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Abstract

The notion of the holomorph of a generalized Bol loop (GBL) is char-
acterized afresh. The holomorph of a right inverse property loop (RIPL) is
shown to be a GBL if and only if the loop is a GBL and some bijections of
the loop are right (middle) regular. The holomorph of a RIPL is shown to
be a GBL if and only if the loop is a GBL and some elements of the loop
are right (middle) nuclear. Necessary and sufficient conditions for the holo-
morph of a RIPL to be a Bol loop are deduced. Some algebraic properties
and commutative diagrams are established for a RIPL whose holomorph is
a GBL.
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1. Introduction

Let L be a non-empty set. Define a binary operation (·) on L : If x · y ∈ L for
all x, y ∈ L, (L, ·) is called a groupoid. If the equations:

a · x = b and y · a = b
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have unique solutions for x and y, respectively, for each a, b ∈ L, then (L, ·) is
called a quasigroup. For each x ∈ L, the elements xρ = xJρ ∈ L and xλ = xJλ ∈
L such that xxρ = eρ and xλx = eλ are called the right and left inverse elements
of x respectively. Here, eρ ∈ L and eλ ∈ L satisfy the relations xeρ = x and
eλx = x for all x ∈ L if they exist in a quasigroup (L, ·) and are respectively
called the right and left identity elements. Now, if eρ = eλ = e ∈ L, then e is
called the identity element and (L, ·) is called a loop. In case xλ = xρ, then,
we simply write xλ = xρ = x−1 = xJ and refer to x−1 as the inverse of x. If
x, y, z ∈ L such that (x·yz) = (xy ·z)(x, y, z), then (x, y, z) is called the associator
of x, y, z.

Let x be an arbitrarily fixed element in a loop (G, ·). For any y ∈ G, the left
and right translation maps of x ∈ G, Lx and Rx are respectively defined by

yLx = x · y and yRx = y · x.

A loop (L, ·) is called a (right) Bol loop if it satisfies the identity

(1) (xy · z)y = x(yz · y).

A loop (L, ·) is called a left Bol loop if it satisfies the identity

(2) y(z · yx) = (y · zy)x.

A loop (L, ·) is called a Moufang loop if it satisfies the identity

(3) (xy) · (zx) = (x · yz)x.

A loop (L, ·) is called a right inverse property loop (RIPL) if it satisfies right
inverse property (RIP)

(4) (yx)xρ = y.

A loop (L, ·) is called a left inverse property loop (LIPL) if it satisfies left inverse
property (LIP)

(5) xλ(xy) = y.

A loop (L, ·) is called an automorphic inverse property loop (AIPL) if it satisfies
automorphic inverse property (AIP)

(6) (xy)−1 = x−1y−1.

A loop (L, ·) in which the mapping x 7→ x2 is a permutation, is called a Bruck
loop if it is both a Bol loop and either AIPL or obeys the identity xy2 ·x = (yx)2

(Robinson [33]).
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Let (L, ·) be a loop with a single valued self-map σ : x −→ σ(x):

(L, ·) is called a σ-generalized (right) Bol loop or right B-loop if it satisfies the
identity

(7) (xy · z)σ(y) = x(yz · σ(y))

(L, ·) is called a σ-generalized left Bol loop or left B-loop if it satisfies the identity

(8) σ(y)(z · yx) = (σ(y) · zy)x

(L, ·) is called a σ-M-loop if it satisfies the identity

(9) (xy) · (zσ(x)) = (x · yz)σ(x).

Let (G, ·) be a groupoid (quasigroup, loop) and let A,B and C be three bijective
mappings, that map G onto G. The identity map on G shall be denoted by I.
The triple α = (A,B,C) is called an autotopism of (G, ·) if and only if

xA · yB = (x · y)C ∀ x, y ∈ G.

Such triples form a group AUT (G, ·) called the autotopism group of (G, ·).

If A = B = C, then A is called an automorphism of the groupoid (quasigroup,
loop) (G, ·). Such bijections form a group AUM(G, ·) called the automorphism
group of (G, ·). Let G and H be groups such that ϕ : G→ H is an isomorphism.

If ϕ(g) = h, then this would be expressed as g
ϕ
≅ h.

Given any two sets X and Y . The statement ’f : X → Y is defined as f(x) =
y, x ∈ X, y ∈ Y ’ will be at times be expressed as ’f : X → Y ↑ f(x) = y’.

The right nucleus of (L, ·) is defined byNρ(L, ·) = {x ∈ L | zy·x = z·yx ∀ y, z ∈
L}. The middle nucleus of (L, ·) is defined by Nµ(L, ·) = {x ∈ L | zx · y =
z · xy ∀ y, z ∈ L}.

Definition. Let (G, ·) be a quasigroup. Then

1. a bijection U is called autotopic if there exists (U, V,W ) ∈ AUT (G, ·); the
set of all such mappings forms a group Σ(G, ·).

2. a bijection U is called ρ-regular if there exists (I, U, U) ∈ AUT (G, ·); the
set of all such mappings forms a group P(G, ·).

3. a bijection U is called µ-regular if there exists a bijection U ′ such that
(U,U ′−1, I) ∈ AUT (G, ·). U ′ is called the adjoint of U . The set of all µ-
regular mappings forms a group Φ(G, ·) ≤ Σ(G, ·). The set of all adjoint
mapping forms a group Ψ(G, ·).
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Definition. Let (Q, ·) be a loop and A(Q) ≤ AUM(Q, ·) be a group of automor-
phisms of the loop (Q, ·). Let H = A(Q)×Q. Define ◦ on H as

(α, x) ◦ (β, y) = (αβ, xβ · y) for all (α, x), (β, y) ∈ H.

