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1. INTRODUCTION

This paper consists of two parts.

The first part of this work concerns of introducing definitions and theorems
about entropic quasigroups with quasi-identity, abelian groups with involutions
and some connections between them.

In the second part we define an Abelian group with involution of the form
Wh.2o(G) and describe subalgebras of it. In the Theorem 17 we prove that if
some conditions are satisfied and W, ;,(G) is directly decomposable then G is
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also directly decomposable. Next we describe subalgebras of ng,2 and show that
quasigroups \I/(Wn7(2m71,0)(Q(2]n72)) are directly indecomposable for m—1 > n > 1.
Contrary to Abelian groups there are two-generated (and not one-generated)
entropic quasigroups beeing directly indecomposable. We show that there exists
an infinite family of pairwise not-isomorphic entropic quasigroups with quasi-
identity which are directly indecomposable and they are two-generated.

Definition. An Abelian group with involution is a set G, where are defined the
binary operation 4+, the unary operations — and *, and the constant 0, which
verify the following properties:

1. (G,+,—,0) is an Abelian group,
2.0°=0, a™* =a, (a+b)*=a*+b"

In such a case we will denote (G, +, —,0,*). The operation — takes each element
a to its inverse —a and * is the involution.
2
Moreover (—a)* = —(a*) since (—a)*+a* ® (—a+a)* = 0* = 0 so we use further
the notation —a* instead of (—a)* and —(a)*.
We denote the class of all Abelian groups with involution by AGI.

Definition. An entropic quasigroup is a set ), where are defined the binary
operations -, /, \, which verify the following properties:

1. a-(a\b) =b, (b/a)-a=0b,
2. a\(a-b)=0b,(b-a)/a=0b,
3. (a-b)-(c-d)=(a-c)-(b-d).

In such a case we will denote (Q, -, /,\). If there exists an element (which we will
denote as 1) such that

4) a-1=a,1-(1-a)=a,
then we will say that (Q,-,/,\) has a quasi-identity and denote (Q,-, /,\,1).

We denote the class of all entropic quasigroups with quasi-identity by EQL.

Definition. If G = (G, +,—,0,* ) is an Abelian group with involution then we
define ¥(G) := (G,-,/,\,1), where a - b := a + (b*), a\b := b* + (—a*), a/b :=
a+(—b*),1:=0.

If 9 =(Q,-,/,\,1) is an entropic quasigroup with quasi-identity then we define
®(Q) = (Q,+,—,0,"), where a+b:=a-(1-0), (—a):=1/(1-a),0:=1,
a*:=1-a.
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The next result corresponds to Theorem 3 and 4 in [1]:

Theorem 1. If G = (G,+,—,0,%) is an Abelian group with involution then
v (G) = (G,-,/,\,1) is an entropic quasigroup with quasi-identity, where a - b :=
a+ (b*), a\b:=b*+ (—a*), a/b:=a+ (=b*), 1 :=0.

If 9 =(Q,-,/,\,1) is an entropic quasigroup with quasi-identity then ®(Q) =
(Q,+,—,0,*) is an Abelian group with involution, where a +b := a - (1),
(—a):=1/(1-a),0:=1, a*:=1-a.

By the Theorem given above we see that ¥: AGI — EQ1 and ®: EQ1 — AGI.
The next result corresponds to Theorem 5 and 6 in [1]:

Theorem 2. If Q =(Q,-,/,\,1) is an entropic quasigroup with quasi-identity
then U(®(Q)) = Q.
If G = (G,+,—,0,*) is an Abelian group with involution then ®(¥(G)) = G.

Theorem 3. The functions ¥ and ® defined above satisfy that ¥ = 1.

Lemma 4. If G, = (G1,+1,—1,01,"") and Gy = (Ga,+2,—2,02,*2 ) are Abelian
groups with involution then ¥(Gy X Go) = W(G1) x U(Ga).

Proof. We know that ¥(G;) = (G1,-1, /1, \1,01), where a-1 b = a+1 (b*), a\1b =
b*1 +(—1a*1), a/lb = a+1(—1b*1), for all a,b € G and \If(gg) = (GQ, 2, /2, \2,02),
where a -9 b = a 445 (b*2), a\2b = b + (—2a™?), a/2b := a 44 (—2b*2), for every
a,b € Gs.

Then G; x Gy = (Gl X Go, +3, —3, (01,02))*3, where (al, a2)+3 (bl, b2) = (a1 +1
bl,ag +9 bg), —3(0,1,0,2) = (—1@1, —2@2), (al,ag)*?’ = (a’{l,a?) for all al,bl S G1
and by, by € Go.

We have \If(gl)x\ll(gg) = (G1 XGQ, 4, /47 \4, (01, 02)), where (al, ag)-4(b1, bg) =
(a1-1b1,a2-2b2) = (a141(b7"), az+1(b5?)) for all a1, by € Gi, az, by € Go, similarly
for /4,\4.

Moreover \If(gl X gg) = (G1 X GQ,',/,\, (01,02)), where (al,ag) . (bl,bg) =
(a1,a2) 43 (b1,b2)™ = (a1 +1 (b1"), a2 +2 (b3?)) for every a1,b1 € G1, az, bz € Go
similarly for /,\.

Hence -4 = - and similarly /4 = /, \a = \. Thus U(G; X Ga) = ¥(G1) x V(G2).

|

If 9 =(Q,-/,\,1) is an entropic quasigroup with quasi-identity then |Q| indi-
cates the cardinality of Q.

Definition. An entropic quasigroup with quasi-identity Q@ = (@, -, /,\,1) is di-
rectly indecomposable if |Q| # 1 and if @ = Q1 x Q, where 1, Q2 € EQ1, then
either |Q;| =1 or |Qa| = 1.
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Similarly directly indecomposability for Abelian groups with involution is defined.

