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Abstract

The main purpose of this paper is to introduce the concept of (T',n)-
semihypergroups as a generalization of hypergroups, as a generalization of n-
ary hypergroups and obtain an exact covariant functor between the category
(T", n)-semihypergrous and the category semigroups. Moreover, we introduce
and study complete part. Finally, we obtain some new results and some
fundamental theorems in this respect.
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1. INTRODUCTION

Algebraic hyperstructures are a suitable generalization of classical algebraic struc-
tures. In a classical algebraic structure, the composition of two elements is an
element, while in an algebraic hyperstructure, the composition of two elements
is a set. The hypergroup notion was introduced in 1934 by the French mathe-
matician F. Marty [16], at the 8" Congress of Scandinavian Mathematicians. He
published some notes on hypergroups, using them in different contexts: algebraic
functions, rational fractions, non commutative groups. Since then, hundreds of
papers and several books have been written on this topic and several kinds of hy-
pergroups have been intensively studied, such as: regular hypergroups, reversible
regular hypergroups, canonical hypergroups, cogroups, cyclic hypergroups, asso-
ciativity hypergroups.

A recent book on hyperstructures [4] points out on their applications in fuzzy
and rough set theory, cryptography, codes, automata, probability, geometry, lat-
tices, binary relations, graphs and hypergraphs. Hypergraph theory is a useful
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toll for discrete optimization problems. A comprehensive review of the theory of
hypergraph appears in [2].

Let H be a nonempty set and o : H x H — p*(H ), be a map such that p*(H)
be the set of all nonempty subset of H. The couple (H, o) is called hypergroupoid.
If A and B are nonempty subset of H, then we define

AoB = U aob, zoA={x}oA, Aox=Ao{x}.
a€AbeEB

A hypergroupoid (H, o) is called a semihypergroup if for all x,y,z € H, we have
xo(yoz) = (xoy)oz A semihypergroup (H,o) is called hypergroup if for
every x € H, we have x o H = H ox = H. Several books have been written on
hyperstructure theory, see [3, 4, 7]. A regular hypergroup (H,o) is a hypergroup
which has at least an identity and any element of H has at least an inverse. In
other words, there exists e € H, such that for all x € H, we have x € roeNeox
and there exists 2’ € H such that e € zo2’ N2’ oz.

An n-ary structure generalizations of algebraic structures is the most natu-
ral way for further development and deeper understanding of their fundamental
properties. The notion of n-ary group, which is a generalization of the notion
of a group, was introduced by W. Dérnte in 1928 [10]. Since then many papers
concerning various n-ary algebra have appeared in the literature [8, 9, 11, 12].

The notion of I'-semigroups was introduced by Sen in [17, 18]. Let G and
I' be two nonempty sets. Then, G is called a I' -semigroup if there exists a
mapping G x I' x G — G, written (a,«,b) by aab, such that it satisfies the
identities ac(bfBc) = (aab)pe, for all a,b,c € G and «,5 € I'. The concept
of T'-semihypergroups was introduced by Davvaz et al. [13]. Let G and T' be
two nonempty sets. Then, G is called a I'-semihypergroup if each o € I" be a
hyperoperation on G, i.e., aab C G, and for every a,b,c € G, and for every
a, f € I' we have the associative property that is aa(bBc) = (aab)Bec. Let G1 be
a ['1-semihypergroup and G2 be a I's-semigroup. If there exists a map ¢ : G; —
G2 and a bijection f : 'y — I'y such that p(zay) C ¢(z)f(a)p(y), for every
z,y € G; and a € 'y, then ¢ a homomorphism between G1 and Ga.

In 1964, Nobusawa introduced I'-rings as a generalization of rings. Barnes
[1] weakened slightly the conditions in the definition of I'-ring in the sense of
Nobusawa. Barnes [1], Luh [15] and Kyuno [14] studied the structure of I'-rings
and obtained various generalization analogous to corresponding parts in ring
theory. After that, Dehkordi et. al. [5, 6] investigated the ideals, rough ideals,
homomorphisms and regular relations of I'-semihyperrings.

The aim of this research work is to define a new class of n-ary multialgebras
that we call (', n)-semihypergroups that is a generalization of n-ary semihyper-
groups, a generalization of I'-semihypergroups, a generalization of semihyper-
group and a generalization of semigroups. Also, we define complete part and
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regular relation. Moreover, we introduce an exact covariant functor between the
category (I', n)-semihypergroups and the category semigroups.

