

/\ [max{fa(y), fe(2)}] if z =yz for some y,z € S,
(fao fB)(x) = §o=vz
1 otherwise.

A cubic subset A = (fia, fa) of S is called a cubic subsemigroup [9] of S if

(i) pa(zy) = rmin{pa(x),ma(y)} for all z,y € S.
(ii) fa(xy) < max{fa(x), fa(y)} for all z,y € S.

Let A be a non-empty subset of S, the cubic characteristic function of A in
S is defined by

XA = {<x’l~‘XA7fXA>: r € S},

which is briefly denoted by xa(x) = (fiy, (), fa(x))

i (@)= {[1,1] ifz e A,

[0,0], otherwise
and
0 ifxeA,
Falw) = {1, otherwise.

Definition 2.2 ([9]). A cubic subset A = (jia, fa) of S is called a cubic left ideal
of § if

(i) pra (zy) = pa(y) for all z,y € S,
(ii) fa(zy) < fa(y) for all z,y € S.

A cubic subset A = (Jia, fa) of S is called a cubic right ideal of S if
(i) pa(zy) = pa(z) for all z,y € S,
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(i1) fa(zy) < fa(zx) for all z,y € S.

A cubic subset A = (fia, fa) of S is called a cubic ideal of S if it is both a
cubic left ideal and a cubic right ideal of S.

Theorem 2.3 ([9]). For a cubic set A = (jia, fa) in a semigroup S the following
are equivalent:

(1) A= (a, fa) is a cubic left (resp. right) ideal of S.
(2) xs©ALC A (resp. A©xs E A), where xs is the cubic characteristic func-
tion of S maps every element of S to ([1,1],0).

Theorem 2.4 ([9]). For every cubic right ideal A = (fia, fa) and every cubic
left ideal B = (up, fB) of S, if A©B =AM B, then S is regular.

Lemma 2.5 ([9]). For a non-empty subset G of a semigroup S, we have G
is a left (resp. right) ideal of S if and only if the cubic characteristic function
XG = (fixes fxa) of G in S is a cubic left (resp. right) ideal of S.

Definition 2.6 ([12]). A cubic subsemigroup A = (fia, fa) of S is called a cubic
bi-ideal of S if

(i) pa(zyz) = rmin{pa(z), pa(z)} for all z,y,z € S,
(ii)) fa(xyz) < max{fa(x), fa(z)} for all x,y,z € S.

3. CUBIC GENERALIZED BI-IDEAL

Definition 3.1. A cubic subset A = (ji4, f4) of a semigroup S is called a cubic
generalized bi-ideal of S if

(i) pa(zyz) = rmin{ga(z), pa(2)} for all z,y,z € S,
(i) fa(zryz) < max{fa(x), fa(z)} for all z,y,z € S.

Theorem 3.2. Let A be a non-empty subset of S and x4 be the cubic charac-
teristic function of A. Then xa = (fix 4, [xa) @5 a cubic generalized bi-ideal of S
if and only if A is a generalized bi-ideal of S.

Proof. Let A be a generalized bi-ideal of S and x4 = (fiy,, fy.) be the cubic
characteristic function of A. Let x,y,z € S be such that z,z € A, then zyz € A
it follows that f,,(zyz) = [1,1] = rmin{p, ,(x), iy, (2)} and fy,(zyz) =0 =
mac] f, (), foa (4)}.

Ifx ¢ Aand z ¢ A, then
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Case (i) If zyz ¢ A, then p,,(zyz) = [0,0] = rmin{p, ,(z), 1y, (2)} and
fXA(l“yZ) <l= maX{fXA(x)vaA(z)}‘

Case (ii) If zyz € A, then f,, (zyz) = [1,1] = [0,0] = rmin{z, , (x), iy, (2)}
and fXA(xyZ) =0<1= maX{fXA(x)vaA(Z)}'

Thus x4 = (ly,, fxa) is & cubic generalized bi-ideal of S.

Conversely, let x4 be a cubic generalized bi-ideal of S. We have to prove
that A is a generalized bi-ideal of S. Let x,z € A, then fi,,(x) = [1,1] = fi,,(2)
and fy,(z) =0 = fy,(2). Thus iy, (zyz) i~rmin{ﬁXA(x)7ﬁXA(2)} = [1,1] and
fxalzyz) < max{fy,(z), fya(2)} = 0. So fiy,(zyz) = [1,1] and fy,(zyz) =
0= zyz € A for all x,y,z € S. Hence A is a generalized bi-ideal of S.