Definition. Let G = (G, +,—,0,*) € AGI. A subset X C G is a subalgebra of
Gifandonly if0 € X, 21 + 22 € X, 2* € X, —x € X for every z,z1,22 € X.
Let X C G. The intersection of all subalgebras of G containing X we denote
by (X) (if X = {z} then we use (z) instead of ({z})). We say that the set X
generates G if and only if (X) = G.
A G has k generators if and only if there exists k-element set X which generates
G and there does not exist k — 1-element set X which generates G.

The following lemma concerning Abelian groups with involution can be proved
similarly as for Abelian groups.

Lemma 5. Let G € AGI be a finite Abelian group and |G| > 1. Then G is directly
decomposable if and only if there are B and C being subalgebras of G such that
BNC={0}, B+C =G, |B|>1and|C| > 1.

Theorem 6. Let G = (G,+,—,0,%) be an Abelian group with involution. If G
is directly indecomposable then W(G) is directly indecomposable.

Proof. Let G = (G, +,—,0,*) be an Abelian group with involution. Assume that
G is directly indecomposable. We show that ¥(G) is directly indecomposable. If
U(G) = Q1 x Q2 then let G; = ®(Q1) and Gy = ®(Q2). By Theorem 2 we have
U (G1) = Q1 and ¥(G2) = Q2 s0 ¥(G1 x G2) = ¥(G1) x ¥U(G2) = Q1 x Q2 = V(G)
by Lemma 4. Hence G; X Gy = G and |G1| = 1 or |G3| = 1 since G is directly
indecomposable. Thus |Q1| = |G1] = 1 or |Q2] = |G2| = 1 so ¥(G) is directly
indecomposable. [ |

Obviously every finite abelian group with involution G is isomorphic to a finite
product of directly indecomposable finite abelian groups with involution. More-
over using Theorem [5, Theorem 6.39] this decomposition into directly indecom-
posable factors is unique (up to reindexing and isomorphism). After applying
Theorem 6 and Lemma 4 we obtain similar result for finite entropic quasigroups
with quasi-identity.

Hence to obtain structural theorem describing finite entropic quasigroups with
quasi-identity it remains to find all finite directly indecomposable entropic quasi-
groups with quasi-identity.

We have already described (in [3]) directly indecomposable finite entropic
quasigroups with quasi-identity having one generator.

In this paper we investigate finite two-generated directly indecomposable finite
entropic quasigroups with quasi-identity.

More information concerning entropic quasigroups may be found in [4] and [6].
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Definition. One-generated entropic quasigroups with quasi-identity are called
monogenic.

Let @ = (@,-,/,\,1) be a monogenic entropic quasigroup with quasi-identity.
Let Q = (z). We define three types of rank of the generator :
ry(z) = min{n € N | nx =0,n > 1}, (additive rank)
r«(z) = min{n € N | n>1, Jpez na* =ka},
Tst(z) = min{n € N | r.(z)z* = (r(z) + n)z }.

Note that r (x) is the usual rank of  in an Abelian group.
Then we define

r1(Q) = ri(2), 74(Q) = (@), Tt (Q) = Ty (2).

This definition does not depend on the choice of the generator x (see [1]).
We denote the integer part of a € R by E(a), whereas (a), denotes the re-
mainder obtained after dividing a by b.

Definition. Let a,b,k € N and a,b > 1. Let 755; 12 X 7 — 7 X 7 be a mapping
such that

Yy
(@) = (@ + B () (b+ K)o, (o)
Definition. Let a,b,k € Z and a > 1,b > 1,k > 0. Define
Q];,b - <Za X Zb, @gl,, 6];,5,, (O, 0),* > s
where 6§7b(x, y) = 'yf’b(—m, —y), (z,y) @ﬁ’b (z,t) = Vf7b(x +z,y+t) and (x,y)* =

fY(]:,b(y7 .Z')

Theorem 7 ([1], Theorem 10). Let a,b,k € Z with a > 1, b > 1, k > 0 and
bla, blk, 0 < k < a, a|(2k + %) Then ngb is an Abelian group with involution.

2. MAIN THEOREM

We have already characterized all one-generated, directly indecomposable, en-
tropic quasigroups with quasi-identity (see [3]).

In this section we find some two-generated, directly indecomposable, entropic
quasigroups with quasi-identity.
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For any abelian group with involution G = (G, +, —,0,* ) and some element xy €
G, and positive integer n we define W, ,(G) which is also abelian group with
involution (Theorem 9).

We can obtain from one-generated abelian group with involution G two-gene-
rated W, ;,(G) just by means of W, .

If Wy, 2,(G) satisfies (H) then we can describe all subalgebras of W, ;,(G) in
order to decide when W, ,(G) is directly indecomposable.

In the Theorem 17 we prove that if some conditions are satisfied and G is
directly indecomposable then W, ,,,(G) is also directly indecomposable. Next we
describe subalgebras of Q9 5 and show that quasigroups W(W,, am-1 g)(Q9 5))
are directly indecomposable for m —1 > n > 1.

Definition. Let G = (G, +,—,") € AGI and zy = z{, 229 = 0 for some zy € G.
Let ne Nand n > 1.
Let Wn,mo(g) = (G X Z2”, +, (0’0)’* )7 where

(9:9)+ (¢ y) =g+, (y+9)m),

—(9,9) == (=g, (=y)an),

«_ | (") for 2|y
(9:9) {(9*+wo,y) for 2ty

Example 8. Let m € Nand m > 1. Let G = Q9 , € AGI and o = (2"71,0) €
Zam x Zy. Then 20 = 1 5(27,0) = (0,0) and 2§ = 14 5(0,27) = (271,0)
= Z9.

Theorem 9. Let G = (G, +,—,*) € AGI and x = zf;, 2x9 = 0 for some x¢ € G.
Let n € N and n > 1. Then W, 4,(G) € AGI.

