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1. INTRODUCTION

For graph theory terminology in general we follow [6]. Specifically, let G = (V, E)
be an (undirected) graph with vertex set V and edge set E. The size of G is |E|,
the number of edges of G. A Hamiltonian graph is a graph with a spanning cycle,
called a Hamiltonian cycle. A graph is Fulerian if it has a closed trail containing
all edges. Let F' = {S; : i € I} be an arbitrary family of sets. The intersection
graph G(F) is the one-dimensional skeleton of the nerves of F' , i.e., G(F) is the
graph whose vertices are S;, ¢ € I, and in which the vertices S; and S; (4,5 € I)
are adjacent if and only if S; # S; and S; NS; # 0. It is shown that every simple
graph (without loops and multiple edges) is an intersection graph [5].

The study of algebraic structures using properties of graphs has become an
exciting research topic in the last few decades, leading to many fascinating results
and questions. It is interesting to study the intersection graphs G(F') when the
members of F' have an algebraic structure. Several mathematicians studied such
graphs on various algebraic structures. Recently Chakrabarty et al. [2] studied
intersection graphs of ideals of rings. The intersection graph of ideals of a ring
R, denoted by G(R), is the undirected simple graph whose vertices are in a one-
to-one correspondence with all nontrivial (nonzero, proper) ideals of R and two
distinct vertices are joined by an edge if and only if the corresponding ideals
of R have a nonzero intersection. For references on graphs related to the ring
structures see for example [2, 3, 4, 7.

In this paper, we first calculate the number of vertices and the number of
edges of the intersection graph of ideals of rings and fields. Then we study
Eulerianity and Hamiltonicity in the intersection graph of ideals of direct product
of commutative rings. For a ring R we denote the number of edges of G(R) by
e(G(R)). For ring theory terminology in general we follow [1].

2. ORDER AND SIZE

Theorem 1. Let Ry and Rs be two rings with identity. If R; has t; ideals for
1= 1,2, then |V(G(R1 X Rg))| = t1tg — 2 and

(1) e(G(R x Ry)) = <h%_2>—%x+®@+®—x—y+m,

mem:<h;2>—dG@ﬁ%y:< ; >—dG@g%a:h—Lb:

to — 1.

Proof. Let R = R; x Ry. We show that e(G(R)) = 2(x +a)(y +b) + = +y — ab,
where G(R) is the graph complement of G(R) and hence the result follows.
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Let I be a nontrivial ideal of R. Then I = I} x Iy ¢ {{(Og,,0r,)},R1 X Ra}.
Let A be the set of ideals I of R such that I = I} x Io, where I} ¢ {{Ogr, },R:1}
and Iy ¢ {{Or,}, R2}. Let B be the set of all other nontrivial ideals of R. Then
any ideal of R in B is one of the following forms:

{ORl} X RQ,Rl X {032},{031} X [2,[1 X {032},R1 X [2,[1 X RQ

where I; and I are nontrivial ideals of Ry and Rs, respectively.

Let I = I1 x Iy and J = I3 x I4 be two nontrivial ideals of R such that
INJ={(0g,,0r,)}. Then I} N I3 = {Og, } and Io N Iy = {Og, }. So the number
of edges of G(R) with both end points corresponding to ideals in A is given by

2e(G(Ry))e(G(Rp)) = 2wy,

where x and y are defined as above.

Now the vertices corresponding to the ideals {Og, } x Ra, Ry X {Og,},R1 X
I, I x Ry (for all nontrivial ideals Iy and Iy of Ry and Rs respectively) are
adjacent to any vertex corresponding to an ideal in A in the graph G(R). Thus
there are no such edges in G(R).

Next we note that for each pair of nontrivial ideals I, Iy of Ry with Io N1y =

{0g,} and for all nontrivial ideals I, I3 of Ry, we have

{ORl} x IoNIg x Iy = {(0317032)} =L xIan {ORl} X Iy.

