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Abstract

In this paper, some fundamental properties of maximal p-open sets such
as decomposition theorem for a maximal p-open set, are given in a gener-
alized topological space. Some basic properties of intersection of maximal
u-open sets are established, cohere the law of u-radical p-closure in a quasi
topological space is obtained, among the other things.
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1. INTRODUCTION

For the last one decade or so, a new area of study has emerged and has been
rapidly growing. The area is concerned with the investigations of generalized
topological spaces and several classes of generalized types of open sets. On the
other hand, some properties of maximal open sets and minimal closed sets in a
topological space have been studied in [6, 7]. Our aim here is to study the notion
of maximal p-open and minimal u-closed sets by using the concept of generalized
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topology introduced by A. Csdszar [2]. We first recall some definitions given in
[2]. Let X be a non-empty set and expX denote the power set of X. We call a
class p € expX a generalized topology (briefly, GT) [2], if } € p and unions of
elements of y belong to . A set X, with a GT p on it is said to be a generalized
topological space (briefly, GTS) and is denoted by (X, ). A GT p is said to be
a quasi topology (briefly QT) [3, 5] if M, M' €y implies M N M’ € p. The pair
(X, ) is said to be a QTS if pis a QT on X. For a GTS (X, ), the elements of
are called u-open sets and the complement of p-open sets are called p-closed sets.
For A € X, we denote by ¢, (A) the intersection of all p-closed sets containing A,
i.e., the smallest p-closed set containing A; and by i,(A) the union of all yi-open
sets contained in A, i.e., the largest u-open set contained in A (see [2, 3]).

It is easy to observe that ¢, and ¢, are idempotent and monotonic, where
v :exp X — exp X is said to be idempotent iff for each A € X, v(v(A)) = v(A),
and monotonic iff y(A) € «(B) whenever A € B € X. It is also well known
from [1, 3] that if 4 is a GT on X and A £ X, x € X, then = € ¢,(A) iff
(xeMep=MnNA#D) and that ¢, (X \ 4) = X \ i,(A).

The purpose of this paper is to study some interesting properties of u-radicals
of maximal p-open sets. We then introduce a useful decomposition theorem for
maximal p-open sets, this has been used later to describe a sufficient condition
for maximal p-open sets. Finally, the p-closures of the p-radicals of maximal
u-open sets are considered to establish “Law of p-radical p-closure”.

2. FUNDAMENTAL PROPERTIES OF H-RADICALS

Definition 1 [8]. A proper nonempty p-open set A of a GTS (X, u) is called a
maximal p-open set if there is no p-open set strictly between A and X.

Theorem 2 [8]. Let A, B be two mazimal p-open sets in a GTS (X, ). Then
either AUB =X or A= B.

Definition 3. Let U = {U, : A € A} be a collection of some maximal p-open
sets in a GTS (X, u). Then we call NU = NxeaU, the p-radical of U.

The intersection of maximal ideals of a ring R is known as the radical of the
ring R [4]. Following the terminology of the theory of rings, the terminology
“u-radical” has been introduced here.

Theorem 4. Let (X,u) be a GTS and Uy be a maximal p-open set for any
element X of A with |A| 22 and U, # U, for any \,a € A with X\ # . Then,

(1) X\ NMieagayU, E U, for any o € A.
(ii) m)\eA\{a}UA # 0 for any o € A.
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Proof. (i) Let a be any element of A. Then by Theorem 2, we have X \ U, &
U, for any element A of A with A # a. Hence X \ U, S Nyca\(3U,. Thus,
X\ MeaviyU, E U,

(ii) If Nxeavfa)U, = 0 then by (i) above, X = U, . But this is a contradiction
to the fact that U, is a maximal p-open set. Therefore Nycp\ (o} U, 7 0. [

Corollary 5. Let U, be a mazimal p-open set for each element X of A in a GTS
(X, p) and U, # U, for any elements \,a € A with X # a. If |A| > 3, then
U, NU, #0 for any two elements \, o« € A with A # a.

Proof. The proof follows from Theorem 4(ii). [ ]

Theorem 6. Let (X, p) be a GTS and let U, be a mazimal p-open set for any
A€ A with |[A| > 2 and U, # U, for any two elements \,oc € A with X # o.

Then Myea\[ay U, LU, & Maeavfa U, for any a € A.