2. (I',N)-SEMIHYPERGROUP

In this section, we present some definitions and results concerning. First of all,
let us introduced (T", n)-semihypergroup. Let G, T' be nonempty sets and n € N,
n > 2. Amap a: G" — p*(G) is called n-ary hyperoperation on G, where
©*(G) is the set of all nonempty subsets of G and o € I'. Then, (G,T') is called
(', n)-hypergroupoid. 1If G1,Gs,...,G, are subsets of G, then we define

a(Gy,Ga,y...,Gp) = U{a(xl,xg,...,a;n) cx; € Giy1 <i<n},

F(Gl,Gg,...,Gn):U{a(xl,mg,...,:z;n) cx; € G,a el 1 <i<n}.

The sequence x;, ziy1,...,2;, will be denoted by xf For j <1, :):z is empty. In
the case when ;11 = --- = x; = x will be written be written in the form I,

A (T, n)-hypergroupoid is called (T', n)-semihypergroup if for every o, € T'
and x1,%9,...,T2,-1 € G

. it B - - B
a (:L‘Zl Lg (m? ‘ )) ,1772111-1) =0 (:le e <x?+] ) ,ZL‘ZZ_]-I) .
A (T, n)-hypergroupoid (G,T") in which for every o € T" the equation
yeuo (yli_l7xi7y?+1) )

has the solution x; € G for every y’i_l,y?+1,y € G is called (T',n)- quasihyper-
group. A (I',n)-hypergroup is both a (I", n)-semihypergroup and (I',n)- quasihy-
pergroup. A (I',n)-hypergroup G is commutative if for every z7 of G and any
permutation § of {1,2,...,n} and for all « € I" we have

a(x]) = aTs501), Ts(2)s - - - T(n))-

An element e of a (I',n)-hypergroup G is called an n-ary identity or a neutral
element, if there exist « € I" such that

z=a(e e .
Let G be a (I',n)-semihypergroup and o € T' be a fixed element. We define
flai,a2,...,a,) = a(ay,az,...,ay). It is easy to see that (G, f) is an n-ary
semihypergroup and when n = 2, (G, f) is a semihypergroup. We denote this
n-ary semihypergroup by Gla].
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Proposition 2.1. Let G be a (T',n)-semihypergroup and for every o € T, the
element e € G be neutral element. Then, for every a1,as € I' and z7 € G, we
have aq (z7) = ag(z}).

Proof. Suppose that e is a neutral element for every o € I'. Then for 27 € G,
we have 21 = a(x1,e" ) and 21 = B(x,e"1). Hence

Ck(.’I,'l, I‘g) = 04(5(.%1, 6n_1)7 I’g) - B(xla OJ(JJQ, en—1)7 l'g) - 6('7"17 Z2, .’BEL)
This completes the proof. [ |

By Proposition 2.1, if for every «, 8 € T', e is a neutral element, then G[a] = G[f].
This implies that (', n)-semihypergroup G is an n-ary hypergroup.

Definition 2.2. Let (G,T") be a (I', n)-hypergroup and H be a nonempty subset
of G. We say that H is a (I', n)-subhypergroup of G if following conditions hold:

1. For every a € I', H is closed under the n-ary hyperoperation «,

2. For all o, r1,...,2, € H, a € I" and fixed i € {1,2,...,n} there exists
x € H such that zp € a(z! !, 2, T ).

Definition 2.3. A nonempty subset I of a (I',n)-semihypergroup is said to be
a k-ideal of G if

1. I'is a (I', n)-subsemihypergroup of G,

2. T(GY ', 1,Gp, ) C I
If for every 1 < k < n, I is a k-ideal, then we say that [ is an ideal.

Definition 2.4. Let G be a semigroup and I be a nonempty subset of G. We
say that I is a left ideal if I is a subsemigroup of G and GI C I. In the same
way can define right ideal.

Definition 2.5. Let G; and G2 be (I'1,n) and (I'y, n)-semihypergroup, respec-
tively. A map (¢, f) : G1 x 'y — G2 x I'y is called a homomorphism if for every
a?? € G1

pla(zr)) = fla)(p(e1))-
Also, if ¢ and f are onto, then (¢, f) is called an epimorphism.

Example 1. Let G be a group and I' = {«a,, : n € N}. Then, for every zI' € G,
we define
an(2}) = G.