So the number of edges of G(R) with one end point corresponding to an ideal in
A and the other end point corresponding to an ideal in B is given by

2(t1 - 2)€(G(R2)) + 2(t2 - 2)€(G(R1)) = 2((1 - 1)y + 2(b — 1).%',

where a and b are defined as above.

Finally we calculate the number of edges of m with both end points cor-
responding to ideals in B. We denote the degree of the vertex corresponding to
an ideal T" in a graph X by dx(T).

Let M be the induced subgraph of W generated by the set of vertices cor-
responding to ideals in B. Then the following computations are straightforward:

Fact 1. dM({0R1} X Rg) =14+ (tl — 2) =1t —1.

Note that since the vertex corresponding to {Og, } X Rs is adjacent to the vertex
corresponding to Ry x {Og, } and all the vertices corresponding to I; x {Og,} (for
all nontrivial ideals I; of Ry) in M.

Fact 2. dM(Rl X {ORQ}) =19 — 1.
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Fact 3. dM({ORl} X IQ) =1+ (tl — 2) + d@([g) + dm([g) =t -1+
Note that since the vertex corresponding to {Og, } X I2 is adjacent to the vertex
corresponding to Ry x {Og, }, all the vertices corresponding to I1 x {Og,} (for all
nontrivial ideals I; of R;) and all the vertices corresponding to ideals of the forms
Ry x Iy and {0g, } x I (for all nontrivial ideals I of Ry such that [sNIy = {Og,})
in M.

Fact 4. dM(Il X {ORQ}) =ty — 1+ 2dm([1)

Fact 5. dM(Rl X IQ) = dm([g)

Fact 6. dM(Il X Rg) = dm([l)
Thus the total degree of vertices of M is
(t1 +t2—2)+ (ta —2)(t1 — 1) + (t1 — 2)(t2 — 1) + 3(2x + 2y) = 2(ab + 3z + 3y),

as the sum of degrees of all nontrivial ideals of R; (respectively, Rs) in the graph

G(Ry) (respectively, G(R3)) is twice the number of edges of G(R;) (respectively,

G(R2)). Therefore the number of edges of G(R) with both end points corre-
sponding to ideals in B is given by

ab + 3x + 3y.

Hence the total number of edges of G(R) is

2zy +2(a — Dy +2(b— 1)z +ab+ 3z + 3y = 2xy+2ay +2bx +ab+x +y
2x+a)(y+b) +x+y—ab

as required. m

Corollary 2. Let Fi,Fs,...,F, be n > 2 fields and F' = F} x Fy X -+ X F,.
Then |V (G(F))| =2" — 2 and

e(G(F)) = %(22" O

Proof. Since the number of ideals of F' is 2", we have |V(G(F))| = 2" — 2. We
prove the result by induction on n. For n = 2, there are only 2 nontrivial ideals
of F, namely, F} x {Op,} and {Of } x F;. The vertices of G(F') corresponding
to these ideals are non-adjacent and so e(G(F)) = 0 = 3(2* — 322 — 32 +5).
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Thus the result is true for n = 2. Suppose the result is true for n = k — 1. Let
Ri=F, X Fo x--- x F_1 and Ry = F,. Then F' = R; X Ry. Now by inductive
hypothesis, e(G(Rl)) (22(k D —3.206=1 _3(-k=1) 1 5), Then straightforward
calculations show that z = (3k 1926 41),y=0,a=21—-1,b=1 and
e(G(F)) =122k 3.2~ - 3’1‘C +5), by (1), as required. |

3. EULERIANITY AND HAMILTONICITY

Let R = R; X Ro, where R; is a commutative ring with identity, and with t;
ideals for ¢ = 1,2. By definition G(R;) has t; — 2 vertices, for i = 1,2. Let
the ideals of Ry be 0 = Iy, I1,..., [y, —2,1;,—1 = Ry, and let the ideals of Ry be
0= Jo,J1,...,Jt,—2,Jt,—1 = Ra. It is clear that I <4 R; x Ry if and only if
I =1 x Iy, where Iy = {1 : (z1,22) € I}, and Is = {x9: (x1,22) € I}.