Let A = (j14, fa) be a cubic set in S. For any r € [0,1] and [s,t] € D|0,1],
we define cubic level set of A = (j1a, fa) as: U(A;[s,t],r) = {x € S: fia(x) =
[s,t], fa(x) <r}, and is called a cubic level set of A = (fi4, fa) (see [11]).

Theorem 3.3. Let A = (ia, fa) be a cubic subset of S. Then the following are
equivalent:

(i) A= (pia, fa) is a cubic generalized bi-ideal of S.
(ii) Fach non-empty cubic level set U(A;[s,t],r) is a generalized bi-ideal of S.

Proof. Assume that A = (4, fa) is a cubic generalized bi-ideal of S. Let
x,z € U(A;[s,t],r) for all r € [0,1] and [s,t] € D[0,1] and y € S. Then pa(z) =
[s,t],ma(z) = [s,t], fa(x) < r, fa(z) < r. It follows from Definition 3.1, that
pa(ryz) = rmin{pa(z),pa(2)} = [s,1] and fa(ryz) < max{fa(z), fa(z)} <r
Hence xyz € U(A;[s,t],7) and thus U(A;[s,t],r) is a generalized bi-ideal of S.

Conversely, let r € [0,1] and [s,t] € D[0,1] be such that U(A;[s,t],7) # ¢,
and U(A;[s,t],r) is a generalized bi-ideal of S. Suppose that (ii) does not hold.
Then there exist z,y, z € S such that f14(zyz) % rmin{fa(z), pa(2)} or fa(zyz)
£ max{fa(z), fa(2))-

If fa(zyz) % rmin{pa(z), ra(2)}, then fia(zyz) < [s1,t1]) = rmin{pa(z),
fa(z)} for some [s1,t1] € D[0,1]. Hence z,z € U(A; [s1,t1], max{fa(x), fa(z)}),
but zyz ¢ U(A;[s1,t1], max{fa(x), fa(z)}). This gives a contradiction.

If fa(zyz) £ max{fa(z), fa(z)}, then there exists r; € [0,1] such that
falzyz) > r1 > max{fa(z), fa(z)}. Thus z,z € U(A,rmin{pfa(x),ma(2)}, 1)
and zyz ¢ U(A,rmin{ia(z), ga(z)},71). This is a contradiction. Thus (ii) holds
and therefore A = (14, f4) is a cubic generalized bi-ideal of S.

Example 3.4. Consider a semigroup S = {0,a,b,c} with the following Cayley
table.
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Generalized bi-ideals of S are {0}, {0,a}, {0,b},{0,a,b},{0,a,c},S. Define a
cubic set A = (fi4, fa) in S as follows:

fa(x

~—

fa(z)

0.8,0.9

0.2

0.7,0.7

0.6

0.5,0.6

0.7

o|T| | ol

0.2,0.2

0.8

[Sut’) [’ PRY et

Then

(S if 0,0] <

{0,a,b} if [0.2,0.2
{0,a} if [0.5,0.6
{0} if [0.7,0.7
0 if [0.8,0.9

(Wt W

\

(S
{0,a,b}
{0,a}  if0.6
{0} if 0.3 ,

0 if 0 < [s,t] <

if 0.8
if 0.7

<
<
U(A;r) = <
<

\

Then U(A; [s, t],r) is a generalized bi-ideal of S and by Theorem 3.3, A = (ji, fa)
is cubic generalized bi-ideal of S.

Remark 1. It is clear that each cubic bi-ideal of S is cubic generalized bi-ideal
of S. But the converse does not hold, which is shown in the following example.

Example 3.5. Consider a semigroup S = {a,b,c,d} with the following Cayley
table
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Define a cubic set A = (fia, fa) in S as follows

S| pa(z) | falz)
0 | [0.8,0.9] 0.1
a [0,0] 0.7
b | [0.7,0.7] 0.3
¢ | [0.4,0.5] 0.4

It is easy to verify that A = (j14, f4) is a cubic generalized bi-ideal of S, but
it is not a cubic bi-ideal of S. Since fia(de) = a(b) = [0,0] # [0.4,0.5] = rmin

{Fia(d), fia(e)} and fa(de) = fa(b) = 0.7 £ 0.4 = max{fa(d), fa(c)}. Hence
A = (fia, fa) is not a cubic subsemigroup of S.

