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Abstract

In the present paper, it is introduced the definition of a reverse derivation
on a Γ-ring M. It is shown that a mapping derivation on a semiprime Γ-ring
M is central if and only if it is reverse derivation. Also it is shown that M is
commutative if for all a, b ∈ I (I is an ideal of M) satisfying d(a) ∈ Z(M),
and d(a ◦ b) = 0.
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1. Introduction

The notion of a Γ-ring was first introduced by Nobusawa [6] (which is presently
known as a ΓN -ring), more general than a ring, and afterwards it was generalized
by Barnes [1]. This generalization states that every ΓN -ring is a a Γ-ring, but
the converse is not necessarily true. After these two authors many mathemati-
cians made works on Γ-ring as will as (Kyuno [4], Luh [5]), were obtained some
important properties of Γ-ring.

The gamma ring is defined by Barnes in [1] as follows: Let M and Γ be
two additive abelian groups. If there exists a mapping M×Γ×M−→ M (sending
(x, α, y) in to xαy) for all x, y, z ∈ M and α, β ∈ Γ, satisfying the following
conditions:

(i) xαy ∈ M,
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(ii) (x+ y)αz = xαz + yαz,
x(α+ β)y = xαy + xβy,
xα(y + z) = xαy + xαz,

(iii) (xαy)βz = xα(yβz),

then M is called a Γ-ring (in the sense of Barnes).
We may note that it follows from (i)–(iii) that 0αx = x0y = 0αx = 0, for all

x, y ∈M and α ∈ Γ.
An additive subgroup I of M is called a left (right) ideal of M if MΓI⊆I

(IΓM⊆I). If I is both left and right ideal of M, then we say I is an ideal of M.
Besides a Γ-ring M is said to be 2-torsion free if 2x = 0 implies x = 0 for x ∈
M. M is called a prime Γ-ring if for any two elements x, y ∈ M, xΓM Γy = 0
implies either x = 0 or y = 0, and M is called semiprime if xΓMΓx = 0 with
x ∈ M implies x = 0. Note that every prime Γ-ring is semiprime. Furthermore,
the set Z(M)={x ∈ M; xαy = yαx for all x, y ∈ M and α ∈ Γ} is called the center
of M. The commutator xαy − yαx will be denoted by [x, y]α.

The notion of derivation in Γ-ring have been introduced by Sapanci and Naka-
jima [7] as follows: An additive mapping d : M−→ M is called a derivation if
d(xαy) = d(x)αy + xd(y) for all x, y ∈ M and α ∈ Γ. The notion of a reverse
derivation in a ring R was introduced by Bresar and Vukman [2]. An additive
mapping d : R −→ R is called a reverse derivation if d(xy) = d(y)x+yd(x) for all
x, y ∈ R. Inspired by the definition in [2], we introduce the definition of revsesr
derivation on a Γ-ring M as follows: An additive mapping d : M−→M is called a
reverse derivation if d(xαy) = d(y)αx+ yαd(x) for all x, y ∈ M and α ∈ Γ.

Throughout this paper, we shall use (*) for xαyβz = xβyαz, for all x, y, z
∈ M and α, β ∈ Γ, we show that for a semiprime Γ-ring M, any reverse derivation
is a derivation mapping M into its center and we will show that the derivation
and the reverse derivation are not coincide by the following examples.

Example 1.1. Let R be a ring and

M = {
(
x y
0 0

)
|x, y ∈ R}, where R2 6= 0,

and Γ = {
(
n 0
0 0

)
| n is an integre .}

Then it is easy to show that M is a Γ-ring. Let d :M−→M defined by

d(A) = d

((
x y
0 0

))
=

(
0 y
0 0

)
.

It is easy to show that d is derivation but not reverse derivation.
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Example 1.2. Let R be a ring and

M = {


0 x y z
0 0 0 y
0 0 0 −x
0 0 0 0

 |x, y, z ∈ R },

and Γ = {


0 0 0 0
0 n 0 0
0 0 n 0
0 0 0 n

 |n is an integre }.

Then it is easy to show that M is a Γ-ring. Let d :M−→M defined by

d(A) = d




0 x y z
0 0 0 y
0 0 0 −x
0 0 0 0


 =


0 0 0 −z
0 0 0 y
0 0 0 −x
0 0 0 0

 .

It is easy to show that d is reverse derivation but not derivation.

Lemma 1.3 (3, Lemma 2.3). Let M be a semiprime Γ-ring satisfying the as-
sumption (∗) and a ∈ M such that aβ[a, x]α = 0, for all x ∈M, then a ∈ Z(M),
the center of M.