(H, ◦) is a loop and is called the A-holomorph of (Q, ·).

The left and right translations maps of an element (α, x) ∈ H are respectively
denoted by L(α,x) and R(α,x).

Remark 1. (H, ◦) has a subloop {I}×Q that is isomorphic to (Q, ·). As observed
in Lemma 6.1 of Robinson [33], given a loop (Q, ·) with an A-holomorph (H, ◦),
(H, ◦) is a Bol loop if and only if (Q, ·) is a θ-generalized Bol loop for all θ ∈ A(Q).
Also in Theorem 6.1 of Robinson [33], it was shown that (H, ◦) is a Bol loop if
and only if (Q, ·) is a Bol loop and x−1 · xθ ∈ Nρ(Q, ·) for all θ ∈ A(Q).

The birth of Bol loops can be traced back to Gerrit Bol [11] in 1937 when he
established the relationship between Bol loops and Moufang loops, the latter
which was discovered by Ruth Moufang [29]. Thereafter, a theory of Bol loops
was evolved through the Ph.D. thesis of Robinson [33] in 1964 where he studied
the algebraic properties of Bol loops, Moufang loops and Bruck loops, isotopy of
Bol loop and some other notions on Bol loops. Some later results on Bol loops
and Bruck loops can be found in Bruck [12], Solarin [44], Adeniran and Akinleye
[4], Bruck [13], Burn [15], Gerrit Bol [11], Blaschke and Bol [10], Sharma [36, 37],
Adeniran and Solarin [6]. In the 1980s, the study and construction of finite Bol
loops caught the attention of many researchers among whom are Burn [15, 16, 17],
Solarin and Sharma [41, 40, 42] and others like Chein and Goodaire [21, 19, 20],
Foguel et al. [24], Kinyon and Phillips [27, 28] in the present millennium. One of
the most important results in the theory of Bol loops is the solution of the open
problem on the existence of a simple Bol loop which was finally laid to rest by
Nagy [30, 31, 32].

In 1978, Sharma and Sabinin [38, 39] introduced and studied the algebraic
properties of the notion of half-Bol loops(left B-loops). Thereafter, Adeniran
[2], Adeniran and Akinleye [4], Adeniran and Solarin [7] studied the algebraic
properties of generalized Bol loops. Also, Ajmal [8] introduced and studied the
algebraic properties of generalized Bol loops and their relationship with M-loops.

Some of their results are highlighted below.

Theorem 2 (Adeniran and Akinleye [4]). If (L, ·) is a generalized Bol loop, then:

1. (L, ·) is an RIPL.

2. xλ = xρ for all x ∈ L.

3. Ry·σ(y) = RyRσ(y) for all y ∈ L.
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4. [xy · σ(x)]−1 = (σ(x))−1y−1 · x−1 for all x, y ∈ L.

5. (Ry−1 , LyRσ(y), Rσ(y)), (R
−1
y , LyRσ(y), Rσ(y)) ∈ AUT (L, ·) for all y ∈ L.

Theorem 3 (Sharma and Sabinin [38]). If (L, ·) is a half Bol loop, then:

1. (L, ·) is an LIPL.

2. xλ = xρ for all x ∈ L.

3. L(x)L(σ(x)) = L(σ(x)x) for all x ∈ L.

4. (σ(x) · yx)−1 = x−1 · y−1(σ(x))−1 for all x, y ∈ L.

5. (R(x)L(σ(x)), L(x)−1 , L(σ(x))), (R(σ(x))L(x)−1 , Lσ(x), L(x)−1) ∈ AUT (L, ·) for
all x ∈ L.

Theorem 4 (Ajmal [8]). Let (L, ·) be a loop. The following statements are
equivalent:

1. (L, ·) is an M-loop;

2. (L, ·) is both a left B-loop and a right B-loop;

3. (L, ·) is a right B-loop and satisfies the LIP;

4. (L, ·) is a left B-loop and satisfies the RIP.

Theorem 5 (Ajmal [8]). Every isotope of a right B-loop with the LIP is a right
B-loop.

Example 6. Let R be a ring of all 2 × 2 matrices taken over the field of three
elements and let G = R × R. For all (u, f), (v, g) ∈ G, define (u, f) · (v, g) =
(u+ v, f + g+uv3). Then (G, ·) is a loop which is not a right Bol loop but which
is a σ-generalized Bol loop with σ : x 7→ x2.

We shall need the following result.

Theorem 7 (Belousov [9]). Let (G, ·) be a loop with an identity element e. Let

ψ : P(G, ·) → Nρ(G, ·) ↑ ψ(U) = eU, φ : Φ(G, ·) → Ψ(G, ·) ↑ φ(U) = U ′,

̟ : Φ(G, ·) → Nµ(G, ·) ↑ ̟(U) = eU and β : Ψ(G, ·) → Nµ(G, ·) ↑ β(U
′) = eU ′.