Remark 2. In the following Theorem, we give a condition in which every cubic
generalized bi-ideal of S becomes a cubic bi-ideal of S.

Theorem 3.6. Let S be a reqular semigroup. Then every cubic generalized bi-
ideal of S is a cubic bi-ideal of S.
Proof. Let A= (lia, fa) be a cubic generalized bi-ideal of S. Let a,b € S. Since
S is regular, there exists x € S such that b = bzb
fia(ab) = pia(abxd)
= pa(a(bz)b)
= rmin{zia(a), fia(b)}

and

fa(ab) = fa(abxb)
= fa(a(bx)b)
< max{fa(a), fa(b)}.

So A is a cubic subsemigroup and consequently A is a cubic bi-ideal of S.

Proposition 3.7. Let A and B be two cubic generalized bi-ideals of a semigroup
S. Then AN B is a cubic generalized bi-ideal of S, provided AT B is non-empty.
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Proof. Let A(x) = (na(x), fa(z)) and B(x) = (up(x), fe(x)) be two cubic
generalized bi-ideals of S. Let x,y,2 € S. AN B = (fiaN fig, fa V [B)

(EaPin)(wy2) = rmin {Fa(ey2), fin(ey2))
= rmin {rmin {fa(x), 14(2), rmin {gp(z), pp(z)}}

= rmin {rmin {a(2), fp(x), rmin {#a(z), i (2)}}
= tmin {fiaN fip)(2), 74N fip)(2)}

(faV [B)(zyz) = max {fa(zyz), fB(zy2)}
< max {max {fa(z), fa(z), max {fp(x), fp(2)}}
= max {max {fa(z), fp(x), max {fa(z), f5(2)}}
= max {(fa V f5)(),(fa V [B)(2)}.

Hence AT B is a cubic generalized bi-ideal of S.

Lemma 3.8. A cubic subset A = (fia, fa) of a semigroup S is a cubic generalized
bi-ideal of S if and only if A©xs©.A C A, where xg is the cubic characteristic
function of S.

Proof. Let A = (l14, fa) be a cubic generalized bi-ideal of S. Suppose there exist
z,Y,p,q € S such that x = yz and y = pq. Since A is a cubic generalized bi-ideal
of S, we obtain

(A0 sOha) () = 1sup [rmin{(Fa0fiys)(y), a(2)}]

T=yz

= rsup [rmin{r sup{rmin{za(p), ftys)(@)} }, Za(2)}]

_ ;ggqg[rmin{g;<p>,zzxs><q>,m<z>}]
= ;:sll)lqg [rmin{ﬁA(p), [1, 1], ﬁA(z)}]
= rsup [rmin{zia(p), ra(2)}] = ;ZS;qu;[ﬁA(pqz)] = fia(z),

so we have (1A so0A)(z) < fia(z) and

(faofysofa)e) = J\ max{(fao fys)(w), f4)(2)}]

T=yYz

= A [max{ A tmax{(£a0), fys(@)}}, fa()}]

= A [max{ A fmax(£a@).01). £a(2)}]

= A [max {fa(p), fa()}] = N [falpg2)] = fa(@),
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so (fao fso fa)(x) > fa(z). Hence AQxs©.A L A.
Conversely, assume that A©xs©.A4 C A

Y

(Haopysopa)(a)

= I;SZL;IZ) [rmin{ (ﬁAgﬁxs)(y)v ﬁA(Z)}]

= 1;321;13 [rmin{zszlg){rmin{ﬁA(p%ﬁxs)(Q)}}aﬁA(Z)}]
= rsuprsup [rmin{za(p), [1,1], a(2)}]

= (Il':s;g [rmin{ﬂA (p)7 /jA(Z)}]

pa(a)

and

fala) < (fao fygo fa)a)
= A max{(fa o fys)(¥),ofa)(2)}]

= N [max{ A {max{(fa(0), fes (@)} fa(2) }]
= /\ /\[maX{(fA(P)aO,fA(Z)}]
= A max{(fa(p), fa(2)}).

Thus A = (14, fa) is a cubic generalized bi-ideal of S.

Theorem 3.9. Let S be a semigroup. The following are equivalent

(1) S is regular.
(2) For every cubic generalized bi-ideal A of S, A©xs©A = A.