For an ideal I of R in order to avoid repeating “the vertex in G(R) corre-
sponded with I” we henceforth simply use “the vertex I”. It is well known that
a connected graph is Eulerian if and only if its vertices all have even degree. We
now calculate the degree of a vertex in G(R). Let I; x J; < R.

If i =0,j ¢{0,to — 1}, then degg(R)([i X Jj) =t —14+2 -1 +t1degR2(Jj).
If’LZO,j :tg—l, thendegg( )(I XJ) —tl(g—l)—Q IfZQ{Otl }

= 0, then degg(R)(Ii X J]) =tg— 14+t —1+ tgdegRl(I) Ifi =+t —1,
j =0, then degg(R)(I X Jj) =ta(t1 —1) —2. If i =t1 — 1,5 & {0,ta — 1}, then
degc;(R) (I; x ) =to(t1—1)— 1+d€gG’(R2)(Jj)+1' Ifi € {0,t1—1},j = ta—1, then
degg(R) (Iz X J; ) = tl(tg — 1) — 1+degg(R1)(Ii) +1.If {i,j}ﬂ {0, to—1,t1 — 1} =0,
then

degg(R)(Ii X J]) = tz— 1+t1 - 1+t1 _2+t2_2
+ (t2 — 2)dega(ry) (L) + (t1 — 2)dega(r,) (J;)
- degG(Rl)([i)degG(Rz)(Jj)'

So the degrees of vertices of G(R) are listed in the following forms:

o (1): 2(t1 — 1) + tidegr, (J;), and 2(ta — 1) + tadegr, (I;).

o (2): ti(te — 1) —2, and ta(t1 — 1) — 2.

o (3): t2(t1 — 1) +dega(ry)(J5), and t1(ta — 1) + dega(r,) (L)

o (4): 2(t1 — 1) +2(t2 — 1) — 2+ (t2 — 2)degq(r,) (Li) + (t1 — 2)dega(ry) (J)—

degG(Rl) (Ii)de.gG(Rz) (J])

Theorem 3. Let G(R;) be connected for i = 1,2. If G(Ry X Ra) is Eulerian,
then both G(Ry) and G(Rg) are Eulerian.
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Proof. Let G(R; x R2) be Eulerian. Then the degree of any vertex of G(R) is
even. From Form (2) we have that both ¢;(t2—1) and t2(t; —1) are even. Then by
Form (3), degg(r,) (i) and degg(r,)(J;) are even. Then both G(R;) and G(Rz)

are Eulerian. []

The converse of Theorem 3 is not true in general.

Theorem 4. Let R; be a ring with t; ideals such that G(R;) be Eulerian for
i =1,2. Then G(Ry X Ry) is Eulerian if and only if t, + t2 is even.

Proof. Let G(R;) and G(Rz) be Eulerian. Then degg g, (i) and dega(r,)(J5)
are even. So Forms (1) and (4) are even. If ¢; + 2 is even, then either both
t1 and ty are even, or both are odd. In each case Forms (2) and (3) are even.
Consequently, G(R) is Eulerian. For the converse suppose that G(R) is Eulerian.
Then Forms (2) and (3) are even. Since degq(g,)(/i) and degg(r,)(J;) are even,
both ¢1(to — 1) and t2(¢; — 1) are even. This implies that ¢; 4 t5 is even. |

We next study Hamiltonicity of the intersection graph of ideals of direct prod-
uct of commutative rings. If C is a cycle in a graph with vertex set V(C) =
{v1,v9,...,v,} and edge set {v;v;y1:i=1,2,...,n— 1} U {v1v,}, then we refer
to this cycle as C': vy — v9 — - -+ — v, — v1. We begin with the following.

Proposition 5. If G(R1) or G(R2) is Hamiltonian, then G(R) is Hamiltonian.