Then P(G, ·)
ψ
∼= Nρ(G, ·), Φ(G, ·)

φ
∼= Ψ(G, ·), Φ(G, ·)

̟
∼= Nµ(G, ·), Ψ(G, ·)

β
∼=

Nµ(G, ·).
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Interestingly, Adeniran [3] and Robinson [33], Chiboka and Solarin [23], Bruck
[12], Bruck and Paige [14], Robinson [34], Huthnance [25] and Adeniran [3] have
respectively studied the holomorphs of Bol loops, conjugacy closed loops, inverse
property loops, A-loops, extra loops, weak inverse property loops and Bruck
loops. A set of results on the holomorph of some varieties of loops can be found
in Jaiyeola [26]. The latest study on the holomorph of generalized Bol loops can
be found in Adeniran et al. [5].

In this present work, the notion of the holomorph of a generalized Bol loop
(GBL) is characterized afresh. The holomorph of a right inverse property loop
(RIPL) is shown to be a GBL if and only if the loop is a GBL and some bijections
of the loop are right (middle) regular. The holomorph of a RIPL is shown to be
a GBL if and only if the loop is a GBL and some elements of the loop are right
(middle) nuclear. Necessary and sufficient conditions for the holomorph of a
RIPL to be a Bol loop are deduced. Some algebraic properties and commutative
diagrams are established for a RIPL whose holomorph is a GBL.

2. Main Results

Theorem 8. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. The A-holomorph (H, ◦) of (Q, ·) is a σ′-generalised Bol loop if and
only if C =

(

R−1
x , LxR[σ(xγ−1)]α−1 , R[σ(xγ−1)]α−1

)

∈ AUT (Q, ·) for all x ∈ Q and
all α, γ ∈ A(Q).

Proof. Note that

• (H, ◦) is a RIPL if and only if (Q, ·) is a RIPL.

• (Q, ·) is a σ-generalised Bol loop if and only if B = (R−1
x , LxRσ(x), Rσ(x)) ∈

AUT (Q, ·) for all x ∈ Q.

Define σ′ : H → H as σ′(α, x) = (α, σ(x)). Let (α, x), (β, y), (γ, z) ∈ H, then
(H, ◦) is a σ′-generalised Bol loop if and only if (R(α,x)−1 ,L(α,x)Rσ′(α,x),Rσ′(α,x)) ∈
AUT (H, ◦) for all (α, x) ∈ H, i.e., (R(α,x)−1 ,L(α,x)R(α,σ(x)),R(α,σ(x))) ∈ AUT (H, ◦)

(10)
⇐⇒ (β, y)R(α,x)−1 ◦ (γ, z)L(α,x)R(α,σ(x)) = [(β, y) ◦ (γ, z)]R(α,σ(x))

⇔ [(β, y) ◦ (α, x)−1] ◦ [((α, x) ◦ (γ, z)) ◦ (α, σ(x))] = [(β, y) ◦ (γ, z)] ◦ (α, σ(x)).

Let (β, y) ◦ (α, x)−1 = (τ, t). Since (α, x)−1 = (α−1, (xα−1)−1), then

(11) (τ, t) = (βα−1, (yx−1)α−1).
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From (10) and (11),

(12)

(τ, t) ◦ [(αγ, xγ · z) ◦ (α, σ(x))] = (βγ, yγ · z) ◦ (α, σ(x))

⇔
(

ταγα, (tαγα)
(

(xγ · z)α · σ(x)
)

)

=
(

βγα, (yγ · z)α · σ(x)
)

.

Putting (11) in (12), we have

(13)

(

βα−1αγα, (yx−1)α−1(αγα)
(

(xγ · z)α · σ(x)
)

)

=
(

βγα, (yγ · z)α · σ(x)
)

⇔
(

βγα, (yx−1)γα
[

(xγ · z)α · σ(x)
]

)

=
(

βγα, (yγ · z)α · σ(x)
)

⇔ (yx−1)γα · [(xγ · z)α · σ(x)] = (yγ · z)α · σ(x)

⇔
[

(yx−1)γ · [(xγ · z) · (σ(x)α−1)]
]

α = [(yγ · z) · (σ(x)α−1)]α

⇔ (yγx−1γ)[(xγ · z) · (σ(x)α−1)] = (yγ · z)(σ(x)α−1).

Let ȳ = yγ, then (13) becomes

(ȳ · x−1γ)[(xγ · z)(σ(x)α−1)] = (ȳ · z)(σ(x)α−1)

⇔
(

R−1
xγ , LxγR[σ(x)α−1], R[σ(x)α−1 ]

)

∈ AUT (Q, ·)

and replacing xγ by x,
(

R−1
x , LxR[σ(xγ−1)]α−1 , R[σ(xγ−1)]α−1

)

∈ AUT (Q, ·).

Theorem 9. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. (H, ◦) is a σ′-generalised Bol loop if and only if

1. (Q, ·) is a σ-GBL;

2.
(

I,R−1
σ(x)Rσ(xγ−1), R

−1
σ(x)Rσ(xγ−1)

)

∈ AUT (Q, ·); and

3.
(

I,R−1
σ(x)R[σ(x)]α−1 , R−1

σ(x)R[σ(x)]α−1

)

∈ AUT (Q, ·)

for all x ∈ Q and α, γ ∈ A(Q).

