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Abstract

The concept of Γ-semigroups is a generalization of semigroups. In this
paper, we associate two transformation semigroups to a Γ-semigroup and
we call them the left and right transformation semigroups. We prove some
relationships between the ideals of a Γ-semigroup and the ideals of its left
and right transformation semigroups. Finally, we study some relationships
between Green’s equivalence relations of a Γ-semigroup and its left (right)
transformation semigroup.
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1. Introduction

The full transformation semigroup on a set X is the semigroup TX of all trans-
formations on X (i.e., all mappings from X to itself) under the operation of
composition of mappings. Any subsemigroup of TX is called a transformation
semigroup. Transformation semigroups are ubiquitous in semigroup theory be-
cause of Cayleys Theorem which states that every semigroup embeds in some
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transformation semigroup. The study of transformation semigroups has applica-
tions in fields as diverse as probability, automata theory, and discrete dynamical
systems.

The notion of a Γ-semigroup was introduced by Sen in [10] and [11] that is a
generalization of a semigroup. Many classical notions of semigroups have been
extended to Γ-semigroups (see, for example, [4, 9, 12, 13] and [14]). Dutta and
Adhikari have found operator semigroups of a Γ-semigroup to be a very effective
tool in studying Γ-semigroups [5]. Recently, Davvaz et al. introduced the notion
of Γ-semihypergroups as a generalization of semigroups, a generalization of a
semihypergroups and a generalization of Γ-semigroups [1, 6, 7].

In this paper, we associate two transformation semigroups to a Γ-semigroup
that are called the left and right transformation semigroups. Also, we prove
some relationships between the ideals of a Γ-semigroup and the ideals of its left
and right transformation semigroups. Also, some relationships between Green’s
equivalence relations of a Γ-semigroup and its left (right) transformation semi-
group are studied.

2. Preliminaries

In this section, we recall some preliminary definitions of Γ-semigroups.

Definition [11]. Let S = {a, b, c, . . .} and Γ = {α, β, γ, . . .} be two non-empty
sets. Then, S is called a Γ-semigroup if there exists a mapping S × Γ× S −→ S,
written (a, γ, b) by aγb, such that satisfies the following conditions:

(1) aαb ∈ S for all a, b ∈ S and α ∈ Γ;

(2) (aαb)βc = aα(bβc) for all a, b, c ∈ S and α, β ∈ Γ.

A Γ-semigroup S is called commutative if xαy = yαx for every x, y ∈ S and
α ∈ Γ.

Let S be a Γ-semigroup. Then, (S, α) is a semigroup for every α ∈ Γ and we
denote this semigroup by Sα.

Let A and B be two subsets of a Γ-semigroup S and ∆ ⊆ Γ. Then, A∆B is
defined as follows

A∆B = {aδb | a ∈ A, b ∈ B and δ ∈ ∆}.

For simplicity, we write a∆B, A∆b and AδB instead of {a}∆B, A∆{b} and
A{δ}B, respectively.

Let S be an arbitrary semigroup and Γ be a non-empty set. Define a mapping
S × Γ× S −→ S by aαb = ab for all a, b ∈ S and α ∈ Γ. It is easy to see that S
is a Γ-semigroup. Thus, a semigroup can be considered as a Γ-semigroup.

In the following, some examples of Γ-semigroups are presented.
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Example 1. Let S = {−i, 0, i} and Γ = S. Then, S is a Γ-semigroup under the
multiplication over complex numbers while S is not a semigroup under complex
numbers multiplication.

Example 2. Let S be the set of all m × n matrices with entries from a field F
and Γ be a set of n×m matrices with entries from F . Then, S is a Γ-semigroup
with the usual product of matrices.

A non-empty subset T of a Γ-semigroup S is said to be a Γ-subsemigroup of S if
TΓT ⊆ T .

A non-empty subset I of a Γ-semigroup S is called a left (right) Γ-ideal, “ideal,
for short” of S, if SΓI ⊆ I (IΓS ⊆ I).

Definition [11]. Let S be a Γ-semigroup. A proper ideal P of S is called a prime
ideal if for any two ideals I and J of S, IΓJ ⊆ P implies I ⊆ P or J ⊆ P .

Definition [5]. Let S be a Γ-semigroup. Define a relation ρ on S ×Γ as follows:

(x, α)ρ(y, β)⇐⇒ xαs = yβs,∀s ∈ S.