Proof. Let G(R2) be Hamiltonian. It is obvious that to > 5. Without loss of
generality assume that the Hamiltonian cycle of G(Rg) is J1 —Jo—« -+ —Jy,—o—Jj.
Consider the following cycles in G(R):

Co:OXJl—OXJQ—"'—OXJt272—0XR2—0><J1,

Ctl_ltRlXO—R1XJ1—R1XJQ—---—R1XJt2_2—R1XO,

and for 1 <i <ty — 2,
CZ':IZ'XO—IZ'><Jl—'--—IiXJt272—IZ'XR2—IiX0.

From the above cycles we obtain a Hamiltonian cycle as follows. Let 0 < r <
t, — 2.

If r is even, then we remove the edges (I X J1) (I, X J2), (L1 X J1)(Lr41 X J2),
and add the edges (I} x J1)(Ir41 % J1), (I X J2)(Ir41 X J2).

If r is odd, then we remove the edges (I X J2) (I X J3), (Ir41 X J2)(Ir41 X J3),
and add the edges (I, X Jo)(Ir41 X J2), (I X J3)(Lr11 X J3).

Thus G(R) is Hamiltonian. ]
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Note that the converse of Proposition 5 is not true in general. As an example let
F;isafield for i =1,2,3. Then F1 x0Xx0—F; X Fo x0—0x Fo, x0—0 x Fy X
F35—0x0x F3—Fy x0x F5— F; x0x0 is a Hamiltonian cycle in G(F} x Fy x F3).
But G(S) is not Hamiltonian for S € {F;, F; x Fj :4,j =1,2,3,i # j}.

Lemma 6. If min{t,,t2} = 3, then G(R) is Hamiltonian.

Proof. Let min{ty,t2} = 3. Without loss of generality assume that to = min{ty,ts}.
Ift;1 =3, then [ x0—I1 x J1 —0xJ1 —0x Ro—I[1 x Rg— Ry x J1 — Ry x0—11 X0
is a Hamiltonian cycle in G(R). So we suppose that t; > 4. Then,

OXJl— OXRQ—

[1 X Jl— [1 x 0— Il X RQ—
12 X Jl— 12 x 0— _[2 X RQ—
I3 X Jl— I3 x 0— Ig X RQ—
Ii X Jl— Ii x 0— Ii X RQ—

It1,3 X Jl— It1,3 X 0— It1,3 X RQ—
It1—2 X Jl— R1 X 0— It1—2 XO—Itl_Q XRQ—Rl XJ1—O>< J1

is a Hamiltonian cycle. [ |
Proposition 7. If min{t1,t2} > 4, then G(R) is Hamiltonian.

Proof. Let 4 <ty < t;. Fori =1,2,... or ..., to — 3 let C; be the following
cycle.

IiXO—IZ‘XJl—"'—IZ'XJZ‘—OXJi—IZ',1 XRQ—IZ'XJi+1—---—IiXJt2,2—IZ'X0.
Let Cy,—2 be the following cycle.

It2—2 XO_Itg—ZXJl_"’_It2—2Xth—Z_OXJt2—2_1t2—3XR2_It2—2 XRQ—It2_2X0.
For to — 1 <7 <t; — 2, let C; be the cycle

Ii XO—IZ‘ XJl—---—IZ‘XJtQ,Q—IZ’XRQ—IiXO.

Let Ct1—1 be the cycle Ry x0— Ry X J; —--- — R1 X Jt2_2 — Ry x 0.