Proof. Tt is obvoius that the reduct (G x Zan,+,—,(0,0)) is an Abelian group.
Let (g,y) € G X Zgn. If 2|y then (g,y)** = (g,y). If 2 t y then (g,y)** =
(9% +20,9)* = ((¢" +20)* +0,y) = (97 + 25 +x0,9) = (9+20+0,y) = (9,9)-
Let (9,9),(d',y') € G x Zan.
Consider the following cases:

1. If 2|y and 2|y’ then 2|(y + 3')2» and

((g:9) + (¢ v) = (g+ 9 (y+y)an)*
= ((9+9)(W+y)2n) = (0" +97, (y+v)2n)
= (" 9) + (¢ y) = (9, 9)" + (¢, )"
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2. If 24y and 2|y’ then 21 (y + y')2n and

((g:y) +(d's9)*

g+9,(y+y)am)*

(g+4) +wo,(y+y)2n)

g +xo+g", (y+y)m)

9"+ x0,y) + (¢ Y) = (9,9)" + (d,9)"

(
(
(9"
(9"

3. If 24y and 21y then 2|(y + y')2» and

((g:y) + (g5 9)"

(9+9,(y+y)am)*
((g+9)(y+y)2n)
(g%

(g%

g +x0+4d +wo,(y+y) ")
+ o, )+( + o,y ):(g,y)*+(g,’y,)*

Definition. Let G = (G,+,—,*) € AGI, k,n € Z and 0 < k < n. Let S be a
subalgebra of G and ag € G.

Then
2n—k_1

[S.n,kya0) = | (S +iag) x {i2"}.
=0

In order to decide when W), ,,(G) is directly indecomposable we have to describe
subalgebras of W), ;,(G). For given G € AGI we defined [S,n, k,ap] C G X Zan.
The following theorem says when [S,n, k, ag] is a subalgebra of W, 5, (G).

Theorem 10. Let G = (G,+,—,") € AGI and ¢y = x5, 2x9 = 0 for some
x90 €G. Letn,k € Z, n>1and 0 <k <n. Let S be a subalgebra of G, ag € G
and al —ag € S, 2"kaq € S. Assume that k>0 or zg € S.

Then [S,n, k,ao] is a subalgebra of Wy, 5,(G).

Proof. Let a,b € [S,n,k, ao] then there exist 0 < 4,5 < 2"% — 1 such that
a € (S +iag) x {i2k} and b € (S + jag) x {j2*}.
Consider the following cases:

L Ifi+7<2" % —1then a+b e (S+iag) x {i2¥} + (S + jag) x {j2F} =
(S+ (i + j)ag) x {(i +7)2¥} so a+b € [S,n, k,ag).

2. Ifi+j >2"% —1 then
a+be (S+iag) x {i2k} + (S + jao) x {j2*}
= (S + (i +j)ao) x {((i +7)2")2n}
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= (S+2"*ag+ (i +j — 2" F)ag) x {(i +j — 2"7*)2k}
= (S (i+j—2""F)ag) x {(i +j —2"7F)2*}

since 2" *ag € S. Hence a + b € [S,n, k, ag].

Therefore [S,n, k, ag] is closed under +.
Let a € [S,n, k, ag] then there exist 0 < i < 2"~% —1 such that a € (S +iag) x

{i2*}. Then
—a € (S —iag) x {(—i2¥)an}
= (S = 2"Pag + (27 —i)ag) x {(2"7F — i)2*}
= (S + (2% —i)ag) x {(2"F — )2k}

and 0 < 2% —j < 27=F _ 1. Hence —a € [S,n, k,ao] and [S,n, k, ag] is closed

under —.
Let a € [S,n, k,ag] then there exist 0 < i < 2"* —1 such that a € (S +iag) x

{i2k}.

Consider the following cases:

1. If 2]i2% then
a* € (S +ia}) x {i2k}
= (S —i(ay — ap) + ia}) x {i2*}
= (S +iag) x {i2%}

2. If 24 i2% then k = 0 hence x¢ € S and
a* € (S +iafy + x0) x {i2"}
= (S —i(ay — ap) + iaf) x {i2%}
= (S +iag) x {i2"}

Therefore [S,n, k, ap| is closed under *. [

Now, given G = (G,+, —,* ) € AGI such that z¢ = z{; and 229 = 0 suppose that
there exists r > 1 such that

(i) 2"g=0o0r2"g =1 for all g € G and ()
(i) 27g=0=>g=g forallgeG
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Example 11. Let m € N and m > 1. Let G = ng,2 € AGI and zy =
(2m=1.0) € Zom x Zy. Then the hypotheses (H) hold for r = m — 1:
Let (a,b) € Zgm X Zy. Then

27 (a,b) = V3 5(27 1a, 27 1D) = (27 1a+E<2m )2)gm, (27 1b))

2la+b

— m—1
= (@ @t b)), { 2= i 0 2ta+b

Hence if 2|a + b then 2" !(a,b) = (0,0) and if 2 { a + b then 2™ 1(a,b) =
(2m=10) = . So the first hypothesis (H) is fullfilled.

Let (a,b) € Zgm x Zy and 2™ (a,b) = 0. Then 2|a + b.

If b = 0 then 2[a and b+ E($)2 = 0+ §2 = a so0 (a,b)* = V3 y(b,a) =
((b+ E(3)2)2n, (a)2) = (a,0) = (a,b).

If b=1then 2{aand b+ E(5)2 =1+ E(%)2 = a so (a,0)* = 9. 5(b,a) =
(b+ B(2)2)r, (@)2) = (a,1) = (@b).

Therefore the second hypothesis (H) is satisfied, too.

Lemma 12. Let G = (G,+,—,") € AGI such that zo = zfj; and 2xo = 0 for
some xg € G, and assume hypotheses (H) hold. Letn € N and r >n > 1.

If T is a subalgebra of W, 5,(G) then (x¢,0) € T or for all (g,i) € T we
have 2|i.