Proof. (1)==(2) Let A be a cubic generalized bi-ideal of S and a € S. Then
there exist x € S such that a = aza

(Ra%hxsOna)(a) = rsup [rmin{(pacy)(ax), pa(a)}]

a=axa

= rmin{ rsup {rmin{zia(a), fiys)(zax)}}, pa(a)}]

- rmin {rmin{fia(a), [1, 1} fia(a)}
= rmin{f4(a), pa(a)}
— ia(a)}
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and

(fao fysofa)a) = N [max{(fao fis)(az), fa(a)}]

a=axra

max{ A\ max{fa(a). fys(wa2)}, fala) |

ar=araxr

< max{max{fa(a),0}, fa(a)}
= max{fa(a), fa(a)} = fa(a).

So A C ©xs©A and by Lemma 3.8, A©xs©.A C A. Hence A©xs©.A = A.

(2)==(1) Let A be a generalized bi-ideal of S. Then by Theorem 3.2, x4 is
a cubic generalized bi-ideal of S. By hypothesis, x 4©xs©xa = xa. Let a € A,
then /iy, (a) = [1,1] and fy,(a) = 0. Thus

IN

(FxaOxsOixa)(a) = [1,1]
rsup [rmin{ (ﬁXAgﬁXs)(b)v ID:XA (o)} = [1,1]

a=bc

rsup [rmin{r sup{rmin{ziy, (p), fixs ) (@)1}, ixa (€)}] = [1,1]

a=bc b=pq
railllylc:) [rmin{rbil;(ll){rmin{ﬁXA (), [1,1]}}, iy a (©)}] = [1,1]
rsup [rmin {7y (p), {7 ()} = 1,1
and
(fra © s © fxa)(a) = 0
N\ [max{(fy, © fxs) () 0fya(0)}] = 0
a=bc
A [mas{ A tmexd(a®), frs @ fra(0)}] = 0
a=bc b=pq
A [ma{ A fmax{ £, 0,01, £u@}] = 0

a=bc b=pq

/\ [max{fXA(p)’fo(C)}] = 0.

a=pqc

Thus we get p,c € S such that a = pgec with fi,,(p) = [1,1] = fiy,(c) and
Jxa(@) =0= fy,(c) whencep,c € A. Soa = pgc € ASA, consequently A C ASA.
Since A is generalized bi-ideal of S, we have ASA C A.

Theorem 3.10. A semigroup S is reqular if and only if for each cubic generalized
bi-ideal A of S and each cubic ideal B of S, AT B = A©BE.A.
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Proof. Let S be regular. Let A be a cubic generalized bi-ideal of S and B be
a cubic ideal of S. Then by Lemma 3.8, A©BOA C A©xs©.A C A. Again by
Theorem 2.3, A©BOA C xs©BOxs C xs©B C B. So A©BOA C AMNBKB.
Now let a € S. Since S is regular, there exist € S such that ¢ = axra = axazxa.
Then

(faoppopa)(a) = rsup [rmin{za(a), (ipopa)(za)}]

- rr_nin {ra(a), (npopa)(za)}
= rmin [p4(a), I Sup {rmin{zip(zaz), pa(a)}}]

rmin {(i4(a), ip(zax), fia(a)}
rmin {14 (a), pp(xax)}
rmin {7i4(a), pp(a)}

{ia(a) N fip(a)}

Y

and

(faofeofa)a) = J\ max{fa(a),(f5 o fa)(za)}]

a=axra

< max{fa(a),(fp o fa)(za)}
max {fa(a), [\ {max{fp(zaz), fa(a)}}}

ra=rara

max {fa(a), fp(zazx), fa(a)}
= max{fa(a), fp(zax)}

max {fa(a), fp(a)}
= {fala) V fp(a)}.

So ANBC A©B©.A. Hence AN B = AQB@O.A.

Conversely, assume that A be a cubic generalized bi-ideal of S. Since xg is
a cubic generalized bi-ideal, by hypothesis, A = AN xs = A©xs©.A. Hence by
Theorem 3.9, S is regular.

IN

Theorem 3.11 [10]. Let S be a semigroup. Then the following are equivalent:

(1) S is regular.
(2) ANL C AL for each generalized bi-ideal A of S and each left ideal L of S.

(3) RNANL C RAL for each generalized bi-ideal A of S, each right ideal R of
S and each left ideal L of S.

Theorem 3.12. Let S be a semigroup. Then the following are equivalent:
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(1) S is regular,

(2) ANBLC A@©B for each cubic generalized bi-ideal A of S and for each cubic
left ideal B of S,

(3) ANBMC C A©BQ©C for each cubic generalized bi-ideal B of S, for each
cubic left ideal C of S and for each cubic right ideal A of S.