Obviously ρ is an equivalence relation. Let [x, α] denotes the equivalence class
containing (x, α). Let L = {[x, α] | x ∈ S, α ∈ Γ}. Then, L is a semigroup where
[x, α][y, β] = [xαy, β], for all x, y ∈ S and α, β ∈ Γ. The semigroup L is called
the left operator semigroup of S. Similarly, right operator semigroup R of a Γ-
semigroup S is defined as R = {[α, x] | α ∈ Γ, x ∈ S}, where [α, x][β, y] = [α, xβy],
for all x, y ∈ S and α, β ∈ Γ.

Let S be a Γ-semigroup, a ∈ S and α, β ∈ Γ. Then a is said to be α-idempotent
if aαa = a. Also, a is said to be (α, β)-regular if there exists x ∈ S such that
a = aαxβa.

3. Main results

Throughout the paper we assume that S is a Γ-semigroup. In this section, we
follow the notations of [3], namely, if f ∈ TX , then we write

f =

(
xi
yi

)
where, f(xi) = yi and i belongs to an index set I.

For every x ∈ S and α ∈ Γ we associate two mappings fx,α : S −→ S by
fx,α(s) = xαs and fα,x : S −→ S by fα,x(s) = sαx.
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Now, consider two subsets Tr(S) and Tl(S) of the transformation semigroup TS
defined by

Tl(S) = {fx,α | x ∈ S, α ∈ Γ}

and

Tr(S) = {fα,x | x ∈ S, α ∈ Γ}.

Theorem 3. Tl(S) and Tr(S) are subsemigroups of the full transformation semi-
group TS.

Proof. Suppose that fx,α and fy,β are two elements of Tl(S) such that x, y ∈ S
and α, β ∈ Γ. Then, for every s ∈ S, we have

(fx,α ◦ fy,β)(s) = fx,α(fy,β(s))

= fx,α(yβs)

= xα(yβs)

= (xαy)βs

= fxαy,β(s).

Thus, fx,α ◦ fy,β = fxαy,β ∈ Tl(S). So, Tl(S) is closed under composition. There-
fore, Tl(S) is a subsemigroup of TS . Similarly, one can prove that Tr(S) is a
subsemigroup of TS .

Tl(S) and Tr(S) are called the left and right transformation semigroups of S,
respectively.

It is easy to see that if S is a commutative Γ-semigroup, then Tl(S) = Tr(S).

Example 4. Let S = {a, b, c, d} and Γ = {α, β}. We define the operations α and
β as the following tables

α a b c d

a b b c d
b b b c d
c c c c d
d d d d d

β a b c d

a c c c d
b c c c d
c c c c d
d d d d d

then, S is a commutative Γ-semigroup and we obtain the transformation semi-
groups of S as follows

Tl(S) =

{(
a b c d
b b c d

)
,

(
a b c d
c c c d

)
,

(
a b c d
d d d d

)}
= Tr(S).
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For every A ⊆ S, we define

Tl(A) = {fx,α ∈ Tl(S) | xαs ∈ A,∀s ∈ S},

Tr(A) = {fα,x ∈ Tr(S) | sαx ∈ A,∀s ∈ S}.

Also, for every B ⊆ Tl(S) and C ⊆ Tr(S) we define

Sl(B) = {x ∈ S | fx,α ∈ B, ∀α ∈ Γ},

Sr(C) = {x ∈ S | fα,x ∈ C,∀α ∈ Γ}.

If there exist elements e ∈ S and δ ∈ Γ such that eδx = x for every x ∈ S, then
S is said to have a left unity. Similarly, if there exist elements e ∈ S and δ ∈ Γ
such that xδe = x for every x ∈ S, then S is said to have a right unity.

Remark 5. If S has a left unity, then fe,δ is the identity mapping. Also, if S
has a right unity, then fδ,e is the identity mapping.

Lemma 6. Let A and B be two subsets of S and C and D be two subsets of
Tl(S). Then

(1) Tl(A ∩B) = Tl(A) ∩ Tl(B);

(2) Sl(C ∩D) = Sl(C) ∩ Sl(D);

(3) Sl(C)ΓSl(D) ⊆ Sl(C ◦D);

(4) If S has a left unity, then Tl(A) ◦ Tl(B) ⊆ Tl(AΓB).

Proof. The proofs of (1) and (2) are straightforward.

(3) Suppose that C and D are two subsets of Tl(S) and x ∈ Sl(C)ΓSl(D).
Then, there exist y ∈ Sl(C) and z ∈ Sl(D) and α ∈ Γ such that x = yαz. So,
fy,α ∈ C and for every β ∈ Γ, fz,β ∈ D. Thus, fx,β = fy,α ◦ fz,β ∈ C ◦D which
implies that x ∈ Sl(C ◦D). Therefore, Sl(C)ΓSL(D) ⊆ Sl(C ◦D).