Proof. Assume that (g,i) € T and 2t for some g € G and i € Zgn.

We will show that (z9,0) € T. Observe that 2"(g,i) = (2"g,(2"i)m) =
(27g,0) € T since r > n. If 2"g = xy then (x0,0) € T. If 2"g # xy then
2"g =0 and g = g*. Moreover (g,7)* = (¢* + xo,i) € T. Hence

T3 (g* +x0,7) + (2" — 1)(g,1)
=(g"+x0+2"g—g,(2")2n)

= (9+ 9 —9,0) = (20,0) .
Theorem 13. Let G = (G,+,—,") € AGI and ¢y = z{, 2x9 = 0 for some
g € G. Letn € N andn > 1.
If T is a subalgebra of Wy, ,(G) and S = {s € G:(s,0) € T} then T =
[S,n, k,ag] for some 0 < k <n and ay € G.

Proof. Let T be a subalgebra of W, ,,,(G) and S = {s € G:(s,0) € T'}.

It is obvious that S is a subalgebra of G.

Let P = {i € Zon:34ci(g,1) € T}. Then P is a subgroup of Za». Hence there
exists 0 < k < n such that P = {i2¥:0 <14 < 2"7F},

If k < n then 2¥ € P and there exists ag := g € G such that (ag, 2¥) € T.

If Kk = n then ag := 0.
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1. We show that [S,n,k,a0] CT.

Let a € [S,n, k,ag] then there exists 0 < i < 2"7% — 1 such that a €
(S + iag) x {i2*}. Hence a = (s + iag,i2*) for some s € S. Moreover
(s,0) €T.

Consider the following cases:

(a) If k < n then (ap,2%) € T and i(ag,2%) = (iag,i2¥) € T so a =
(s +iag,i2%) = (s,0) + (iag,i2%) € T.
(b) If k =n theni=0and a = (s,0) € T.

2. We show that T C [S,n, k, ag].
Let y € T then there exist g € G and i € Zgn such that y = (g,7). Hence
i € P so there exists 0 < j < 2% such that i = j2*.

Consider the following cases:

(a) If & < n then (ag,2%) € T thus (jag,j2¥) € T. Hence (g,72%) —
(jao, j2*) = (9 — jao,0) € T and g — jag € S s0 y = (g,i) = (9 — jao+
jao, j2*) € (S + jag) x {j2"} € [S,n, k, ag).

(b) If k=ntheni=0and g € Ssoy=(g,0) € Sx{0} =[5, n,k, a]

Hence T =[S, n, k, ag]. [

The following theorem given the converse of Lemma 12 and uses Theorem 10 ,
Lemma 12 and Theorem 13. In particular it allows to characterize all subalgebras
of W, 2,(G) which satisty the hypotheses (H).

Theorem 14. Let G = (G,+,—,") € AGI such that xo = x§ and 2zo = 0 for
some xo € G and assume hypotheses (H) hold. T is a subalgebra of Wy, 4,(G) if
and only if both conditions given below hold

(i) (x0,0) € T or for all (g,i) € T we have 2|i,

(il) T = [S,n, k,ag] for some S beeing a subalgebra of G, 0 < k <n and ap € G
such that ay —ag € S and 2" kgg € S.

Proof. = From Lemma 12, if T' is a subalgebra then (i) holds. Furtheremore,
from Theorem 13 we have that T' = [S,n, k, ap] with S = {s € G: (s,0) € T'} and
for some 0 < k < n and ag € G. Therefore we only need to show that ag—ag € S
and 2" Fqq € S.

Consider the following cases:

(a) if K =n then ag = 0 and af —ag =0 € S and 2" %y =0 € S.
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(b) if k < nthen (ag,2) € T'so 2" *(ag, 2F) = (2" Fag, (27)an) = (2" *ay,0) €
T so 2" kg € S.

(i) if & > 0 then (ag,2%)* = (a§,2%) € T hence (a},2%) — (ap,2¥) =
(af — ap,0) € T and af —ap € S.

(ii) if & = 0 then (ag,2*) = (ap,1) € T and 21 1 so (x,0) € T by Lemma
12. Moreover T' 3> (ap, 1)* — (ap, 1) = (a§+x0,1) — (ag, 1) = (af —ao +
x0,0) and (x,0) € T hence (a§ —ao+zo,0) — (0,0) = (af—ap,0) € T
and aj —ap € S.

< Suppose (i) and (ii) hold. We only need to show that xg € S or & > 0 and,
then, we can conclude using Theorem 10.

(a) If (x0,0) € T then (z9,0) € T =[S, n,k,ap] = U?ng_l(S—Hao) x {i2¥} so
(29,0) € S x {0} and zp € S.

(b) If for all (g,7) € T we have 2|i then

(i) if K =n then k& > 0 since n > 1.

(ii) if & < n then (ag,2¥) € (S+1-ag) x {1-2¥} C [S,n, k,ap] = T so 2|2*
and k£ > 0.

By Theorem 10 T' = [S, n, k, ap] is a subalgebra of W, ,,(G). [

Lemma 15. Let C be an Abelian group, A,B < C and a,b € C then (A+a)N
(B+b)=01if and only ifa —b¢ A+ B

Proof. If x € (A+a)N(B+b) # () then there exist a’ € A and & € B such that
r=d+a=b+bsoa—-b=(-d)+b €A+ B.

If a — b € A+ B then there exist a’ € A and b’ € B such that a —b=a' +¥'.
Then z:= (—d)+a=V+be(A+a)N(B+b)so (A+a)N(B+b)#0. =

Lemma 16. Let G be an Abelian group, S < G,a € G, b€ G and j € Z. If there
exists w € Z such that w > 0, wa € S, wb € S, S+a =S5+ jb and ged(j,w) =1
then

{S+iai € Ly} ={S+ibi € Zy}.

Proof. Let L = {S +ia:i € Z,} and R = {S +ib:i € Z,,}. First we show that
L CR.