Proof. (1)==-(2). Assume that S is regular, then for each a € S there exist = in
S such that a = axa = araxa. Then
(7dHip) (@) = tsup [rmin{fia(oza), in(za)}]
a=arara

rmin{zia(aza), ip(zra)} since a = ara = axraza

Y 1Y

rmin{zia(a), pp(a)} since A is cubic generalized bi-ideal of S
and B is a cubic left ideal of S

= (faNiiB)(a)
and

(faefp)@) = N [max{fa(aza), fp(za)}]

a=axaxa

max{fa(aza), fp(za)}
max{fa(a), fB(a)}]
(fala) Vv fB)(a).

IAIA

Hence AT B C A©B.

(2)==(1) Let A be a generalized bi-ideal of S, B be a left ideal of S and
a € ANB. Then a € A and a € B. Since A is a generalized bi-ideal of S, so by
Theorem 3.2, x4 is cubic generalized bi-ideal of S and by Theorem 2.3, xp is
cubic left ideal of S. Hence by hypothesis,

xaMxs C xa©xs
(Hxa0hyp)(a) = (ﬁxAﬁﬁXB)(a)
= rmin{ﬁXA (a)aﬁXB (a)}
= [1,1].
Thus raS:lIljlc:) [rmin{ziy , (b), fir 5 (¢)}] = [1,1] and

(fXA OfXB)(a) < (fXA \/fXB)(a)
= max {fy,(a), fyz(a)} = 0.

Thus A [max{fy, (D), fyz(c)}]. So there exist b,c € S with a = bc such that

a=bc

fix4(b) = fixp(c) = [1,1] and fy,(b) = fyz(c) = 0.
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Consequently, b€ A and c € B. Soa =bc € AB. So AN B C AB. Hence by
Theorem 3.11, S is regular.

(1)==(3) Let S be regular. Let A,B,C be a cubic right ideal, cubic gene-
ralized bi-ideal and cubic left ideal of S, respectively. Let there exist z € S such
that @ = axa = arara = axaxraxa. Then

(racppopc)(a) = rsup[rmin {fia(az), (apopc)(a)}]

~ rmin {fia(az), (7ipdTc) (@)}
= rmin {ga(ax), rsup {rmin {gp(aza),pc(za)}}}

rmin [fi4(az), rmin {gp(aza), po(xa)}]
rmin [i4(az), rmin {gp(aza), pa(za)}]
rmin {/i4(ax), fp(aza), ic(za)}

rmin {714(a), fip(a), fic(a)}

(Banip 0 fic)(a)

Y

and

(fao feofo)(a) = J\ max{fa(ax),(fs o fc)(a)}]

a=axra

< max{fa(az),(fB o fc))(a)}
= max[fa(az), [\ {max{fp(aza),fo(za)}}]

max|[f4(ax), max{fp(aza), fc(za)}]
max|[fa(ax), {max{fp(aza), fc(za)}}]
max{ fa(az), fp(aza), fo(xa)}
max{fa(a), fp(a), fc(a)}

(faV fBV fo)(a).

Hence AMTBMC C A©BEC.

(3)==(1) Let B be a generalized bi-ideal of S, C' be a left ideal of S and A
be a right ideal of S. Let a € ANBNC. Then a € A,a € B and a € C. Since B
is a generalized bi-ideal of S, so by Theorem 3.2, xp is cubic generalized bi-ideal
of S. By Theorem 2.3, x¢ is a cubic left ideal of S and x4 is a cubic right ideal
of S. Hence by hypothesis, x4 M x5 M xc C x4a©xB©xc- Then

IN I

(Hix AO8x 5 Oy )(a) = (ﬁXAﬁﬁXBﬁﬁXC)(a)
= rmin{fiy ,(a), fix (@), fiyc (a) }
= [1,1].



144 A. Hap1 AND A. KHAN

Thus rsuplrmin{ (7,57, ) (4). e )(2)}] = [1. 1] and

a=yz

(fxa 0 fxs o fxe)(@) < (fxa V fxs V fxe)(@)

= max{fy,(a) o fyp(b) o fy.(c)}
= 0.

Thus A [max{(fy, © fyz)W), fxc(2)}] = 0. So there exist b,c € S with a = bc

a=yz

such that (fiy, 00y ;) (D) = fiy,(c) = [1,1] and (fy, o fyz)(0) = fyo(c) = 0. Then

c€ Land rbig};[rmin{ﬂm (), b (@)}] = [1,1] andbi\ [max{fy,(p), fxs(9)}] = 0.