Proof. Let a be any element of A. If Nyea\(3U, € U,, then X = (X \
Mea\farUs) U (Mren{a}U,) € U, (by Theorem 4) ie., U, = X. This con-
tradicts the fact that U, is maximal g-open. Now if U, S Nyep\(ayU,, then we
have U, € U, for each A € A\ {a} and hence U, = U, for any A € A\ {a} (as
U, is maximal p-open). This is again a contradiction to the fact that U, # U,

for A # a. Hence the theorem. [

Corollary 7. Let (X,u) be a GTS and U, be a mazimal p-open set for each
A€ A and U, # U, for any two elements \,oc € A with X # a. If (D #) A G A,

then ﬂ,\eA\AUA g maEAUa g m)xEA\AUA‘

Proof. For a € A, we see that OAGA\AUA = mAE((A\A)U{a})\{a}UA g U, (by
Theorem 6). Thus m)\eA\AUA % Nacal,. Again, NaealU, = maEA\(A\A)Ua g
OAEA\AU,\ and hence NyealU, g m)\eA\AUA‘ |

Theorem 8. Let for each A € A, Uy be a mazimal p-open set in a GTS (X, )
and U, # U, for any two elements X\, € A with X # a. If (0 #) A G A, then
rj)\E/‘\lj'/\ ; mOéEAUa'

Proof. We observe that MxeaU, = (Mea\al,) N (Naeal,) G Naeal, (by
Corollary 7). ]

Theorem 9 (Decomposition Theorem). Let (X, u) be a GTS and U, be a mazi-
mal pi-open set for each A € A, where |[A| 2 2 and U, # U, for any two elements
A, a € A with X # a. Then for any a € A, U, = (Mxeal,) U (X \ Meav{a3U,)-

Proof. (NxeaU, )U(X\Nxea\(a1Uy) = ((Mrear{a}U)NU)U(X \Mrea\(a}Uy) =
((MrxeariarlUs) U (X \ NaeaviayUy)) N (U, U (X \ NMreariayl,)) = X N[U, U (X \
MeaiaUs)] = U, U (X \ Mrea{ayU,) = U,, (by Theorem 4). L
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As an application of Theorem 9, we give another proof of Theorem 8.

Proof. Since ) # A ; A, there exists an element v of A such that v € A and an
element o of A. If |A| = 1, then we have NyxeaU, € U,. If NxeaU, = U,, then
we have U, € U, for any element A of A. Since U, is a maximal y-open set for
any element X\ of A, we have U, = U,, which contradicts our assumption. Hence,
we have NxeaU, S U,. If |A| > 2, then by Theorem 9, we have

U, = (Meal,) U (X \ MeanyU,),
U, = (Nsealy;) U (X \ Nsear{a) Us)-

If NxerU, = NseaUsy, then NsealU; = NyeaU, - m)\eA\{u}UA - NsealUs. Hence,
we have Nyea\ (1)U, = NseaUs. Therefore, Nyep\ (U, = Nseal; € Nsea\ (a1 Us-
Hence, we see that U, 2 U, . It follows that U, = U, with v # «. This contradicts
our assumption. [ |

The next theorem gives a description of maximal p-open sets.

Theorem 10. Let (X,u) be a GTS and U, be a mazimal p-open set for each
A€ A with [A| 22 and U, # U, for any two elements \,a € A with X # a. If
MreaU, =0, then {Uy : X € A} is the set of all mazimal p-open sets of X.

Proof. If possible, let U, be another maximal p-open set of X which is not equal
to U, for any A € A. Then ) = NxeaU, = Nxeaugpi)\{v}Us- By Theorem 4, we
see that Nyxcaupyn\( U, # (). This contradicts our assumption. [ |

Example 11. Let (X, u) be a GTS such that for each z € X, {x} is p-closed.
Then X \ {a} is a maximal p-open set for any a € X. Since N{X \ {a} : a €
X} =0, by Theorem 10 it follows that {X \ {a} : a € X} is the set of all maximal
pu-open sets of X.

3.  U-RADICAL u-CLOSURE IN QT

Proposition 12. Let u be a QT and A, B be two subsets of X. If AUB = X,
AN B is a p-closed set and A is a p-open set, then B is a p-closed set.

Proof. Since X\ A € B, we have (ANB)U(X\A) = (AU(X\A))N(BU(X\A)) =
BU(X \ A) = B. Since AN B and X \ A are p-closed sets and p is a QT, B is a
pu-closed set. [

Proposition 13. Let p be a QT. Let U, be a p-open set for each element X of
A and U, UU, = X for any two elements X\,ac € A with X\ # . If NxeaU, s a
p-closed set, then Nyep\fayU, 18 a p-closed set for any element a of A.
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Proof. Let o be any element of A. Since U, UU, = X for any element A of A with
A# o, U, U(Maea(a}U,) = Mieafa} (U, UU,) = X. Since U, N (Mxea\{a}U,) =
MaeaU, is a p-closed set, by Proposition 12, Nyca\(ayU, is p-closed for any
element « of A. [ |

Theorem 14. Let pn be a QT on X and U, be a mazimal p-open set for each
element A € A. If U, # U, for \,a € A with X\ # « and NxeAU, is a p-closed
set, then Nyea\(a}U, 15 a p-closed set for any element o of A.