Then, G is a (I',n)-hypergroup.
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Example 2. Let X be a totally ordered set and I' be a nonempty subset of X.
We define
a(z}) ={z € G: x> maz{z}, a}},

for every o € I and 2] € X. Then, (X,I') is a (I', n)-semihypergroup.

Example 3. Let H be a semigroup and { X}, }rem be a collection of disjoint sets.
Consider G = ey X and I' = Z(H). For every g € G there exist h € H such
that g € X}. We define

a(xzn) = onml,mg,...,mnv
where z; € Xp,, for 1 < ¢ < n. Then G is a (I',n)-hypergroup and is called
(Z(H),n)-hypergroup.

Example 4. Let A,, = [n,n+1), 'y = 2Z,T9 = 2Z+1 and G1, G2 be (Z(2Z),n),
(Z(2Z + 1), n)-semihyperring, respectively. Then, (¢, f) is a homomorphism.

0:G1 — Gy, px)=x+1

fim — Ty, fla) = a.
Example 5. Let (H,o) be a hypergroup and I' C H be a nonempty set. We
define for every x; € H and o € T’
alz;)) =aoxpo---oxy,.
Then H is a (I', n)-semihypergroup.

Example 6. Let G be a group and H, be a normal subgroups of G such that
H, C H, 1. We define n-ary hyperoperation on G as follows:

an(z;) = Hpoxi0ma, ..., 0%y,

Then G is a (I', n)-hypergroup.

3. FUNDAMENTAL RELATION AND COMPLETE PART

By using a certain type of equivalence relations, we can connect (I',n)-semi-
hypergroup to semigroups and (I", n)-hypergroups to groups. These equivalence
relations are called strong regular relations. More exactly, starting with a (I, n)-
semihypergroup (hypergroup) and using a strong regular relation, we can con-
struct semigroup (group). In this section, we introduce a strong regular relation
B* and complete part such that has an important role in the study of (I',n)-
semihypergroups.
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Let G be a (I',n)-hypergroup. We define
o) = {on () s 2 € G,1 <i < n}
Qo[2] = {O‘2 (‘Tzi_laal[l}ax?_i_l) s € G,2<i < n}

a3[3] = {a3 (xzi_laOZQ[z},JT?H) o, € G,2<i < n}

.9 '
On[n) = {a” (le 7O‘nfl[n71]7x?+1) o, € G2 <1 < n} ,

for every aq,a,...,a, €. Let U = UkZLaeF Uplo)- We define
Tfpy oy €U, such that {z,y} C oy

We have 8 = J,,~ Bn is reflexive and symmetric. Let 5* be the transitive closure
of B. This relation is called fundamental relation.

Let G be a (', n)-semihypergroup and p be an equivalence relation on G. If
A and B are nonempty subset of G, then

ApB <= Ya € A,db € B such that apb
Vb € B,3da € A such that apb.

and
ApB <= VYa € A,and b€, B, apb.

The equivalence relation p is called k-regular if from apb, it follows that
a(xlf_17 a,T 1) P a(xlf_la b, xy 1),

for every a € I' and is called k-strongly regular if from apb,
a(zy™, a,T11) P ()™, b, g y1)-

for every a € T'. p is called regular (strongly regular) if it is k-regular (strongly
regular) for every 1 < k < n.

Proposition 3.1. Let G be a (I',n)-semihypergroup and B* be a fundamenteal
relation on G. Then, B* is the smallest strongly regular relation on G.

Proof. Suppose that af8*b and x is an arbitrary element of G. It follows that
thee exists g = a,z1,...,2, = b such that for very i € {0,1,...,n — 1} such
that z;6z;11. Let w1 € a(a,yy) and us € a(b,yy). It follows that there exist
gn[n] such that {wlayg} - gn[n] Hence O‘(xhyg) < O‘({n[nbyg) and a(xi—FlvygL)
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C alym),vy)- Thus a(zi, y3)Ba(wiy1,yy). This implies that for every i €
{0,1,2,...,n — 1} and for all ¢; € a(z;,yy), we have t;0t;y;. If we consider
to = u1 and t, = us, then we obtain u;8*us. Then g* is 1-strongly regular and
similarly, it is j-strongly regular for 2 < j < n.