Then b = pq for some p,q € S with 11y, (p) = fyz(¢) = [1,1] and f,,(p) =
fxs(q) = 0. Consequently, p € A and ¢ € B. So a = bc = pgc € ABC. So
ANBNC C ABC. Hence by Theorem 3.11, S is regular.

Denote the set of all cubic sets by C(X). Let X and Y be given classical
sets. A mapping f : X — Y induces two mappings Cy : C(X) — C(Y),
A —C(A), and C'f_1 :CY) — C(X), B— C']Tl(B), where Cf(A) is given
by

rsup fia(y) if fT1(y) #0
Cy(fia)(y) = § v=1@)

[0, 0] otherwise

inf fa(y) if fTL(y) #0
Cy(faly) = ¥~/
1 otherwise
forally € Y; and C;l(B) is defined by Cf_l(ﬁB)(x) = (uB)(f(z)) and Cf_l(fB)(x) =
(fB)(f(x)) for all € X. Then the mapping Cy (resp. Cf_l) is called a cubic
transformation (resp. inverse cubic transformation) induced by f. A cubic set
A = (fia, fa) in X has the cubic property if for any subset T of X there exists
xo € T such that pia(xg) = rsuppa(z) and fa(z) = Helg fa(x).
zeT z
Theorem 3.13. For a homomorphism h : X — Y of semigroups, let Cp, :
C(X) — C(Y) and C;' : C(Y) — C(X) be the cubic transformation and
inverse cubic transformation, respectively, induced by h.
(1) If A= (pa, fa) € C(X) is a cubic generalized bi-ideal of X, which has the
cubic property, then Cp(A) is a cubic generalized bi-ideal of Y.
(2) If B= (up, fB) € C(Y) is a cubic generalized bi-ideal of Y, which has the
cubic property, then Ch_l(B) is a cubic generalized bi-ideal of X.

Proof. (1) Given h(z),h(y) and h(z) € h(X), let g € h™(h(x)) and 2y €

h=1(h(z)) be such that fia(wg) = tsup fia(a), fa(xo) = inf  fa(a),
ach~1(h(x)) ach~1(h(x))
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and fia(z0) = rsup pa(e), falyo) = inf  fa(c), respectively. Then
ceh=1(h(z)) ceh=1(h(2))
Cn(pa)(h(2)h(y)h(z)) = rsup pa(p)
pER1(h(x)h(y)h(2))
= ﬁA(woono)
= rmin {f14(20), (%)}

=rmin{ rsup fa(a), rsup fa(c)
ach—1(h(z)) ceh=1(h(2))

)
= rmin {Cp(1na)(h(x),Ch(pa)(h(z)}

and

inf
pEh=1(h(z)h(y)h(z)) fa(e)
fA(xoonc)
max { fa(zo), fa(zo)}

nf f
ax {aeh*llll(h(a;)) fala), ceh}rll(h(z)) fale)}

= max {Ch(fa)(h(x)), Cn(f4)((h(2))}-

Therefore, C},(A) is a cubic generalized bi-ideal of Y.
(2) For any x,y,z € X, we have

O\ i) ey?) = (i) (h(ay2)
= (B)(h(z)h(y)h(z))
= rmin{(zp)(h(z)), (1B)(h(2))}
= rmin {C} (MB)(x),C’El(ﬁB)(z)}

Cu(fa)(h(x)h(y)h(=))

ININ

and
Cy H(fB)(xy2) = (fB)(h(zy2))
= (fB)(h(z)h(y)h(z))
< max {(fB)(h(z)), (fB)(h(2))}

z)
= max {C}; ' (f5)(2), C}, ' (f5)(2)}-
Hence C, 1(B) is a cubic generalized bi-ideal of X.

Conclusions. We have considered the following items:

1. To define cubic generalized bi-ideals in semigroups.

2. To study the basic properties of generalized bi-ideals of semigroups by using
cubic generalized bi-ideals.
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To characterize different classes of semigroups using cubic generalized bi-
ideals.

To study the concepts of images and inverse images of cubic generalized

bi-ideals.

Work in this direction is on going. Some points for future work may be the
following.

1.

To define cubic interior ideals of semigroups and to study the properties of
semigroups by using this notion.

. To study the concept of a cubic quasi-ideal in semigroups and to investigate

the related properties of semigroups in terms of cubic quasi-ideals.
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