We know that S +a = S+ jb hence a — jb € S so if i € Zy, then i(a — jb) € S

and S +ia = S +ijb whES g 4 (1j)wb € R. Therefore L C R.

Now we show that R C L.
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We know that S +a = S + jb and ged(j,w) = 1 hence a — jb € S and there
exist p,q € Z such that pj + qw = 1. Thus S > pa — pjb = pa — (1 — qw)b =
pa — b+ quwb and pa — b € S since wb € S. If i € Zy, then i(pa —b) € S and
S+ib=S+ipa wags g 4 (ip)wa € L. Therefore R C L. |

We show that if some conditions are fulfilled and G is directly indecomposable
then Wy, 4,(G) is directly indecomposable.

Theorem 17. Let G = (G,+,—,") € AGI such that xg = z§ # 0 and 2z9 = 0
for some zo € G, and assume hypotheses (H) hold.

Letn € Nandr >n > 1. Let G,y := {9 € G: 32" ‘o = g}. Moreover
in case n > 1 assume that % = |Gp-1| and for all subalgebras S < G such that
|Gn-1] < |S| we obtain that G,,—1 C S.

If G is directly indecomposable then W, 5,(G) is directly indecomposable.

Proof. Assume that W), ;,(G) is directly decomposable. Then there exist sub-
algebras T, Ty of the algebra W, ,,(G) such that T3 N Ty = {(0,0)}, |T1] > 1,
’TQ’ >1land 71 + 715 = G X Zon.

We know that (z¢,0) ¢ 11 NT5 so (z9,0) ¢ 11 or (x0,0) ¢ T. We can assume
that (x,0) ¢ Ty. By Lemma 12 we have To C G x {i € Zgn:2|i}.

By Theorem 14 we have

an—k1_1
T = [Sl,n,kl,bo] = U (Sl + ibo) X {ile}
i=0

for some S7 beeing a subalgebra of G, 0 < k1 < n, by € G such that by — by € 51
and 2n—k1b0 € 951.

If &t > 0 then T € G x {i € Zon:2|i} and Th + To C G x {i € Zon:2|i}
and we obtain a contradiction since 17 + T = G X Zon. Hence k1 = 0 and
Ty € G x {i € Zyn:2|i} and by Lemma 12 we have (z¢,0) € T}. Thus

Ty = (S x {0})

(1)
U ((S1+bo) x {1})U...U((S1+ (2" — 1)bg) x {2" —1}),
where
(2) bs — by €Sy, 2"by € 5.
By Theorem 14 we have
on—k_q
Ty = [Sa,m, kya0) = ] (S2+iag) x {i2"}
i=0

for some Sy beeing a subalgebra of G, 0 < k < n, ag € G such that aj — ag € S2
and 2" Fag € 9s.
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Consider the following cases:

1. If kK = n then Ty, = Sy x {0} and T1NTy = (SlﬂSQ) X {0} so S1NSy = {0}
and by 1 we have

G X Zon =T} —l—TgZ((Sl—I-SQ) X{O})
U((Sl—l-Sg—i-bo)><{1}U...U(Sl—|—52+(2n—1)bo)X{Qn—l}

so S1+S2 = G. Moreover (xg,0) € T1 and xg # 0 hence zy € S7 and |S1| > 1. We
know that Ty = Sox {0} so |Sa| = |T3| > 1. Therefore G is directly decomposable.

2. If £ < n then

T2 = (52 X {0}) U ((52 + a(]) X {Qk})

(3)

U...U((Sa+ (2% — Dag) x {(277F —1)2F})
where
(4) ag —ag € Sy, 2”*ka0 €5y

and 0 < k < n because if £ = 0 then 28 = 1 and Ty € G x {i € Zyn:2|i}, so
k> 0. Let 0 < i< 2"% by (3) we have

Ty N (G x {i2F}) = (Sy + dag) x {i2*}.
Moreover Ty N (G x {i2F}) = (S1 +i2¥bg) x {i2¥} by (1). We know that Ty N Ty

{(0,0)} thus Ty N Ty N (G x {i2%}) = 0 since i2¥ # 0. Hence (S; + i2¥by) N
(S2 +iap) = 0 so by Lemma 15 we have

(5) i(ag — 2%by) & S1 + S5

for every 0 < i < 2"k,
Let 0 < i < 2"7% By (1) we have T1 N (G x {27 —i2F}) = (S1 + (2" —i2¥)by) x
{2 —2F}. By (3) we have To N (G x {i2%}) = (Sy +iag) x {i2"} hence

(T1 N (G x {27 —i2F}) + (To N (G x {i2F}))
= (Sl + (2” — Z2k)b0 + S2 + ’iao) X {(Qn)Qn}

= (Sl + SQ + i(ao — kao)) X {0}

since 2"by € S1 by (2).
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Hence (T3 +T5) N (G x {0}) = ((S1+82) UUZ, ~(S1 + Sz +i(ag — 2¥bg))) x {0}

and
2n—k_1

(6) G = U (Sl + S5 + i(ao — 2kb0))
=0

since T} + Ty = G X Zon. Therefore there exists 0 < iy < 2% such that
(7) ag € S1+ 52+ io(ao — kao).
Consider the following cases:

(a) If 2 1 ig then ged(ig, 2" %) = 1.

We show that G is isomorphic to direct product of S; and B, where B is generated
by So U {ap}. By (4) we have B = U?igk_l(Sg + iagp).

Let L = {Sl + S5 —|—i(a0 —2kb0)2i € Z2n—k} and R = {Sl + Sy +iag:i € Z2n—k}.
By lemma 16 (taking a := ag, b := ag — 2¥bg, j := ip, S := S1 + So, w := 2"7F)
we obtain that L = R since Sy + Sy + ag = S1 + So + ig(ag — 2Fbg) by (7).