Proof. From Theorem 8, (H, ◦) is a σ′-generalised Bol loop if and only if

C =
(

R−1
x , LxR[σ(xγ−1)]α−1 , R[σ(xγ−1)]α−1

)

∈ AUT (Q, ·) ⇔
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(

R−1
x , LxRσ′′(x), Rσ′′(x)

)

∈ AUT (Q, ·) where σ′′(x) = [σ(xγ−1)]α−1. Taking α =

γ = I in C, then σ′′ = σ which implies that (Q, ·) is a σ-GBL and thus B =
(R−1

x , LxRσ(x), Rσ(x)) ∈ AUT (Q, ·) for all x ∈ Q. So,

(14) B−1C =
(

I,R−1
σ(x)R[σ(xγ−1)]α−1 , R−1

σ(x)R[σ(xγ−1)]α−1

)

∈ AUT (Q, ·)

Substitute α = I in (14) to get

D(x) =
(

I,R−1
σ(x)R[σ(xγ−1)], R

−1
σ(x)R[σ(xγ−1)]

)

∈ AUT (Q, ·)

and also substitute γ = I in (14) to get

E(x) =
(

I,R−1
σ(x)R[σ(x)]α−1 , R−1

σ(x)R[σ(x)]α−1

)

∈ AUT (Q, ·)

This proves the forward. The converse is achieved by computing and showing
that BD(x)E(xγ−1) = C.

Theorem 10. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. (H, ◦) is a σ′-generalised Bol loop if and only if

1. (Q, ·) is a σ-GBL; and

2. σ(x)−1σ
(

xγ−1
)

, σ(x)−1(σ(x))α−1 ∈ Nρ(Q, ·);

for all x, y ∈ Q and α, γ ∈ A(Q).

Proof. This is achieved by Theorem 9 by using the autotopisms D(x) and
E(x).

Lemma 11. Let (Q, ·) be a RIPL with a bijective self map σ and let (H, ◦) be
the holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for
all (α, x) ∈ H. If (H, ◦) is a σ′-GBL, then A(Q) = {σRn1

σ−1, R−1
n2

|n1, n2 ∈
Nρ(Q, ·)}.

Proof. Using Theorem 10:

σ(x) · σ(x)−1σ
(

xγ−1
)

, σ(x) · σ(x)−1(σ(x))α−1 ∈ σ(x)Nρ(Q, ·)

⇒ σ
(

xγ−1
)

= σ(x)n1 and (σ(x))α−1 = σ(x)n2 for some n1, n2 ∈ Nρ(Q, ·)

⇒ γ = σRn1
σ−1 and α = R−1

n2
for some n1, n2 ∈ Nρ(Q, ·).
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Theorem 12. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. (H, ◦) is a σ′-generalised Bol loop if and only if

1. (Q, ·) is a σ-GBL;

2.
(

R−1
σ(x)Rσ(xγ−1),

(

JR−1
σ(xγ−1)

Rσ(x)J
)

−1
, I
)

∈ AUT (Q, ·); and

3.
(

R−1
σ(x)

R[σ(x)]α−1 ,
(

JR−1
[σ(x)]α−1Rσ(x)J

)

−1
, I
)

∈ AUT (Q, ·)

for all x ∈ Q and α, γ ∈ A(Q).

Proof. This is achieved with Theorem 9 by using the fact that in a RIPL,
(U, V,W ) ∈ AUT (Q, ·) ⇒ (W,JV J,U) ∈ AUT (Q, ·).

Theorem 13. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. The following are equivalent

1. (H, ◦) is a σ′-GBL.

2. (a) (Q, ·) is a σ-GBL;

(b) R−1
σ(x)Rσ(xγ−1) and R−1

σ(x)R[σ(x)]α−1 are ρ-regular for all x ∈ Q and

α, γ ∈ A(Q).

3. (a) (Q, ·) is a σ-GBL;

(b) R−1
σ(x)Rσ(xγ−1) and R−1

σ(x)R[σ(x)]α−1 are µ-regular with adjoints

JR−1
σ(xγ−1)

Rσ(x)J and JR−1
[σ(x)]α−1Rσ(x)J respectively, for all x ∈ Q and

α, γ ∈ A(Q).

Proof. Use Theorem 9 and Theorem 12.

Corollary 14. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. The following are equivalent

1. (H, ◦) is a σ′-GBL.

2. (a) (Q, ·) is a σ-GBL;

(b) R−1
σ(x)Rσ(xγ−1), R

−1
σ(x)R[σ(x)]α−1 ∈ P(Q, ·) for all x ∈ Q and α, γ ∈

A(Q).

3. (a) (Q, ·) is a σ-GBL;
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(b) R−1
σ(x)Rσ(xγ−1), R

−1
σ(x)R[σ(x)]α−1 ∈ Φ(Q, ·) and JR−1

σ(xγ−1)
Rσ(x)J,

JR−1
[σ(x)]α−1Rσ(x)J ∈ Ψ(Q, ·) for all x ∈ Q and α, γ ∈ A(Q).

Proof. Use Theorem 13.

Corollary 15. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. The following are equivalent

1. (H, ◦) is a σ′-GBL.

2. (a) (Q, ·) is a σ-GBL;

(b) Rσ(xγ−1), R[σ(x)]α−1 ∈ Rσ(x)P(Q, ·) for all x ∈ Q and α, γ ∈ A(Q).

3. (a) (Q, ·) is a σ-GBL;

(b) Rσ(xγ−1), R[σ(x)]α−1 ∈ Rσ(x)Φ(Q, ·) and Rσ(x)J ∈ Rσ(xγ−1)JΨ(Q, ·),

Rσ(x)J ∈ R[σ(x)]α−1JΨ(Q, ·) for all x ∈ Q and α, γ ∈ A(Q).