Let R be a strongly regular relation on G. Since R is reflexive, we have
B C R. Suppose that 8,-1 C R. If af3,;b, then {a,b} C ). Since ay,p =
Q (y’i_l, §n,1[n,1],y§"+1) there exists u, v € §,_1[,—1) such that a € a, (y’i_l, u, y?_ﬂ)
and b € ay, (yi_l, v, ygﬁrl) and according to the hypothesis since uf3,_1v, we have
uRv. Since R is strongly regular it follows that aRb and by induction, it follows
that 8 C R, whence 8* C R. [ |

Proposition 3.2. Let G be a (T',n)-semihypergroup and p be an equivalence

relation on G. Then, p is reqular if and only if |G : p| is a (I, n)- semihypergroup
with respect the following operation:

a(plar), pa(a2),...,plan)) = {p(a) : a € ala,az,...,a,)}.

Proof. First we check that the hyperoperation a is well defined. Let p(a;) =
p(b;), for 1 < i < n. Then, we have a;pb;. Since p is regular, it follows that

a(al,CLQ, s 7an) ﬁ O[(bl,a2, e 7an)7

a(bi,ag,...,an) p alby, by, ... ay),

Oé(bl, bo, -+ n_1 ,an) P Oé(bl, ba, ..., bn)

Hence for every u; € a(a,as,...,a,) there exists ug € a(by, be, ..., by,) such that
p(ur) = p(ug). Tt follows that

a(p(a1)7p2(a2)7 s 7p(an)) - a(p<b1)7p2<b2)7 s 7p(bn))7

and similarly we obtain the converse inclusion. Now, we check the associativity
of n-ary hyperoperation a. Let

p(u) € & (p(@)il Bloi)iy, p(@s)iig) ) -

~

This means that there exists p(v) € B(p(y;))i~; such that

plu) € @ (p@s)i=Ls p(v), plei)ignn ) -
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Hence there exist u; € oz(:):f_l, v,z ;) such that p(u) = p(u;) and there exist
)

v1 € B(y;)}, such that p(v) = p(v1). Since p is regular there exist
k— k— k—
up € a (o}~ v el ) € a (ab L BT ol ) = 8 (2 el e )

such that p(ug2) = p(u). Hence we obtain that there exists ug € a(y;)} such that
Uy € B(mffl,u;a,,xzﬂ). We have

plu) = plus) € B (p(x)i= G oy i p(@)ipsr) ) -
It follows that
& (p(e)f 2 Blowi)irs o)) ) € B (p(@)f 2 @p(u) i, p(@i)is))
Similarly, we obtain the converse inclusion.

Let [G : p] be a (f,n)—semihypergroup, apb and z; € G, for 1 <i < n —1.
Since p is well-defined. If u € oz(xffl, a, xZH), then

plu) €& (p(ah ™), pla), plafyy)) = @ (ol (1) plafy))
= {p(v) TV E (x]f_l,b,xZH)} .

Hence there exists v € o (x’f_l, b, x}} +1) such that upv, whence

o (:I}lf_l, a,acZH) yxes (ac]f_l, b, xZH) .
This completes the proof. [ |

Definition 3.3. Let G be a (I', n)-semihypergroup and C' be a nonempty subset
of G. We say that C' is an a-complete part of G if for any nonzero number n, the
following implication holds:

cn O] #+ () = Qnn) & C.
If for every a € I, C' is an a-complete part, then C' is complete part.
Example 7. Let A, = [n,n+ 1), T' = Z. Then, R is a (Z, n)-semihypergroup

by mn-ary hyperoperation defined in the Example 3. For every n € Z, A, is a
complete part but C = N is not complete part.
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Proposition 3.4. Let G be a (T',n)-semihypergroup and p is a strongly regular
relation on G, then for every a € G, the equivalence class p(a) is a complete part

of G.

Proof. Suppose that for n € N, p(a) N ay,p, # 0. This implies that there exists
b € ) such that p(a) = p(b). Let 7 : G — [G : p] be a natural homomorphism.
Then, we have

(@) = () =7 (a (277, Buc1jn—1)) 2i41))

a (W(xzi_lu F(ﬂnfl[nfl])’ W(‘Ti)szA) :

This meanies that ), C m(a) = p(a). |

Definition 3.5. Let A be a subset of G. Then, the smallest complete part of G
that contain A denoted by by C(A).
Denote K{'(A) = A and for every n > 1 denote

n1(A)={z € G:Im e N,z € ap, K5 (A) N appm # 0},
and Ko (A) = U,>1 K;(A). Let K(A) =U,er Ka(A).
Proposition 3.6. Let G be a (I',n)-hypergroup. Then
(1) For every n > 2, we have Ky (K5 (x)) = Ky, (),
(2) the following relation is equivalence

x~y<—=dn>1,x € K,(y).