(4) Suppose that fe,δ = idS , for some e ∈ S and δ ∈ Γ. Let A and B be two
subsets of S. If fx,α ∈ Tl(A) ◦ Tl(B), then there exist y, z ∈ S and β, γ ∈ Γ such
that

fx,α = fy,β ◦ fz,γ = fyβz,γ

where, fy,β ∈ Tl(A) and fz,γ ∈ Tl(B). So, yβS ⊆ A and zγS ⊆ B, thus we have
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xαs = fx,α(s)

= fyβz,γ(s)

= (yβz)γs

= yβ(zγs)

= yβ(eδ(zγs))

= (yβe)δ(zγs) ∈ AΓB.

So, fx,α ∈ Tl(AΓB). Therefore, Tl(A) ◦ Tl(B) ⊆ Tl(AΓB).

The following examples show that in the parts (3) and (4) of the previous lemma,
the equality does not necessarily hold.

Example 7. In Example 3, let C =

{(
a b c d
b b c d

)}
and D =

{(
a b c d
d d d d

)}
.

Then, Sl(C) = ∅, Sl(D) = {d} and Sl(C ◦D) = {d}. So, we have

Sl(C)ΓSl(D) = ∅ ( {d} = Sl(C ◦D).

Example 8. Let S be a closed interval [0, 1] and Γ = {1, 2, 3}. For every x, y ∈ S
and γ ∈ Γ, we define xγy = xy

γ . Then, for every x, y, z ∈ S and α, β ∈ Γ, we have

(xαy)βz =
xyz

αβ
= xα(yβz).

This means that S is a Γ-semigroup such that f1,1 = idS .
Now, consider A = {0} and B = {1} as two subsets of S = [0, 1]. Then,

Tl(A) = {0}, Tl(B) = ∅ and we have

Tl(A) ◦ Tl(B) = ∅ ( {0} = Tl(AΓB).

Lemma 9. The following assertions hold

(1) If A is an ideal of S, then Tl(A) is an ideal of Tl(S) and A ⊆ Sl(Tl(A)).
Moreover, if S has a right unity, then A = Sl(Tl(A));

(2) If B is an ideal of Tl(S), then Sl(B) is an ideal of S and B ⊆ Tl(Sl(B)).
Moreover, if S has a left unity, then B = Tl(Sl(B));

(3) If S has a right unity and P is a prime ideal of S, then Tl(P ) is a prime
ideal of Tl(S);

(4) If S has a left unity and Q is a prime ideal of Tl(S), then Sl(Q) is a prime
ideal of S.
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Proof. (1) Suppose that A is an ideal of S and fa,α ∈ Tl(A). Then, for every
x, s ∈ S and β ∈ Γ, we have aα(xβs) ∈ A so fa,α ◦ fx,β = faαx,β ∈ Tl(A).
Similarly, we can prove that fx,β ◦ fa,α = fxβa,α ∈ Tl(A). Therefore, Tl(A) is an
ideal of Tl(S).

Now, let x ∈ A. Then, for every s ∈ S and α ∈ Γ we have xαs ∈ A. So,
fx,α ∈ Tl(A), thus x ∈ Sl(Tl(A)), therefore A ⊆ Sl(Tl(A)).

Suppose that S has a right unity so there exist e ∈ S and δ ∈ Γ such that
sδe = s, for every s ∈ S. If x ∈ Sl(Tl(A)), then for every α ∈ Γ we have fx,α ∈
Tl(A). So, x = xδe ∈ xΓS ⊆ A, thus Sl(Tl(A)) ⊆ A, therefore A = Sl(Tl(A)).

(2) Suppose that B is an ideal of Tl(S) and x ∈ Sl(B). Then, fx,α ∈ B for
every α ∈ Γ. So, for all s ∈ S and β ∈ Γ we have fxαs,β = fx,α ◦ fs,β ∈ B, thus
xαs ∈ Sl(B). Similarly, we have sαx ∈ Sl(B). Therefore, Sl(B) is an ideal of S.

Now, let fx,α ∈ B. Then, for every s ∈ S and β ∈ Γ we have fxαs,β =
fx,α◦fs,β ∈ B, sinceB is an ideal of Tl(S). So, xαs ∈ Sl(B), thus fx,α ∈ Tl(Sl(B)),
therefore B ⊆ Tl(Sl(B)).