Proof. Use Corollary 14.

Lemma 16. Let (L, ·) be a loop. Then

1. δP(L, ·)δ−1 = P(L, ·) for all δ ∈ AUM(L, ·).

2. δΦ(L, ·)δ−1 = Φ(L, ·) and δΨ(L, ·)δ−1 = Ψ(L, ·) for all δ ∈ AUM(L, ·).

Proof. 1. Let δ ∈ AUM(L, ·) and U ∈ P(L, ·).

Then (δ, δ, δ)(I, U, U)(δ−1 , δ−1, δ−1) = (I, δUδ−1, δUδ−1) ∈ AUT (L, ·) ⇒
δUδ−1 ∈ P(L, ·). Hence the conclusion.

2. These are similar to the proof of 1.

Corollary 17. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. If (H, ◦) is a σ′-GBL, then

1. δR−1
σ(x)Rσ(xγ−1)δ

−1, δR−1
σ(x)R[σ(x)]α−1δ−1 ∈ P(L, ·) for all δ ∈ AUM(L, ·).

In particular, αR−1
σ(x)Rσ(xγ−1)α

−1, γR−1
σ(x)R[σ(x)]α−1γ−1 ∈ P(L, ·) for all

x ∈ L.
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2. δR−1
σ(x)Rσ(xγ−1)δ

−1, δR−1
σ(x)R[σ(x)]α−1δ−1 ∈ Φ(L, ·) and

δJR−1
σ(xγ−1)

Rσ(x)(δJ)
−1, δR−1

[σ(x)]α−1Rσ(x)(δJ)
−1 ∈ Ψ(L, ·)

for all δ ∈ AUM(L, ·). In particular,

αR−1
σ(x)Rσ(xγ−1)α

−1, γR−1
σ(x)R[σ(x)]α−1γ−1 ∈ Φ(L, ·)

and αJR−1
σ(xγ−1)

Rσ(x)(αJ)
−1, γJR−1

[σ(x)]α−1Rσ(x)(γJ)
−1 ∈ Ψ(L, ·) for all

x ∈ L.

Proof. Use Corollary 14 and Lemma 16.

Corollary 18. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. The following are equivalent

1. (H, ◦) is a σ′-GBL.

2. (a) (Q, ·) is a σ-GBL;

(b) σ(x)−1σ(xγ−1), σ(x)−1[σ(x)]α−1 ∈ Nρ(Q, ·) for all x ∈ Q and
α, γ ∈ A(Q).

3. (a) (Q, ·) is a σ-GBL;

(b) σ(x)−1σ(xγ−1), σ(x)−1[σ(x)]α−1 ∈ Nµ(Q, ·),
(

σ(xγ−1)
)

−1
σ(x),

(

[σ(x)]α−1)−1σ(x) ∈ Nµ(Q, ·) for all x ∈ Q and α, γ ∈ A(Q).

Proof. We shall use Corollary 14 and Theorem 7.

1. Since P(G, ·)
ψ
∼= Nρ(G, ·), then R−1

σ(x)Rσ(xγ−1), R
−1
σ(x)R[σ(x)]α−1 ∈ P(Q, ·) ⇔

eR−1
σ(x)Rσ(xγ−1), eR

−1
σ(x)R[σ(x)]α−1 ∈ Nρ(G, ·) ⇔ σ(x)−1σ(xγ−1),

σ(x)−1[σ(x)]α−1 ∈ Nρ(Q, ·) for all x ∈ Q and α, γ ∈ A(Q).

2. This is similar to 1.

Theorem 19. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. If (H, ◦) is a σ′-GBL, then:

1. JR−1
σ(xγ−1)

Rσ(x)J = Lσ(x)−1σ(xγ−1);
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(a)
[

y−1[σ(xγ−1)]−1 · σ(x)]−1 =
[

σ(x)−1σ(xγ−1)
]

y,

(b)
[

σ(xγ−1)−1σ(x)
]

−1
= σ(x)−1σ(xγ−1).

2. R−1
σ(x)Rσ(xγ−1) = R{

[σ(xγ−1)]−1σ(x)

}

−1 = Rσ(x)−1σ(xγ−1);

(a) yσ(x)−1 · σ(xγ−1) = y
{

[σ(xγ−1)]−1σ(x)−1
}

−1
= y

[

σ(x)−1 · σ(xγ−1)
]

,

(b) σ(x)
{

[σ(xγ−1)]−1σ(x)−1
}

−1
= σ(xγ−1).

3. JR−1
[σ(x)]α−1Rσ(x)J = Lσ(x)−1[σ(x)]α−1 ;

(a) y−1
(

([σ(x)]α−1)−1 · σ(x)
)

−1
=

[

σ(x)−1[(σ(x))α−1]
]

y;

(b)
(

([σ(x)]α−1)−1σ(x)
)

−1
= σ(x)−1

[

(σ(x))α−1
]

.

4. R−1
σ(x)R[σ(x)]α−1 = R{

[

(σ(x))α−1

]

−1

σ(x)

}

−1 = Rσ(x)−1R[σ(x)]α−1 ;

(a) y(σ(x))−1 · [σ(x)]α−1 = y
{

[

(σ(x))α−1
]

−1
σ(x)

}

−1
=

y
[

σ(x)−1 · [(σ(x))α−1]
]

,

(b) σ(x)
{

[

(σ(x))α−1
]

−1
σ(x)

}

−1
= (σ(x))α−1.