We produce a Hamiltonian cycle from above cycles as follows. We remove the
edges (0x J1)(0 x Ry) and (1 X Ra)(I2 x J3), and add the edges (0 x Jy)(I1 X Ra)
and (0 x Ry)(Iz x J3) to obtain a cycle C from Cy and Cy. We remove the edges
(0 x J3)(I1 X Ry) and (I x R2)(I3 x J3) and add the edges (0 x J2)(I2 X Ry) and
(I1 X R2)(I3 x J3) to obtain a cycle C% from C4 and C3. In general from C/ and
Ciy1 we obtain a cycle Cj,; by removing the edges (0 x J;)(I;—1 x Rp) and (I; x
RQ)(IZ'Jrl X Ji+2), and add the edges (0 X Jz)(Iz X Rg) and (IZ’,1 X RQ)(I/L'+1 X Ji+2).
We proceed this process to obtain the cycle Cf, .
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Now we remove the edges (It,—2 X J1)(Ity—2 X Jo) and (Lt;—1 X J1)(Iyy—1 X J2)
from Cj, , and Cy, 1 and add the edges (It, 2 x J1)(I,—1 x J1) and (I, 2 X
J2)(I,—1 % J2), to obtain a cycle Cj, ;. We remove (1,1 X J2)(It,—1 x J3) and
(It x J2)(It, x J3) from Cf, ; and Cy, and add the edges (Iy, 1 x J2)(It, x Jo)
and (1,1 x J3)(Is, x J3), obtain a cycle CY,.
We remove (Iy, X J1)(Is, X Ja) and (I, 41 X J1) (I, 41 % J2) from Cy, and Cy, 11

and add the edges (I, x J1)(It,41 X J1) and (I, X Jo)(It,4+1 X J2), obtain a cycle

/

to+1-

2{;Ve proceed this process to obtain C}, _,. Lastly, we remove (I, 2 X 0)(f;, —2 X
J1) and (Ry x 0)(Ry x Jy) from C} _,, and Cy, 1, and add (Iy, 2 x 0)(Rg x 0)
and (1, —2 x J1)(Rg x J1) to obtain C{, _,. Then Cj, _, is a Hamiltonian cycle. m

Corollary 8. If min{t1,ta} > 3, then G(R) is Hamiltonian.

Lemma 9. If R; is a commutative ring with identity for i = 1,2, 3, then G(R; x
Ry x R3) is Hamiltonian.

Proof. Let the number of ideals of R; be equal to ¢; for ¢ = 1,2,3. Since the
graph of direct product of three fields is Hamiltonian, we assume that t; > 3 for
some ¢. Then Corollary 8 implies that G(R; x Ra x R3) is Hamiltonian. ]

By Lemma 9, we have the following corollary.

Corollary 10. For two commutative rings Ry and R with identity, if Ry or Rs
is direct product of two rings, then G(R) is Hamiltonian.

In the rest of the paper we consider t; = 2. By Corollary 8 it remains to study
Hamiltonicity in G(R) when R; is a field (i.e., t; = 2). The following has a
straightforward proof.

Observation 11. If ty € {2,3}, then G(R) is not Hamiltonian.

So henceforth we suppose that t5 > 4. Also by Corollary 10, we assume Rj is
not direct product of two rings. Since Rs is an Artinian ring, henceforth (Rg.m)
is local. (We recall that a ring is local if it has only one maximal ideal. We also
refer (R, M) as a local ring R with the unique maximal ideal M).

Lemma 12. If Ry has a unique minimal ideal, then G(R) is Hamiltonian.

Proof. First suppose that to = 4. Let J; be the unique minimal ideal of Ro. Let
Jo be the other proper non-trivial ideal. Since Ry is not direct product of two
rings, Jo is the unique maximal ideal of Rs. Now 0 X J; —0 X Ry — 0 X Jy — Ry X
Jo— R; x0— Ry x J; —0 x Jp is a Hamiltonian cycle. We next suppose that
ts > 5. Notice that G(Rs2) is a complete graph and so is Hamiltonian. Then the
result follows by Proposition 5. [ |
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Since for any n > 2, the ring Z,~» has a unique minimal ideal, a consequence of
Corollaries 8, 10, Observation 11, and Lemma 12 we obtain the following.

Proposition 13. For k > 2, Zp;q X Zpgz X - X szk is not Hamiltonian if and
only if k =2 and nq + ny < 3.