Proof. Suppose that n = 2. We have
K$(K$(z)) = {y € G:3n e N,y € oy, K§(x) N oy # 0}
= Kg'(z).
Let K& {(K$(z)) = Kg(x). Then,
K2(K$(z) ={y € G:Ine N,y € ayp, K5_ | (K$(x)) N oy # 0}
= K3y (2).
(2) Suppose that n =2 and = € K$(y). Then,

re K5(y) ={2€G:ImeN,z € ayp, Ki'(y) N oy # 0}
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Hence {z,y} C ay, which implies that y € K§'(x). Let
re Ky 1(y) = ye Ky (x),

and x© € K (y). Then, there exists n € N such that z € ayp, and b €
n[n] NKY ((y). ThlS implies that b € K§(z) and y € K% ;(b). Hence y €
_1(K§(z)) = K&(z). In the same way, the converse implication holds. ]

Proposition 3.7. Let G be a (I',n)-hypergroup and A be a nonempty subset of
G. Then, C(A) = K(A).

Proof. Suppose that A is a nonempty subset of G and K (A) N ay,p, # 0. Then
there exist m > 1 and o € T' such that K, (A) N app # 0. Hence agp,y C
K7, 1(A), which means that a,,,,) € K(A).

Let A C B and B is a complete part of G, then we show that K(A) C B.
We have K{'(A) C B and suppose that K{(A) C B. We check that Ky ;(A4) C
B. Let b € K;,1(A). Then there exists m € N, such that b € ), and
Ky (A) N Q) # 0. Hence B N oy 7 0 and we obtain ayypy,) € B. Therefore,
be B and K(A) =C(A). ]

Proposition 3.8. Let G be a (I',n)-hypergroup. Then, the relation ~ and (*
are coincide.

Proof. Suppose that xy. Then there exists o € I' such that x € K§(y) C K(y).
This implies that © ~ y. Now, if we have x ~ y, then there exists « € I'and n > 1
such that 2K, ;y which implies that ay,p, N K (y) # 0. Let a € ayp) N KR (y).
Hence afBx. Since a1 € Kj(y), it follows that there exists a,,_j,—1) such that
Ap1fn—1] VK, 1]( y) # 0. Let as € ay_qpp—1) N K 1(y). Hence ayfBas and
az € K& 1n— 1]( y). After finite number of steps, we obtain that there exists a,_1
and ay, such that a,18a, and a, € K¢ —(n— 1)( y) = {y}. Therefore, z5*y. [ ]

4. © RELATION AND 7" FUNCTOR

The category CT'H in which the objects are (I', n)-semihypergroups. For (I, n)-

semihypergroups G; and Gy Mor(G1,Ge), are epimorphism from G; to G and

CG@ is the category of all semigroups. The purpose of this section is to introduce

the concept of T' - functor. First we shall present the fundamental definitions.
We denote the equivalence class of element x € G by 5*(x). Let

(G 1] = {(B" ()i )}
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We define the relation © as follows:

(8 @)= o) (B )= B) € ©

if an only if
& ((B* @it 8 (@) = B ((8* ()=t B (@)

for every f*(z) € [G : B*]. Obviously, © is an equivalence relation. Let
© ((B*(z4))!=',@)) denote the equivalence class contain (B*(z;))-',a). Let
A[G] be the set of all equivalence classes on [G : I']. We define operation as

follows:
O ((B* ()i, ) 0 © (B (wi))1=', B))
=0 (@ (B (x)is B (), B (W)=, B) »

for every 5*(x;),8*(y;) € [G: f*], 1 <i<n—1and «, € T'. This operation is
well-defined. Indeed,

@((5*(%))? 117a1) = ((5*(%))1 1 ,042)
O ((B* ()=, Br) =© ((B(b:))i=, Ba) -

Hence

ar (B (wi))i= 1,5*(3«’)) = G2(8"(a0))i=], B* (@),

for every 8*(x), 8*(y) € [G : B%]. We have
Ga (B (ai)i=1', 57 (b)), B (075, B* ()
()i BaB )i 57 (v)) )
()i BB )il B w)))
= B1 (@2(8" ()5l 7 (90), B ()15 B ()
= B1 (@1(B* (@15 B (), B° ()13 5°(0)) -
This implies that