Suppose that S has a left unity, then there exist e ∈ S and δ ∈ Γ such that
eδs = s, for every s ∈ S. If fx,α ∈ Tl(Sl(B)), then for every s ∈ S we have
xαs ∈ Sl(B). So, fx,α = fx,α ◦ fe,δ = fxαe,δ ∈ B.

(3) Suppose that P is a prime ideal of S and C and D are ideals of Tl(S)
such that C ◦ D ⊆ Tl(P ). So, by part (3) of Lemma 6 and part (1), we have
Sl(C)ΓSl(D) ⊆ Sl(Tl(P )) = P . Now, since P is prime we conclude that Sl(C) ⊆
P or Sl(D) ⊆ P . So, by part (1), we have C ⊆ Tl(P ) or D ⊆ Tl(P ). Therefore,
Tl(P ) is a prime ideal of Tl(S).

(4) Suppose that Q is a prime ideal of Tl(S) and I and J are ideals of S
such that IΓJ ⊆ Sl(Q). So, by part (4) of Lemma 6 and part (2), we have
Tl(I)◦Tl(J) ⊆ Tl(Sl(Q)) = Q. Now, since Q is prime we conclude that Tl(I) ⊆ Q
or Tl(J) ⊆ Q. So, by part (2), we have I ⊆ Sl(Q) or J ⊆ Sl(Q). Therefore, Sl(Q)
is a prime ideal of S.

Theorem 10. There is an inclusion preserving bijection between the set of all
ideals of S and the set of all ideals of Tl(S).

Proof. Suppose that I(S) and I(Tl(S)) are the sets of all ideals of S and Tl(S),
respectively. Then, it is easy to see that the mapping

Tl : I(S) −→ I(Tl(S))

I 7−→ Tl(I)

is well-defined and is an inclusion preserving mapping. It remains to show that
Tl is monotone. Since S has a left unity, there exist e ∈ S and δ ∈ Γ such that
eδs = s, for every s ∈ S. Let I and J be two ideals of S such that Tl(I) = Tl(J).
Then for every a ∈ S we have a ∈ I if and only if fa,δ ∈ Tl(I) if and only if
fa,δ ∈ Tl(J) if and only if a ∈ J . Hence I = J and so Tl is monotone.
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In the following theorem, we prove that two semigroups associated to a Γ-
semigroup in Definition 2 and Theorem 3 are isomorphic.

Theorem 11. The left transformation semigroup and the left operator semigroup
of S are isomorphic.

Proof. Suppose that Tl(S) is the left transformation semigroup and L is the left
operator semigroup of S. Then, the mapping

ϕ : Tl(S) −→ L

ϕ(fx,α) = [x, α]

is well-defined, as if fx,α = fy,β for some x, y ∈ S and α, β ∈ Γ, then for every
s ∈ S we have xαs = fx,α(s) = fy,β(s) = yβs and so [x, α] = [y, β]. Also, for
every x, y ∈ S and α, β ∈ Γ we have

ϕ(fx,α ◦ fy,β) = ϕ(fxαy,β)

= [xαy, β]

= [x, α][y, β]

= ϕ(fx,α)ϕ(fy,β).

So ϕ is a homomorphism. Obviously, ϕ is one-to-one and onto. Therefore, ϕ is
an isomorphism and Tl(S) ∼= L.

Green’s equivalence relations for semigroups, first studied by Green [8], have
played a fundamental role in the development of semigroup theory (for more
details see [3]). Chinram and Siammai have studied Green’s relations for Γ-
semigroups [2].

Definition. Let A be a semigroup and a, b ∈ A. Then the Green’s equivalence
relations L and R are defined by the following rules:

(1) (a, b) ∈ L if and only if < a >l=< b >l;

(2) (a, b) ∈ R if and only if < a >r=< b >r.

Green’s relations of a Γ-semigroup are defined similarly. Let a ∈ S. Then

< a >l= SΓa ∪ {a} and < a >r= aΓS ∪ {a}.

Thus (a, b) ∈ L if and only if a = b or there exist x, y ∈ S and α, β ∈ Γ such that
a = xαb and b = yβa. Similarly, (a, b) ∈ R if and only if a = b or there exist
x, y ∈ S and α, β ∈ Γ such that a = bαx and b = aβy.
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In the following, we study some relationships between Green’s relations of a Γ-
semigroup and its left (right) transformation semigroup. The notations LS and
RS are used for Green’s relations of a Γ-semigroup S. Similarly, LTl and RTl
are used for Green’s relations of the left transformation semigroup of S. Also,
LTr and RTr are used for Green’s relations of the right transformation semigroup
of S.