The following result shows that a reverse derivation is a derivation on semiprime
Γ-rings.

Theorem 1.4. If M is a semiprime Γ-ring satisfying the assumption (∗) and d
is a nonzero derivation, then d is central if and only if d is reverse derivation.

Proof. Suppose that d is central derivation, then it is clear that d is reverse
derivation. Now we suppose that d is reverse derivation, then we have

d(xαy) = d(y)αx+ yαd(x)

Replacing y by yβy, we get for all x, y ∈ M and α, β ∈ Γ.

d(xα(yβy)) = d(yβy)αx+ yβyαd(x)

= d(y)βyαx+ yβd(y)αx+ yβyαd(x).(1.1)
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On the other hand, we obtain

d((xαy)βy) = d(y)βxαy + yβd(xαy)

= d(y)βxαβy + yβd(y)αx+ yβyαd(x).(1.2)

From (1.1) and (1.2) we get

d(y)βyαx = d(y)βxαy

This implies

(1.3) d(y)β[x, y]α = 0, for all x, y ∈M and α, β ∈ Γ.

Linearization (1.3) with respect to y and using (1.3), we have

0 = d(y + z)β[x, y + z]α

= d(y)β[x, z]α + d(z)β[x, y]α for all x, y, z ∈M and α, β ∈ Γ.

That is

(1.4) d(y)β[x, z]α = −d(z)β[x, y]α = d(z)β[y, x]α.

Replacing x by wγx in (1.3), we get

(1.5) d(y)βwγ[x, z]α = 0 for all x, y, w ∈M and α, β, γ ∈ Γ.

Replacing w by [x, z]αδwβd(z) in (1.5) and using (1.4), we get

0 = d(y)β[x, z]αδwβd(z)γ[x, y]α = −d(z)β[x, y]αδwβd(z)γ[x, y]α.

Hence

d(z)β[x, y]αδwβd(z)γ[x, y]α = 0, for all x, y, z, w ∈M and α, β, γ, δ ∈ Γ.

By semiprimeness we obtain d(z)β[x, y]α = 0. By Lemma 1.3 we have d(z) ∈
Z(M), for all z ∈M .

Hence d(xαy) = d(y)αx+ yαd(x) = xαd(y) + d(x)αy.

Form the theorem we can get the following corollaries

Corollary 1.5. A mapping d on a semiprime Γ-ring M is reverse derivation if
and only if it is left derivation.

Corollary 1.6. Let M be a prime Γ-ring. If M admits a nonzero reverse deriva-
tion, then M is commutative.
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Lemma 1.7 (8, Lemma 2). Let M be a 2-torsion free prime Γ-ring and I be a
nonzero ideal of M. For a, b ∈M, if aΓIΓb = 0, then either a = 0 or b = 0.

Theorem 1.8. Let d be a nonzero reverse derivation of a prime Γ-ring M satis-
fying the assumption (∗) and I be an ideal of M. If d(a) ∈ Z(M), for all a ∈ I,
then M is commutative.

Proof. Since d(a) ∈ Z(M), then

(1.6) [d(a), y]α = 0, for all a ∈ I and y ∈M.

Replacing a by aβx, we get

[d(aβx), y]α = 0, for all a ∈ I and x, y ∈M.

Hence we obtain

0 = [d(x)βa+ xβd(a), y]α

= [d(x), y]αβa+ d(x)β[a, y]α + xβ[d(a), y]α + [x, y]αβd(a)

= [d(x), y]αβa+ d(x)β[a, y]α + [x, y]αβd(a).

Put y = x, we obtain

(1.7) [d(x), x]αβa+ d(x)β[a, x]α = 0.

By expanding equation (1.7), we get

0 = d(x)αxβa− xαd(x)βa+ d(x)βaαx− d(x)βxαa

= −xαd(x)βa+ d(x)βaαx.

That is

(1.8) d(x)βaαx = xαd(x)βa.

Hence

(1.9) d(x)βaαxγz = xαd(x)βaγz.

Replacing a by az in (1.8), we get

(1.10) d(x)βaγzαx = xαd(x)βaγz.

Comparing (1.9) and (1.10) we obtain

d(x)βaγzαx = d(x)βaαxγz.
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By using property (∗) we get d(x)βaγ[z, x]α = 0, for all a ∈ I and x, z ∈ M.
Therefore by Lemma 1.7 we get d(x) = 0 or [z, x]α = 0, but d(x) 6= 0, hence M is
commutative.
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