O (@28 (a)im!, B (b)), B (00)15F, Ba)

= O (@ (B @i, 8" (n) B (wi)i=5 - 1)
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Hence

O ((8*(20))i a1) 0 © ((B* ()i, Br)
O ((@2(B* ()i, B*(b1)), B* ()= Ba)
O (@1 (B* (@)1=, B* (1)), B* (W)= Br)
O ((B*(a:))j=!, @) 0 © ((B*(be))i=, Ba) -

Thus o is well-defined.
Moreover, the function o is associative. Indeed,

O3 (@)=, ) o (B(8 (5))i=1', B) 0 O(F (2:)=1',7)
= 0 (B ()5 @) 0 O(B(B* (W) B7(210)), B (), B (2n-1),7)
= 0 (@05 @)= BB ()i 37 (20, B7(2)1) ) 7))
On the other hand,
(O(8 (@)1 @) 0 O(B* ()i B) @ O(8" (21, )
= (& (a5 @)=l 87w, 7w 157, 8) ) 0 O(8(2:)i )
= 0 (B@(" (@), B (), B ()i B* (), B ()i )

Hence (A[G],0) is a semigroup.
Let G be a (I', n)-semihypergroup. Then, for A} C A and G; C G we define

={6(2) € [G: B : © (B*(2), " (y)isy a) € Ay, Va €T, 5% (y) € [G: B}

={0(8" ()5, i) € A= Gi(B" ()i, B (x)) € G1, V" (2) € [G : 5]}

Proposition 4.1. Let G be a commutative (T',n)-semihypergroup. Then, the
following statements are true:

1. If Ay C A[G] is an ideal, then [A1] is a (I',n)-ideal of [G : B¥].
2. If Gy is a (I',n)-ideal of |G : B*], then [[G1]] is an ideal of A[G].
Proof. (i) Suppose that A; is an ideal of A[G] and *(x) € A;. This implies

that ©(8*(x ) B*(y)i=y,a) € Ay, for every a € T and B*(y) € [G : B*]. Let
O (B*(vi))i, ' B8) € A[G]. Since A is an ideal of A[G], thus
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O (B (yi)i=', B) 0 © (8" (), B*(y))j=y ) € Ay
= 0 (BB )iz B (@), B ()i o) € A

So for every a, 8 € T and B*(y;)7=}! € [G : B*], we have B(B*(yi))?;f,ﬂ*(x)) €A
Therefore, Ay is an ideal of [G : 5*].

(ii) Let ©(B*(z:)1=!, ) € [[G1]] and ©(B*(y;)?—}', B) € A[G]. Hence for every
B*(x) € [G: 5],

a(ﬁ*(x1)75*(x2)7 s 75*(xn—1)75*(x>) € G.

On the other hand

O(B*(x:)i=)' s a) 0 O(B* ()i, B) = © (G(B*(x:)1=, B (y1), B*(wi)i2  B) -

Since G is an ideal of [G : £*], this implies that

© (a(ﬂ (xl)l 1» (yl)) 5 (yz)?:_Ql)?ﬁ) € Gl-

Therefore, [[G1]] is a right ideal of A[G]. This completes the proof. |

Let G be a (I',n)- semihypergroup and e is a natural element of G. It is easy to
see that ©(8*(e)=!, a) is a left unity of A[G].

Proposition 4.2. Let G be a (I',n)-semihypergroup with natural element and I
be an ideal of G. [[[I]]] = I.

Proof. Suppose that ﬁ*( ) € [[[T]]]. Hence ©(8*(x), 8*(y:)i—}', ) € [[I]], for
every a € T and B*(y:)7— € [G : B*]. So a(B*(x),B(e)l;) C I. Since G has a
left unity, thus 8*(z) € I. Therefore, I = [[I]]. |

Theorem 4.3. Let G; and Gy be (I'1,n) and (T'y, n)-semihypergroups and (¢, f) :
G1 xI'y — G9 x 'y be an epimorphism. Then, there exists a homomorphism

(p, ) : AlG1] — A[Gs]. Moreover, if (¢, f) is an isomorphism then, (@, f) is
isomorphism.