Proof. 1. From Theorem 12,
(

R−1
σ(x)Rσ(xγ−1),

(

JR−1
σ(xγ−1)

Rσ(x)J
)

−1
, I
)

∈ AUT (Q, ·) implies

yR−1
σ(x)Rσ(xγ−1) · z = y · zJR−1

σ(xγ−1)
Rσ(x)J.

Put y = e to get JR−1
σ(xγ−1)

Rσ(x)J = Lσ(x)−1σ(xγ−1). (a) and (b) follow from

this.

2. From Theorem 9,
(

I,R−1
σ(x)Rσ(xγ−1), R

−1
σ(x)Rσ(xγ−1)

)

∈ AUT (Q, ·) implies

y · zR−1
σ(x)Rσ(xγ−1) = (yz)R−1

σ(x)Rσ(xγ−1).

Put z = e and subsequently y = e to get

R−1
σ(x)Rσ(xγ−1) = R{

[σ(xγ−1)]−1σ(x)

}

−1 = Rσ(x)−1σ(xγ−1). (a) and (b) follow

from this.
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3. This is similar to 1.

4. This is similar to 2.

Theorem 20. Let (Q, ·) be a RIPL with a bijective self map σ and let (H, ◦) be
the A-holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for
all (α, x) ∈ H. The following are equivalent

1. (H, ◦) is a σ′-GBL.

2. (a) (Q, ·) is a σ-GBL;

(b) σ(x)−1σ2
(

σ−1(x) · n
)

∈ Nρ(Q, ·) ∋ γ = σRnσ
−1 ∀ γ ∈ A(Q), x ∈ Q

and some n ∈ Nρ(Q, ·).

3. (a) (Q, ·) is a σ-GBL;

(b) σ(x)−1σ2
(

σ−1(x) · n
)

∈ Nµ(Q, ·) ∋ γ = σRnσ
−1 ∀ γ ∈ A(Q) , x ∈ Q

and some n ∈ Nµ(Q, ·).

(c)
[

σ2
(

σ−1(x)·n
)]

−1
σ(x) ∈ Nµ(Q, ·) ∋ γ = σRnσ

−1 ∀ γ ∈ A(Q) , x ∈ Q

and some n ∈ Nµ(Q, ·).

(d) (σ(x) · n′)−1σ(x) ∈ Nµ(Q, ·) ∋ α = R−1
n′ ∀ α ∈ A(Q) , x ∈ Q and

some n′ ∈ Nµ(Q, ·).

Hence, σ(xn−1) = σ(x)n′−1 for all x ∈ Q and some n, n′ ∈ Nµ(Q, ·).

Proof. This is achieved by Corollary 18 and Lemma 11.

Corollary 21. Let (Q, ·) be a RIPL with a bijective self map σ and let (H, ◦) be
the A-holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for
all (α, x) ∈ H. (H, ◦) is a σ′-GBL implies

1. (Q, ·) is a σ-GBL.

2. σ(x)−1σ2
(

σ−1(x) · n
)

∈ Nρ(Q, ·) ∀ x ∈ Q and some n ∈ Nρ(Q, ·).

3.
[

σ2
(

σ−1(x) · n
)]

−1
σ(x) ∈ Nµ(Q, ·) ∀ x ∈ Q and some n ∈ Nµ(Q, ·).

4. (σ(x) · n)−1σ(x) ∈ Nµ(Q, ·) ∀ x ∈ Q and some n ∈ Nµ(Q, ·).

5. σ(xn−1) = σ(x)n′−1 for all x ∈ Q and some n, n′ ∈ Nµ(Q, ·).

Proof. This follows from Theorem 20.

Corollary 22. Let (Q, ·) be a RIPL and let (H, ◦) be the A-holomorph of (Q, ·).
The following are equivalent
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1. (H, ◦) is a Bol loop.

2. (a) (Q, ·) is a Bol loop;

(b) γ = R−1
n ∀ γ ∈ A(Q) and some n ∈ Nρ(Q, ·).

3. (a) (Q, ·) is a Bol loop;

(b) γ = R−1
n ∀ γ ∈ A(Q) , x ∈ Q and some n ∈ Nµ(Q, ·);

(c) (x · n)−1x ∈ Nµ(Q, ·) ∋ γ = R−1
n ∀ γ ∈ A(Q) , x ∈ Q and some

n ∈ Nµ(Q, ·).

Proof. This is achieved by Corollary 21 with σ = I.

Theorem 23. Let (Q, ·) be a RIPL with a bijective self map σ and let (H, ◦) be
the A-holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for
all (α, x) ∈ H. The following are equivalent

1. (H, ◦) is a σ′-GBL.

2. (a) (Q, ·) is a σ-GBL;

(b) γ = σρσ−1 for some ρ ∈ P(Q, ·) for all γ ∈ A(Q);

(c) α ∈ P(Q, ·) for all α ∈ A(Q).

3. (a) (Q, ·) is a σ-GBL;

(b) γ = σJϕ(σJ)−1 and α = JϕJ for some ϕ ∈ Ψ(Q, ·) and for all
γ, α ∈ A(Q);

(c) α = JϕJ for some ϕ ∈ Ψ(Q, ·) and for all α ∈ A(Q, ·).

Proof. We need Corollary 15.