Proof. By Theorem 2, we have U, UU, = X for any A and a of A with A # a.
Thus by Theorem 13, we have Nyep\(a}U, 1s a p-closed set. [ |

The last three results are false in a GT follows from the next example.

Example 15. Let X = {a,b,c} and u = {0, {a,b},{a,c}, {b,c}, X}. Then (X, u)
is a GTS. Now A = {a,b} and B = {b, ¢} are two maximal p-open sets in X such
that AN B = {b} is p-closed but A is not a p-closed set.

Theorem 16 [3]. If u be a QT on X then ¢, is p-friendly i.e., for A S X and
Mep, cu(A)NM E c (AN M).

We also recall from [8] that for any maximal p-open set A in GTS (X, i), either
cu(A) = X or ¢,(A) = A.

Theorem 17. Let U, be a maximal p-open set in a QTS (X, ) for each element
X of a finite set A. If c,(NaeaU,) # X, then there exists an element A of A such
that c,(U,) =U,.

Proof. Assume that ¢, (Uy) = X for each element A € A. Let a be any element
of A. Since Nyea\{a}U, 18 a p-open set, we have ¢,,(MxeaUx) = cu((Mrearfa}Us)N
U, 2 (m)\EA\{a}UA)mcu(Ua> (by Theorem 16):(0A€A\{Q}UA)H_X = m/\EA\{a}UA-
Hence, cu(Mieav{ajUn) S cu(Mrealin). On the other hand as ¢, is an increas-
ing operator we have, c,(Mxea\{a}Un) 2 cu(MreaUyx). Thus it follows that
cu(MeafarUn) = cu(Miealy). Then by induction on the elements of A, we
see that ¢, (MxeaUy) = ¢, (Ux) = X for any element A of A. This contradicts our
assumption that c,(NxealU,) # X. Thus we see that there exists an element \
of A such that ¢,(U,) =U,. ]
The above theorem is not necessarily true when A is an infinite set, as shown by
the following example. Also by another example we show that the above theorem

is false in a GTS.

Example 18. (a) Let R denotes the real line with u as usual topology. Let
Uy = R\{z} for any x € R. Then by Theorem 10, {U, : € R} is the collection of
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all maximal p-open sets and ¢, (NzerUz) = ¢, (0) = 0 # R. However, ¢,(U;) =R
for each element z € R.

(b) Let X = {a,b,c} and p = {0,{a,b},{a,c}, {b,c}, X}. Then (X, pu)is a
GTS. Let A1 = {a,b} and As = {b,c} and A3 = {a,c}. Then Ay, Ay and Aj
are three maximal p-open sets in X. It is easy to see that c,(NxeaUy) # X but
cu(Uy) # U, for any A of A.

The p-radicals of maximal u-open sets have the following outstanding property.

Theorem 19 (Law of p-radical p-closure). Let A be a finite set and U, be a
maximal p-open set for each N\ of A in a QTS (X,pu). Let A be a subset of A
such that ¢, (U,) = U, for any X € A and ¢, (U,) = X for any A € A\ A. Then
cu(Mreal,) = Maeal, (= X if A=10).

Proof. If A = (), then the result follows from Theorem 17. If A # 0, ¢,(NxeaU, ) =
cu((Mealy) N (Maeaal,)) 2 (Mreal,) Ncu(Menal,) = Meal, N X =
MaealU, by Theorem 16 and the fact that NycaU, is a p-open set. Thus,
cu(Mreal,) = culeu(Menly)) 2 cu(Mealy). Again as MyeaU, S Nieal,,
we have c,(Myeal,) & cu(Mreal,). Thus ¢, (NrealU,) = cu(Mreal,). The
p-radical NxcaU, is a p-closed set since U, is p-closed for any A € A by our
assumption. Thus we have, ¢, (NxealU,) = Nxeal,. [ |

As an application of Theorem 19, we prove the next theorem.

Theorem 20. Let 4 be a QT on X and let Uy be a maximal p-open set for each
element X of a finite set A and U, # U, for any elements \,a € A with X\ # a.
If NxeaU, is a p-closed set then U, is p-closed for each element X of A.

Proof. Let A be a subset of A such that ¢,(U,) = U, for any A € A and
c,(U,) = X for any A € A\ A. By hypothesis, the p-radical NycpU, is a p-closed
set. By Theorem 19, we can say that A # (. Then for A € A, NyeaU, =
cu(Mreal,) = NyealU, (by Theorem 19). Thus by Theorem 8, A = A. ]

That the theorem is not true in a generalized topological space is shown in the
next example.

Example 21. We note that (X, u) is a GTS where X and p are as given in
Example 18(b). Let A; = {a,b} and Ay = {b,c} and A3 = {a,c}. Then Ay, Ay
and As are three maximal p-open sets in X such that N{4; : i =1,2,3} =0 is
u-closed but A; is not p-closed for ¢ = 1,2, 3.
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