Then
(8) 1ag §7_f S1 4.5

for every 0 < i < 2" by (5) and since R = L.
Hence S1N(So+iag) = () for every 0 < i < 2"~F by Lemma 15 and S;NSs = {0}
since 71 N T3 = {(0,0)}. Therefore S; N B = {0}.

Moreover
2n—k—1 2nk—1
S1+B=51+ U (Sz—i—iao): U (S1+ Sy +iag)
=0 =0
_p2nThol
LZRT(8y+ 8y +ifag — 2°b0)) L @
=0

and we have that G is isomorphic to direct product of S; and B.
Additionally |S1| > 1 since 0 # z¢ € Sy and |B| > 1 since ap € B and ag # 0

by (8).
Hence G is directly decomposable.

(b) If 2|ip then ged(1 — ig,2"7%) = 1.
We show that G is isomorphic to direct product of Se and C', where C' is generated
by S1 U {2Fbg}. By (2) we have

an—k_1
(9) C= |J S +i2.
=0
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Let L1 = {51 + Sy + i(ag — 2’%0):1' € Zank} and Ry = {51 + S5 + i2kb0:i €
Zgn—r}. We know that ged(1 — ig,2" %) = 1 so there exist t,s € Z such that
(1 —ig)t + 8277k = 1.

We show that Sy + S + ag — 28bg = Sy + Sa + (—1 — tig)2¥bg. By (7) we have
(1 —ig)ag +ip2%bg € Sy + S 50 S1 + So > t(1 —ig)ag + tip2¥by = (1 — 52" *)ag +
tig2Fbg = ag — 52" Fag + tip2¥by and ag + tig2¥by € Sy + Sy by (4). Hence
a0—2kb0+(1+ti0)2kbo € S1+5; and Sl+52+a0—2kb0 =5 —l—Sg—l—(—l—tio)kao.

We know that 2|ip so ged(2"~%,—1 — tig) = 1 and by Lemma 16 (taking
§ = —1—tig, a := ag — 2Fbg, b := 2Fby, S := S + So, w := 2"F) we have that
L; = R;.

Then

(10) i28by ¢ S1 + S,

for every 0 < i < 2% by (5) and since Ry = L.
Hence So N (S1 + i2¥bg) = 0 for every 0 < i < 2"°F by Lemma 15 and
S1 NSy = {0} since Ty N Ty = {(0,0)}. Therefore Sy N C = {0}.

Moreover
2n7k71 2n7k71
So+C =55+ U (51 + ’ikao) = U (51 + S9 + ’ikao)
=0 =0
|
LB ™ 8y 4 8y 4 i(ag — 2%00)) 2 @
=0

and we have that G is isomorphic to direct product of Sy and C.

Additionally |S1| > 1 since 0 # z¢ € S1 so |C]| > 1.
We prove that |S2| > 1. Suppose that |Se| = 1 then S; + Sy = S; and by (7)
there exists s; € S1 such that ag = s1 + ig(ag — 2¥bg) so

( ) 2n—k—1a0 —_ 2n—k—181 + 2n—k—1i0(a0 _ kao)
= 2”7]67181 + 2"7]?@0%1 — ano%l = 2"7]?7181 — 2”[)0%1 €5

since 2" *Fay € Sy = {0} and 2"by € Sy by (2).

Moreover |G| = |C|-|S2| = |C| = |S1]|2"* by (9) and (10). Hence |G,_1| =
‘% < ZL(i‘k = |S1] thus 2" 1by € G,,_1 C S1 and 2" by € S; so by (11) we obtain
2nk=1(qy — 2Fpg) = 2" F~1gq — 2" 1hy € S; = S; + Sy which contradicts (5).
Hence |S3| > 1 and G is directly decomposable. |

Now we shall study the case where G := anz (see Definition 1). In particular,
in the following two lemmas we characterize the involution * in anz.



20 G. BINCzAK AND J. KALETA

Lemma 18. Let n € Z and n > 1. If (a,b) € Zon X Zy and 2|a + b then
(a,b)* = (a,b) in QS”Q'

Proof. Consider the following cases:

1. If b = 0 then 2|a and b+ E(§)2 = 0+ §2 = a so (a,b)" = ygnz(b, a) =
((b+ E(5)2)2n, (a)2) = (a,0) = (a,b).

2. Ifb=1then2faand b+ E(5)2=1+E(5)2=aso (a,b)" = ygnz(b, a) =
((b+ E(5)2)2n, (a)2) = (a,1) = (a,b).

|
Lemma 19. Letn € Z, n > 1. If (a,b) € Zon X Z3 and 21 a+ b then
1.1 b=0
(a+1,0) forb=1
m ang
Proof. Consider the following cases:
1. Ifb=0then 2{aand b+ FE(%)2 = 0+ %12 =a—1s0 (a,b)* = Von o(b, @) =
((b+ E(5)2)2n, (a)2) = (a = 1,1).
2. If b=1 then 2|a and b+ E($)2 =1+ 42 = a + 1 50 (a,0)* = 7 5(b,a) =
((b+ E(5)2)2n, (a)2) = (a +1,0). .

In the definition below we introduce three possible forms of nontrivial subalgebras

of ng,Z'
Definition. Let m.k € Z, m > 1,1 <k <m. Let
Skmo = {(t28,0) € Zom x Zp:0 <t < 2m~F}
Skm1 = SkmoU{(2F 1 —14+128 1) € Zom x Zp:0 < t < 2m7k}
Skm2 = SkmoU{(2F =1 +12F 1) € Zom x Zp:0 <t < 2m~F},
Theorem 20. [3, Theorem 3.9] Let Q € EQ1 be a finite and monogenic quasiqroup,
ri(Q) =27, 1 (Q) = 2™ and n > 0 then Q is directly indecomposable.
The followiong theorem describes all subalgebras of ngﬂ'

Theorem 21. Let m € Z and m > 1. Then S is a subalgebra of ngz if and
only if S = {(0,0)} or S = Zom X Za, or S = Sgmo fork =1,...,m —1, or
S =Skm1 fork=2,...,m, or S = Spmao fork=1,...,m.
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Proof. 1t is easy to check that Sy, ,, 0 < ng2 fork=1,...,m—1,Sgm1 < ang
fork=2,...,m, S = Spmpo SQ%’",Z fork=1,...,m.