Rσ(xγ−1) ∈ Rσ(x)P(Q, ·) ⇔ Rσ(xγ−1) = Rσ(x)ρ for some ρ ∈ P(Q, ·) ⇔

y · σ(xγ−1) = (yσ(x))ρ ⇔ (I, σ−1γ−1σ, ρ) ∈ AUT (Q, ·) ⇔ σ−1γ−1σ = ρ⇔

γ = σρ−1σ−1 ⇔ γ = σρ1σ
−1 for some ρ1 ∈ P(Q, ·).

R[σ(x)]α−1 ∈ Rσ(x)P(Q, ·) ⇔ R[σ(x)]α−1 = Rσ(x)ρ for some ρ ∈ P(Q, ·) ⇔

y · [σ(x)]α−1 = (yσ(x))ρ ⇔ (I, α−1, ρ) ∈ AUT (Q, ·) ⇔ α = ρ−1 ⇔

α = ρ1 for some ρ1 ∈ P(Q, ·).

Rσ(xγ−1) ∈ Rσ(x)Φ(Q, ·) ⇔ Rσ(xγ−1) = Rσ(x)̺ for some ̺ ∈ Φ(Q, ·) ⇔

y · σ(xγ−1) = (y · σ(x))̺ ⇔ (I, σ−1γ−1σ, ̺) ∈ AUT (Q, ·) ⇔

(̺, Jσ−1γ−1σJ, I) ∈ AUT (Q, ·) ⇔ (̺, (Jσ−1γσJ)−1, I) ∈ AUT (Q, ·) ⇔

̺′ = Jσ−1γσJ ⇔ γ = σJ̺′γ(σJ)−1 ⇔

γ = σJϕγ(σJ)−1 for some ϕ ∈ Ψ(Q, ·).
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Rσ(x)J ∈ Rσ(xγ−1)JΨ(Q, ·) ⇔ Rσ(x)J = Rσ(xγ−1)Jϕ for some ϕ ∈ Ψ(Q, ·) ⇔

(y · σ(x))−1 =
(

[y · σ(xγ−1)]−1
)

ϕ⇔ (I, σ−1γσ, JϕJ) ∈ AUT (Q, ·) ⇔

(JϕJ, Jσ−1γσJ, I) ∈ AUT (Q, ·) ⇔
(

JϕJ, (Jσ−1γ−1σJ)−1, I
)

∈ AUT (Q, ·) ⇔

JϕJ ∈ Φ(Q, ·) and Jσ−1γ−1σJ ∈ Ψ(Q, ·) ⇔ ̺ = JϕJ ∈ Φ(Q, ·)

for some ̺ ∈ Φ(Q, ·) and γ = σJϕ(σJ)−1 for some ϕ ∈ Ψ(Q, ·)

R[σ(x)]α−1 ∈ Rσ(x)Φ(Q, ·) ⇔ R[σ(x)]α−1 = Rσ(x)̺ for some ̺ ∈ Φ(Q, ·) ⇔

y · [σ(x)]α−1= (y · σ(x))̺ ⇔ (I, α−1, ̺) ∈AUT (Q, ·)⇔(̺, Jα−1J, I) ∈AUT (Q, ·)

⇔ (̺, (JαJ)−1, I) ∈ AUT (Q, ·) ⇔ ̺′= JαJ ⇔ α = JϕJ for some ϕ ∈ Ψ(Q, ·).

Rσ(x)J ∈ R[σ(x)]α−1JΨ(Q, ·) ⇔ Rσ(x)J = R[σ(x)]α−1Jϕ for some ϕ ∈ Ψ(Q, ·) ⇔

(y · σ(x))−1 =
([

y · [σ(x)]α−1
]

−1)
ϕ⇔ (I, α, JϕJ, ) ∈ AUT (Q, ·) ⇔

(JϕJ, JαJ, I) ∈ AUT (Q, ·) ⇔
(

JϕJ, (Jα−1J)−1, I
)

∈ AUT (Q, ·) ⇔

JϕJ ∈ Φ(Q, ·) and Jα−1J ∈ Ψ(Q, ·) ⇔ ̺ = JϕJ for some ̺ ∈ Φ(Q, ·)

and α = JϕJ for some ϕ ∈ Ψ(Q, ·).

Corollary 24. Let (Q, ·) be a RIPL with a bijective self map σ and let (H, ◦) be
the A-holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for
all (α, x) ∈ H. If (H, ◦) is a σ′-GBL, then

A(Q) =
{

σρσ−1, ρ, σJϕ(σJ)−1, JϕJ | for some ρ ∈ P(Q, ·) and some ϕ ∈ Ψ(Q, ·)
}

.

Proof. Use Theorem 23.

Corollary 25. Let (Q, ·) be a RIPL and let (H, ◦) be the A-holomorph of (Q, ·).
The following are equivalent

1. (H, ◦) is a Bol loop.

2. (a) (Q, ·) is a Bol loop;

(b) α, γ ∈ P(Q, ·) for all α, γ ∈ A(Q);

3. (a) (Q, ·) is a Bol loop;

(b) α, γ ∈ JΨ(Q, ·)J for all α, γ ∈ A(Q);

(c) ̺ = JϕJ for some ϕ ∈ Ψ(Q, ·) and some ̺ ∈ Φ(Q, ·).