Lemma 12. Let x be an element of S and α and β be two elements of Γ. Then

(1) If x is α-idempotent, then fx,α is idempotent;

(2) If x is (α, β)-regular, then fx,α is regular.

(3) If x is α-idempotent, then fα,x is idempotent.

(4) If x is (α, β)-regular, then fβ,x is regular.

Proof. (1) Since x is α-idempotent, fx,α ◦ fx,α = fxαx,α = fx,α. So fx,α is
idempotent.

(2) Since x is (α, β)-regular, there exists y ∈ S such that x = xαyβx. So
fx,α ◦ fy,β ◦ fx,α = fxαyβx,α = fx,α and thus fx,α is regular.

(3) The proof is similar to (1).

(4) The proof is similar to (2).

Theorem 13. Let a and b be two elements of S. Then

(1) If (a, b) ∈ RS, then (fα,a, fα,b) ∈ LTl, for every α ∈ Γ;

(2) If (a, b) ∈ LS, then (fa,α, fb,α) ∈ LTl, for every α ∈ Γ;

(3) Let a be α-idempotent and b be β-idempotent for some α, β ∈ Γ such that
(fa,α, fb,β) ∈ RTl. Then (a, b) ∈ RS.

Proof. (1) If (a, b) ∈ RS , then there exist x, y ∈ S and γ, λ ∈ Γ such that
a = bγx and b = aλy. Thus for every s ∈ S, we have sαa = sαbγx and
sαb = sαaλy which implies that fα,a = fγ,x◦fα,b and fα,b = fλ,y◦fα,a. Therefore,
(fα,a, fα,b) ∈ RTl .

(2) If (a, b) ∈ LS , then there exist x, y ∈ S and γ, λ ∈ Γ such that a = xγb and
b = yλa. Thus for every s ∈ S, we have aαs = xγbαs and bαs = yλaαs which
implies that fa,α = fx,γ ◦ fb,α and fb,α = fy,λ ◦ fa,α. Therefore, (fa,α, fb,α) ∈ LTl .

(3) Suppose that (fa,α, fb,β) ∈ RTl . Then there exist x, y ∈ S and γ, λ ∈ Γ
such that fa,α = fb,β ◦ fx,γ = fbβx,γ and fb,β = fa,α ◦ fy,λ = faαy,λ. Thus

a = aαa = fa,α(a) = fbβx,γ(a) = bβ(xγa) ∈< b >r
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and

b = bβb = fb,β(b) = faαy,λ(b) = aα(yλb) ∈< a >r .

Therefore, (a, b) ∈ RS .

Let ρ be an equivalence relation on a set A and a ∈ A. Then the ρ-class containing
a is denoted by [ρA]a.

Theorem 14. Let α be an element of Γ and x be an α-idempotent element of S.
Then for every y ∈ S the following assertions hold

(1) y ∈ [LS ]x if and only if fy,α ∈ [LTl ]fx,α ;

(2) y ∈ [RS ]x if and only if fα,y ∈ [LTr ]fα,x.

Proof. (1) y ∈ [LS ]x if and only if there exist z, t ∈ S and γ, λ ∈ Γ such that
x = zγy and y = tλx if and only if for every s ∈ S,

fx,α(s) = xαs = (zγy)αs = fz,γ ◦ fy,α(s)

and

fy,α(s) = yαs = (tλx)αs = ft,λ ◦ fx,α(s)

if and only if

fx,α = fz,γ ◦ fy,α ∈< fy,α >l

and

fy,α = ft,λ ◦ fx,α ∈< fx,α >l

if and only if fy,α ∈ [LTl ]fx,α .

(2) y ∈ [RS ]x if and only if there exist z, t ∈ S and γ, λ ∈ Γ such that x = yγz
and y = xλt if and only if for every s ∈ S,

fα,x(s) = sαx = sα(yγz) = fγ,z ◦ fα,y(s)

and

fα,y(s) = sαy = sα(xλt) = fλ,t ◦ fα,x(s)

if and only if

fα,x = fγ,z ◦ fα,y ∈< fα,y >l

and

fα,y = fλ,t ◦ fα,x ∈< fα,x >l

if and only if fα,y ∈ [LTr ]fα,x .
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It is necessary to note that all facts that mentioned and proved for the left
transformation semigroup of a Γ-semigroup are hold for the right transformation
semigroup of a Γ-semigroup and proved in similar ways.
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