Suppose that S < ngﬂ and S # {(0,0)}, and S # Zom X Zg. Let U = {x €
Zom: (x,0) € S} then U is a subgroup of Zgom hence there exists 0 < k < m such
that U = {t2k €Elom: 0 <t < Qm_k}. Moreover

(12) SN (Zoym x {0}) = {(t2%,0) € Zom x Zp:0 <t < 2™ F},
If k=0 then 1-2¥ =1 and (1,0) € S so S = Zym x Zy. Hence k > 0.
Consider the following cases:

1. If SN (Zam x {1}) = 0 then S C Zom x {0}. If K = m then U = {0} and
S ={(0,0)}. Hence 1 <k <m—1and S =U x {0} = Sk m,o-

2. If SN Zym x {1} # O then there exists © € Zym such that (z,1) € S.
Let 7 = (z)yx and t = E(g;) then z = t28 4+ r, where 0 < r < 2F. Thus
(z,1) —t(2¥,0) = (r,1) € S. If 2|r then 2 { 7+ 1 and as it was shown in the proof
of Theorem 20 (r,1) generates ngz 80 S = Zgm X Zy. Hence 2471 sor =2q+1
for some q € Z. Thus

2(r,1) = 2(2¢ + 1,1) = 19m 5(4g + 2,2)
= ((4g + 2+ E(3)2)2m,0) = ((4g + 4)2m,0) € S
so by (12)
(13) 2k|4q + 4.
Consider the following cases:

(a) If £ = 1 then (2,0) € S by (12). Hence (r,1) — ¢(2,0) = (r — 2¢,1) =
(1,1) € S. It is easy to check that Sj ,, 2 is generated by (1,1) and (2,0). Thus
S1,m2 € S. Moreover Sim2 = {(z,y) € Zon X Zz:2|x + y} so as it was shown
in the proof of Theorem 20 S ,, 2 is the bigest nontrivial subalgebra of ng,?
Hence S = S1,m,2.

(b) If k > 2 then by (13) 2¥72|g 4 1 so there exists w € Z such that ¢ + 1 =
w2F=2, Hence w2F 1 —1=2(¢q+1)-1=2¢+1=rand 0 <r < 2" so

(14) 0 < w2kl —1 <2k

Ifw>3then w2kl —1>3.2k1 1 =90k1 49k _1>9_ 142" =1+4+2F¢go
by (14) w =1 or w = 2.
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(i) fw=1thenr =w2* 1t —1=2F1_150 (281 —1,1) € S and Skm1 C S
since (2871 — 1,1) generates Sk 1. If (y,0) € S then 2¥|y by (12) therefore
(4,0) € Sk,m,1- If (y,1) € S then

(1) = 2" = 1,1) = ((y =2+ 1)2m,0) € S

so 2F|y — 21 4-1 by (12) and there exists ¢ € Z such that y —2F~1 +1 = 2%
hencey = 2F"1—1+4+#2F and 0 < t < 2" ¥ since y € Zom. Thus (y,1) € Sk,m,1
and S C Sy, 1. Therefore S = Si 1.

(i) If w =2 then r = w2k¥"! —1=2F — 150 (28 —1,1) € S and (2¥,0) € S by
(12). Thus Sk m2 C S since S 2 is generated by (2F —1,1) and (2%,0). If
(y,0) € S then 2¥|y by (12) therefore (y,0) € Skma- If (y,1) € S then

(v, 1) = (2" = 1,1) = ((y = 2" + 1)2m,0) € S

so 2|y — 2% 4+ 1 by (12) and there exists ¢ € Z such that y — 2F 41 = ¢2*
hence y = 2k _14¢2F and 0 < ¢t < 2™ F since y € Zom. Thus (y,1) € Sk m2

and S C Sy 2. Hence S = Sy 0. =

It turns out that:

Lemma 22. Let mn € Z, m—1>n>1,r =m—1 and zg = (2™ 1,0),
G= Q.

Then zo = zf # (0,0), 229 = (0,0) and hypotheses (H) are satisfied for
r=m-—1.

Let Gy :={g € G:3peq2" 'z = g}. Ifn > 1 then % = |Gn—1] and for all
subalgebras S < G such that |Gp—1| < |S| we obtain that Gp,—1 C S.

So all assumptions of Theorem 17 are satisfied.

Proof. By Lemma 18 x} = z¢ since 2]2™~1. Moreover
219 = Yam 5(2,0) = (0,0)

and xo = (2™~1,0) # (0,0).

The hypotheses (H) are satisfied for r = m — 1 by Example 11.
Let n > 1. We show that G,—1 = Sp—_1m,0, where G,—1 := {g € G: Jpea2 x
=g}

If (a,b) € Sp—1,mo then b = 0 and a = 271 where 0 < t < 2m~(n=1) g¢
(a,b) = (t2"71,0) = 2"71(¢,0) € G,,_1.

If (a,b) € G,_1 then there exists (c,d) € G such that (a,b) = 2" !(c,d).
Moreover
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2" (c,d) = 9m 5(27 Ve, 277 1d) = (2" e + B(E54)2)gm, (27 1d)2)

"ZH (2 e+ d))am, 0) € Sp—tmo-
Hence
)
2n
Let S < G and |G,—1| < |S|. We show that G,,—1 € S. Obviously S # {(0,0)}

and if § = G then G,,_1; C S. By Theorem 21 it remains to consider the following
cases

(15) ’Gn—1’ - ‘Sn—l,m,0’ = 2m—(n—1) =

1. S = Skmofor1 <k <m—1. Then|S| = 2% > |G,_1| = 2" "+ by (15).
Thusm—-k>m—-n+landn—1>kso Gy_1=S—1,m0 < Sk,mo=219.

2. S = Skm1or S=Skma Then |S| =22""F > |G,_1| = 2"+ by (15).
Hencem —k+1>m-n+landn—1>k—1son—1>kand 2~]2"!
thus (271,0) € Skm,o © 8. Then Gy—1 = Sy—1,m0 € S. .