Since for a prime p, Zyn» is not Hamiltonian if and only if n < 3, as a consequence
of Proposition 13 we obtain the following.

Corollary 14 (Theorem 5.2 of [2]). All the graphs of Z,, are Hamiltonian except
when n is one of the following forms: p?,p%, pq, p>q, where p, q are distinct primes.

Lemma 15. If F' is an infinite field and V is a n-dimensional vector space over
F, then V has infinite subspaces.

Lemma 16. If F' is a finite field of order ¢ and V is a n-dimensional vector

space over F, then V has qqn__ll =q¢" ' +¢" 2 +---+1, 1-dimensional subspaces.

Corollary 17. Let (Ry, M) is a local ring such that % is finite. If Iv,...,I; are
minimal ideals of Ro for t > 2 such that for any i, I; = %, and I +---+ I, =
LPLEB - Pl =J, then J contains |%|’5_1 + |%|1ﬁ_2 +---+1 minimal ideals
Of RQ.

Proof. Notice that R» is a Noetherian ring and MI; =0 fori =1,2,...,t. Thus
J is an %—module (vector space) which a subset 7' is an %—submodule of J if
and only if T" is an Ro-submodule. [ |

Theorem 18. Forty =4,5,...,9, G(R) is Hamiltonian.

Proof. For ty = 4 the result follows from the proof of Lemma 12.
If Ry has a unique minimal ideal then by Lemma 12, G(R3) is complete and so
is Hamiltonian. Then by Proposition 5, G(R) is Hamiltonian. Thus we assume
that R9 has at least two minimal ideals.

If to = 5, then by Corollary 17, R, has at least six ideals, a contradiction.
Thus t5 # 5.

e to = 6. Let Ji,Jo be two minimal ideals of Ry. By Corollary 17, J; + Js
contains at least three minimal ideals of Ry. Without loss of generality assume
that J; + Jo contains three minimal ideals .J1, Jo and J3. Since to = 6, all ideals
of Ry are 0,.J1,Jo,J3, J1+Jo = M,R. Now, 0x J; —0X Ry —0x Jo— Ry X Jy —
Ry xJ3—0xJ3—0x (J1—|—J2)—R1 X (J1—|—J2)—R1 X0—Ry xJ1 —0x Jyis
a Hamiltonian cycle.

ety = 7. Let Jy, Jy be two distinct minimal ideals of Ry. By Corollary 17, J; + Js
contains at least three minimal ideals of Ry. Without loss of generality assume
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that J; + Jo contains three minimal ideals Ji, Jo and J3. Let J be an ideal of Ry
different from Jy, Jy, J3 and Jy + Jo. If JN(J1 +J2) = 0, then Ry has more than 7
ideals, a contradiction. So JN(J1+J3) # 0. Now 0x J; —0x (J1+J2)—0x Jo— Ry X
JQ—RlXJ3—0XJ3—0XR2—0><J—R1 XJ—Rl X(J1—|—J2)—R1 XO—R1 XJl—OXJl,
is a Hamiltonian cycle.

e ty = 8. Let Ji,Jo be two distinct minimal ideals of Ry. Since Ry is local,
J1 = Jy (= %) Then J; + Jo = J1 @ Jo. If Ry has another minimal ideal
K such that J; + Jo + K = J1 @ Jo @ K, then by Corollary 17, J; + Jo + K
contains at least 7 minimal ideals contradicting that to = 8. We deduce that
J1 + J2 contains all minimal ideals of Ry. Further, \%] < 4. We discuss the
possiblities for |%|

If |%| = 2, then Ry has three minimal ideals Ji,J2,J3. Also note that
M # Jy + Jo, since to = 8. Let J be a proper non-trivial ideal different from
Ji, Jo, J3, J1 + Jo, M. Since J is not minimal we may assume that J; C J. Now
OxJ1—0x(Ji+Jo)— Ry x(Ji+J2) =Ry xJo—0XxJo—0xM—Ry x M —
R1XJg—OXJg—OXRQ—OXJ—RlXJ—R1XO—R1XJ1—0XJ1 is a
Hamiltonian cycle.