Proof. Apply Theorem 23 with σ = I.
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Corollary 26. Let (Q, ·) be a RIPL and let (H, ◦) be the A-holomorph of (Q, ·).
If (H, ◦) is a Bol loop, then

A(Q) =
{

ρ, JϕJ | for some ρ ∈ P(Q, ·) and some ϕ ∈ Ψ(Q, ·)
}

.

Proof. Use Corollary 24 with σ = I.

Theorem 27. Let (Q, ·) be a RIPL with identity element e and a self map σ and
let (H, ◦) be the A-holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→
(α, σ(x)) for all (α, x) ∈ H. Let

ψ : P(Q, ·) → Nρ(Q, ·) ↑ ψ(U) = eU, φ : Φ(Q, ·) → Ψ(Q, ·) ↑ φ(U) = U ′,

̟ : Φ(Q, ·) → Nµ(Q, ·) ↑ ̟(U) = eU and β : Ψ(Q, ·) → Nµ(Q, ·) ↑ β(U
′) = eU ′.

If (H, ◦) is a σ′-GBL, then

1. R−1
σ(x)Rσ(xγ−1)

ψ,̟
∼= σ(x)−1σ(xγ−1) ∀ γ ∈ A(Q) , x ∈ Q.

2. R−1
σ(x)R[σ(x)]α−1

ψ,̟
∼= σ(x)−1[σ(x)]α−1 ∀ α ∈ A(Q) , x ∈ Q.

3. JR−1
σ(xγ−1)

Rσ(x)J
β
∼= σ(x)−1σ(xγ−1) ∀ γ ∈ A(Q) , x ∈ Q.

4. JR−1
[σ(x)]α−1Rσ(x)J

β
∼= σ(x)−1[σ(x)]α−1 ∀ α ∈ A(Q) , x ∈ Q.

5. R−1
σ(x)Rσ(xγ−1)

φ
∼= R−1

σ(xγ−1)
Rσ(x)J ∀ γ ∈ A(Q) , x ∈ Q.

6. R−1
σ(x)R[σ(x)]α−1

φ
∼= JR−1

[σ(x)]α−1Rσ(x)J ∀ α ∈ A(Q) , x ∈ Q.

Proof. This is achieved by using Theorem 19, Corollary 14 and Theorem 7.

Theorem 28. Let (Q, ·) be a RIPL with a self map σ and let (H, ◦) be the A-
holomorph of (Q, ·) with a self map σ′ such that σ′ : (α, x) 7→ (α, σ(x)) for all
(α, x) ∈ H. If (H, ◦) is a σ′-GBL, then

1. the correspondence

σ(x)−1σ(xγ−1)

�
�
�
�ψ,̟ �

R−1
σ(x)Rσ(xγ−1)

φ

isomorphism
> JR−1

σ(xγ−1)
Rσ(x)J

β isomorphism

∧

is true for all γ ∈ A(Q) and x ∈ Q, ψ = φβ and ̟ = φβ.
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2. the correspondence

σ(x)−1[σ(x)]α−1

�
�
�
�ψ,̟ �

R−1
σ(x)R[σ(x)]α−1

φ

isomorphism
> JR−1

[σ(x)]α−1Rσ(x)J

β isomorphism

∧

is true for all α ∈ A(Q) and x ∈ Q, ψ = φβ and ̟ = φβ.

3. the commutative diagram

P(L, ·)
ψ

> Nµ(L, ·)

�
�
�̟ �

Φ(L, ·)

δ1
∨

........
φ

isomorphism
> Ψ(L, ·)

β isomorphism

∧

is true, δ1 = ψβ−1φ−1 = ψ̟−1 and R−1
σ(x)

Rσ(xγ−1)

δ1∼= R−1
σ(x)

Rσ(xγ−1) for all

γ ∈ A(Q) and x ∈ Q.

4. the commutative diagram

P(L, ·)
ψ

> Nµ(L, ·)

�
�
�̟ �

Φ(L, ·)

δ2

∧........
φ

isomorphism
> Ψ(L, ·)

β isomorphism

∧

is true, ̟ = φβ = δ2ψ and R−1
σ(x)

R[σ(x)]α−1

δ2∼= R−1
σ(x)

R[σ(x)]α−1 for all α ∈

A(Q) and x ∈ Q.

Proof. The proof follows from Theorem 27 and Theorem 7.
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loop a subloop? , Trans. Amer. Math. Soc. 360 (2008) 2393–2408.
doi:10.1090/s0002-9947-07-04391-7

[29] R. Moufang, Zur Struktur von Alterntivkorpern, Math. Ann. 110 (1935) 416–430.

[30] G.P. Nagy, A class of finite simple Bol loops of exponent 2 , Trans. Amer. Math.
Soc. 361 (2009) 5331–5343. doi:10.1090/s0002-9947-09-04646-7

[31] G.P. Nagy, A class of simple proper Bol loop, Manuscripta Mathematica 127 (2008)
81–88. doi:10.1007/s00229-008-0188-5

[32] G.P. Nagy, Some remarks on simple Bol loops , Comment. Math. Univ. Carolin. 49
(2008) 259–270.

[33] D.A. Robinson, Bol loops (Ph.D thesis, University of Wisconsin, Madison, 1964).

[34] D.A. Robinson, Holomorphic theory of extra loops , Publ. Math. Debrecen 18 (1971)
59–64.

[35] D.A. Robinson, The Bryant-Schneider group of a loop, Extract Des Ann. De la
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