Proof. We define

o —

(. f) (88" (@:)i= @) = © (8" (w(x))i) f(@)) -
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First we prove that @ is well-defined. Let
OB (x:)i5 s @) = OB (wi)i=,', B).
This implies that
(0. 1) (@(B* @) B°(@)) = (0. 1) (BB i 5 (@)))

for every 8*(z) € [G : B*]. Hence

— —

Fla) (B (e(e)iS B ((x)) = F(B) (B*(p(a)isi's B (w(@))) -

Since ¢ is onto,

— —_

Fla) (B*(p(x))i=)' () = F(B) (B ()i B* () »

for every f*(y) € [G
O (B ()i ) ,O(8
(0. 1) (O(B* (@)= ) 0 OB (4)i=L. )

= (0. /) (O@(B* ()=, 5 (). B* ()= )
F@)(B*(p(@))it B (0 (1)), B (0 ()i F(B))
(@))i, F(@) 0 OB (w(w))iz's £(8))
(0. 1) (08" (@)=t ) o (0. /) (O(8* ()= B))

*]. Hence the function (go, f) is well defined. Let
(yl)zn 11»5) € A[Gq]. Then,

[\

*

Hence m is homomorphism.

Let (9, f) be one to one and (, ) (O(8*(x:)7=, @) = (9, f) (O(B* (wi)=, B)).

Then, we have

(so (@))i f(@) = © (B*(ply)i=, £(B))
(a)( ( (i))iz 11 5*(9)) / »3)( *(p(yi)iz 11 By ))
fla )( “(p(x))iot B (p(x) = F(B)(B* (0(y))iml, B (p(x))
(so,f)((ﬁ*wula)Zw ) (© (8" (wi)i= a))
— 08" (z:)}=)!, a) = © (B*(w)i=), a)

- =

o —

where y = ¢(z). One can see that if (¢, f) is an onto, then (¢, f) is an onto.
This completes the proof. [ |
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Proposition 4.4. Let Gy and Go be (I't,n) and (T'2, n)-semihypergroups, respec-
tively. Then,
A[Gl X GQ} = A[Gl] X A[GQ]

Proof. Suppose that 8*, ] and 5 be fundamental relations on G x G2, G
and G, respectively. It is easy to see that

[G1 x Go : %] 22 [Gy : 8] % [Ga : B

We define
’(/J : A[Gl X GQ] — A[Gﬂ X A[GQ]

O (8" (21, y1)7i2) ) (a1, @2)) — (O(8"(2:);5), 1), OB (wi)iSy s a2)) -
Obviously, this function is well-defined. We proof 4 is a homomorphism.
P(O(B* (s, yi) Py (a1, 02)) O (B* (25, wi) [, (B, B2)))
= (O (ar (B (x:)i=, B (1)), B* (215,
O(a2(B* ()it B* (w1)), B*(wi)iZy ), (Br, B2))
= (O (B (x:)i=)', B (1)), 7 (20)155 ),
O(2(B* (i), B (w1)), B* (wi)P=y ), B2)
=9 (0 (B (zi, 91, s (a1, 02))) 0 9 (O (B (21, wi)i=)' (Br, Ba))) -
It is casy to see that 1 is onto and one to one. n

Theorem 4.5. There exists an exact covariant functor between the category of
(T', n)-semihpergroup and the category of semigroups.

Proof. Suppose that G, G2 and G3 are (I'1,n), (I'2,n) and (I's, n)-semihyper-

groups, respectively and (o1, f1) : (G1,T1) — (G2,T2), (p2, f2) : (G2,T2) —
(G3,T'3) are epimorphisms. We define

T(G1,T1) = A[G1], T(Ga,Ts) = A[Ga], T(Gs,T's) = A[Gs].

T((e1, 1)) = (1.0, T (2, f2)) = (2. fo).

T (2, f2) © (1, 1)) © (B* ()71, ) = T((p2 0 o1, f2 0 £1))O (B ()=, )
= O(p2 001 (8" (@)12)), fa o fi())

= T((¢2, f2)) o T((sp1, 1))O(B* ()i ).
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for every © (8*(z;)!7',a) € A[G1]. On the other hand, if Id is an identity
homomorphism, then T'(Id) is an identity homomorphism. Therefore, T" is a
covariant functor. By Theorem 4.3, T is an exact functor. This complete the
proof. [ |
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