If \%] = 3, then Ry has four minimal ideals Jy, Jo, J3, Js. Since t9 = 8, we
have M # Jy 4+ Jo and so 0, J1, Ja, J3, Jyu, J1 + Jo, M, R are all ideals of Ry. Now
OxJ1—0x (J1+J2)—0xJo—Ry xJa—Ry X J3—0xJ3—0x R —0x M —
0><J4—R1XJ4—R1><(J1—|—J2)—R1XM—R1><0—R1><J1—0><J1 is a
Hamiltonian cycle.

If |%| = 4, then Ry has five minimal ideals Ji,Js,Js, Jy, J5. So 0, J1, Jo,
J3, Ja, J5, J1 + Ja, Ry are all ideals of Ry. Now 0 x J; —0 x (J1 + J2) =0 x Jo —
Ry x Jy — Ry X(J1—|—J2)—0XJ5—R1 XJs—Ri XJg—0xJy—0x Ry —0x
J3—R; X J3— Ry x0— Ry xJ; —0x J; is a Hamiltonian cycle.

ety = 9. Let Jy, Jo be two distinct minimal ideals of Ry. Since R is local, J; = Jy
(= %) Let |%| = q. Then by Corollary 17 ¢ € {2, 3,4, 5,7}, since % is a field.
Consequently by Corollary 17 Ry has ¢ + 1 minimal ideals. It is obvious that
q # 7. If ¢ = 5, then the ideals of Ry are 0, J1, Ja, J3, J4, J5, Jg, J1 + Jo, Ra, where
J; is minimal and J; C J; + Jo for i =1,2,3,4,5,6. Then Ry x0— Ry x Jo —0 x
Jo—0x Ry —0xJ1— Ry xJ1 — Ry ><J3—0><J3—0X(J1+J2)—OXJ4—R1 X
Jy— Ry x J5—0x J5— Ry x (J1 +J2) —0x Jg — Ry x Jg — Ry x 0 is a Hamiltonian
cycle. If ¢ = 4, then the ideals of Ry are 0, J1, Jo, J3, J4, J5, J1 + Jo, M, Ro, where
J; is minimal for i = 1,2,3,4,5. Then 0 x J; —0x (J1 +J2) =0 x Jy — Ry X Jo —
RixJ3—0xJ3—0xXRo—0XxXJg— R X J4— R XJ5—0xJs5—0xM—R; x M —
Ry x (J1+J2) — Ry x0— Ry x J; —0 x Jy, is a Hamiltonian cycle. If ¢ = 3, J; + Jo
contains four minimal ideals Ji, Jo, J3,Js4. Let J be another proper non-trivial
ideal. This time 0 x J1 —0x (J1+J2) —0x Jo—0X M —-0x J3—0x Re—0x J —
RixJ—RixM—-—R; x0—R; X(J1+J2)—0XJ4—R1 XJg—RixJ3— Ry x Jy—
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Ry x J; — 0 x J; is a Hamiltonian cycle. If ¢ = 2, then by Corollary 17, J; + J
contains three minimal ideals of Ji, Jo, J3 of Ry. Also Ry has no minimal ideal.
Suppose that the ideals of Ry are 0, J1, Js, J1 + j2, J3, K1, Ko, K3, Ry. Without
loss of generality assume that J; C K;j. Note that K; N (J; + J2) # 0. Then
OxJ1—0x K71—0x (J1+J2)—0XJ3—OXR2—OXJQ—R1 XJog—R1 X K9—0x Kg9—
OXK3—RixK3—Ri x0—R; xK;—R; x (J1+J2)—R1 XJ3—RixJ1—0xJp
is a Hamiltonian cycle. [ |

We close with the following problem.

Problem 19. Is G(R) Hamiltonian for to > 107
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