Theorem 23. Let m,n€Z and m—12>n> 1.
Then quasigroup \I](Wn,(2m7170)(ng72)) is directly indecomposable.

Proof. By Theorem 6 it is sufficient to show that Wn,(2m7170)(Q(2]m72) is directly
indecomposable. Using 22 and 17 we conclude that Wn7(2m71,0)(ng’2) is directly
indecomposable since ng,2 is directly indecomposable by Theorem 20. [ |

Moreover we obtain that:

Theorem 24. Let m,n€Z and m—12>n> 1.
Then quasigroup (W, om-1.0)(Q%m o)) is two-generated.

Proof. 1t is sufficient to show that Wn7(2m7170)(Q8m72) is two-generated.

Let x = ((1,0),0) and y = ((0,0),1). If ((a,b),c) € (Zom X Zg) X Zon then
((a,b),¢) = ax 4 bx* + cy so x and y generates W, (9m-1 )(Q9m o).

Let

A = {((a,b),c) € (Zam X Z3) x ZLgn:2|c}
B = {((a,b),c) € (Zam x Z3) X Zgn:2|a + b}
= {((a,b),c) € (Zom X L) X Zan:2|a+ b+ c}.
We show that A < W, (gm-1 ¢ Q% 5).

If ((a,b),c), ((d, b’) ) e A then’2|c and 2|c¢’. Hence ((a,b),c) + ((a',V'),) =
((a, b)—l—ng’2 (a',b), (c+)an) € Asince 2|c+c’. Moreover ((a,b),c)* = ((a,b)*,c)
€ A.
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We show that B < Wn7(2m7170)(Q8m,2).
If ((a,b),¢),((d',),c) € B then 2|a + b and 2|a’ + . Hence 2la +b+d' +V
and 2|(a 4+ a' + E(b+Tb/)2)2m + (b+ ')y thus

((a,b),¢) + ((a',V),¢) = (v9m o(a+a', b+ V), (¢ + )an)
= (((a+d' + E(H)2)9m, (b 4+ 1)), (c + )on) € B
and
1. if 2|c then ((a,b),c)* = ((a,b)*,¢) = ((a,b),c) € B.
2. if 24 ¢ then

((a,0),¢)"

* m— 18 m—
((a,0) QY , (2 1,0),¢) = ((a,b) +qg,,, (2 1,0),¢)
= (Ymola+2m71b),c

(((a+ 2"t + E($)2

)
)2’”7 (6)2)7 C)'

Moreover m — 1 > 1 so 2[2™~! thus 2|(a + 2™~ + E(5)2)om + (b)2 since
2|a 4+ b. Hence ((a,b),c)* € B.

We show that C' < Wn7(2m7170)(ng,2).
If ((a,b),¢), ((a/,b'),c) € C then 2la+ b+ c and 2|a’ + V' + . Hence 2ja+ b+
c+d 4+ 4+ and 2|(a+d + E(b‘;—bl)2)2m + (b+ )2+ (¢ + )an thus

((a,0),¢) + ((a,0),) = (9m o(a+ a';b+ V'), (¢ + )an)
= (((a+a' + E(%)2)0m, (b +V)2), (¢ + ¢)an) € C

and

1. if 2|c then ((a,b),c)* = ((a,b)*,¢) £ ((a,b),c) € C

2. if 24 cthen 2ta+b.
(a) If b= 0 then 21t a thus 2|a + ¢ so 2|(a + 1 + 2™ Yom + 1+ ¢ and
((a,b)* —i—ngg (2m=1,0),¢)
((a—1,1) —i—ngJ (2m=1,0),¢)
= (PBmala—1+2"711),0)
(
(
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(b) If b =1 then 2|a thus 2|a + 1+ ¢ so 2|(a + 1+ 2™ 1)om + ¢ and
* * m—1
((av b),C) = \a, b) +ng’2 (2 70)76)

((

((a+1,0) +¢g, , (2771,0),¢)
(190 20 +1+2771,0),¢)
(
(

s

(a+ 1421+ E(9)2)om,(0)2),¢)
(a+1+2m"1)om, 0),¢) € C.

= ((
= ((
We show that AU B UC = (Zom X Zgy) X Zgn.

Let ((a,b),c) € (Zam x Zg) X Zon. If 2|c then ((a,b),c) € C. If 24 c and 2|a+b
then ((a,b),c) € B. If 2{ cand 2{a + b then 2|a + b+ ¢ and ((a,b),c) € C.

Hence every one-generated subalgebra S of Wn7(2m7170)(Q8m72) is contained in
A or B, or C. Therefore Wn7(2m7170)(Q8m72) is non-monogenic. ]

The following theorem summarizes all our considerations concerning quasigroups
mentioned in the title of this paper.

Theorem 25. In the variety EQ1 there exists an infinite family of pairwise
non-isomorphic quasigroups which are directly indecomposable and they are two-
generated and non-monogenic.

Proof. Let R = {\I[(Wn’(2n70)(an+1 5)):n € Z, n > 1}. By Theorem 24 every el-
ement of R is two-generated. From Theorem 23 it follows that every element of R
is directly indecomposable. Moreover if ny < ng, A1 = ¥(W,,, om 70)(an1+1 95))s

A2 = \IJ(Wn27(2n2,0)(Q(2)"2+172)) then ’Al‘ = 22n1+2 < 22n2+2 = ‘AQ’ SO A1 is not
isomorphic to As. [
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