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Abstract

A flower is a coin graph representation of the wheel graph. A petal of a
flower is an outer coin connected to the center coin. The results of this paper
are twofold. First we derive a parametrization of all the rational (and hence
integer) radii coins of the 3-petal flower, also known as Apollonian circles or
Soddy circles. Secondly we consider a general n-petal flower and show there
is a unique irreducible polynomial P, in n variables over the rationals Q,
the affine variety of which contains the cosinus of the internal angles formed
by the center coin and two consecutive petals of the flower. In that process
we also derive a recursion that these irreducible polynomials satisfy.
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1. INTRODUCTION

By a coin graph we mean a graph whose vertices can be represented as closed,
non-overlapping disks in the Euclidean plane such that two vertices are adjacent
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if and only if their corresponding disks intersect at their boundaries, i.e., they
touch. For n € N the wheel graph W, on n 4 1 vertices is the simple graph
obtained by connecting an additional center vertex to all the vertices of the cycle
C, on n vertices. A coin graph representation of a wheel graph is called a flower.
The coins of a flower connected to the center vertex are called petals, so a coin
representation of W,, has n petals and is called an n-petal flower. In Figure 1 we
see an example of a flower on the left, and a configuration of coins that does not
form a flower on the right.

Figure 1. Examples of a flower and a non-flower.

The study of flowers is central in many discrete geometrical settings, in particular
in circle packings [14] and also in the study of planar graphs in general, since
every planar graph has a coin graph representation. That a coin graph is planar
is clear, but that the converse is true is a nontrivial topological result, usually
credited to Thurston [15], but is also due to both Koebe [11] and Andreev [1].
For a brief history of this result we refer to [16, p. 118]. Numerous simply stated
but extremely hard problems involving coin graphs can be found in a recent and
excellent collection of research problems in discrete geometry [3]. Also, Brightwell
and Scheinerman [4] explored integral representations of coin graphs, where the
radii of the coins can take arbitrary positive integer values.

In Section 2 we start by considering the case of n = 3, and we obtain all
rational (and hence integer) radii of four mutually tangent circles, sometimes
called Soddy circles after Frederick Soddy, an English chemist who rediscovered
Descartes’ Circle Theorem in 1936 [2] or Apollonian circles after Apollonius of
Perga, who first studied mutually tangent circles more than two thousand years
ago. This will be obtained in elementary ways, involving only Euclidean geometry,
high school algebra and elementary number theory. Still our parametrization is
new and differs from the one obtained by Graham et al. in [5] as we will see in
in the last subsection of Section 2.
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As a first step toward the study of the general case when n > 3, we will in the
remaining sections then study an algebraic relation the radii of general n-petal
flowers must satisfy, and show that for every n > 3 the cosines of the central angles
of an n-petal flower are contained in the affine variety of a uniquely determined
symmetric and irreducible polynomial P, in n variables over the rationals. We
note that the cosines are more interesting than the sines in this investigation,
for the mere reason that cosines of the angles of an integer-sided triangle are all
rational. Hence, a necessary requirement for the radii to be integers is that the
mentioned cosines are all rational. Note that, unlike for the case n = 3, the radii
are not determined by the central angles alone for n > 4, where a fixed set of
central angle values can yield a wide range of radii, something we shall see in
Section 3.

The rest of the paper is organized as follows:

In Section 2 we consider the special case of a 3-petal flower and we derive our
first main result: a free parametrization of all rational radii of the outer circles
when the inner circle has radius one, in an elementary way. This will then yield
a new free parametrization of all integer radii of four mutually tangent Soddy
circles.

In Section 3 we use Galois theory to formally define the polynomials P, (z1,. . .,
Zn), whose affine variety contain (cos#fy,...,cos6f,) where 04,...,0, are the in-
ternal angles of an n-petal flower for n > 3, and prove some useful lemmas.

In Section 4 we first obtain a recursive presentation of P,(x1,...,x,), and use
that to prove our second main result of this paper, that each symmetric P, is an
irreducible polynomial over Q.

2. RATIONAL RADII OF SODDY CIRCLES

Here we deal with the special case of n = 3, and we characterize all rational
solutions for 3-petal flowers, thereby obtaining all rational radii of four mutually
tangent Soddy circles. This section uses only elementary mathematics, but serves
as a motivation (or justification) for our discussion in the sections to follow.

In general, to find all integer-radii coins forming an n-petal flower in the
Euclidean plane, it is equivalent by scaling to find all rational radii coins where
the center coin is assumed to have radius one. Hence, assume we have a 3-petal
flower with a center radius of one and the outer radii r1, ro and r3. If the internal
angle formed by the center coin and two outer coins of radii r; and ;41 is 6;,
then by the law of cosines we have

ri +Tip1 —riripr + 1
ri+ i1 +ririe + 1

(1) x; = cosb; =
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and the equation relating the three angles is then 6y + 65 + 03 = 2. Clearly,
if each radius 7; is rational, then so is each z;. Isolating one angle, say 3, and
taking the cosine of both sides we obtain

2) w3 = wiwy — /(1 - a2)(1 - a3).

For rational x; and x5 it is clear that x3 will be rational if and only if the term

under the radical is the square of a rational number. For i = 1,2 let z; = p—: for

q
with p;, q; € Z. By (2) we then obtain

1
T3 =TT — —— (Q% —P%)(q% —p%).
q192

Here (¢? — p?)(q5 — p3) is a square if and only if ¢? — p? = s?3 and s; € N for
1 = 1,2 where § is a square-free integer. Here we need the following result from
elementary number theory:

Theorem 2.1. Let 8 be a square-free integer. The integers x,y,z form a prim-
itive solution to the Diophantine equation x> + By?> = z° if and only if there are
positive integers m and n and a factorization B = bc where bm? and cn® are
relatively prime such that © = M, y=mn, z = M, where both m and

n are odd or both are even, or x = bm? —cn?, y = 2mn, z = bm? +cn? otherwise.

For a proof of Theorem 2.1, see Appendix A.
Since z; = Z—Z for ¢ = 1,2 we have by Theorem 2.1 that

2 2 2 2
_ bimi —e1ngy _ boms — canj

3 T =——H——5, T2=
®) bim? + cin?’ bom3 + con3’

where 5 = bjc; = bacy are two (not necessarily distinct) factorizations of the
square-free integer 5, and where m;, n; can be chosen from the nonnegative inte-
gers. Note that either solution from Theorem 2.1 will yield the same form of xy
and z2 in (3).

By (1) we have

ri+rog—rirg+1 . _rgtrg—rorg+1 . _rg+ry—r3rp+ 1
7“1—|-7”2+T17“2+1’ 2 7“2—|—7”3—|—T27“3+1’ 3 7“3—|—7”1—|-7“37“1+1'

Ir1 =

Rewriting each equation for x; as a polynomial equation in terms of r; and 7;41
( where 4 = 1 modulo 3) and then factoring in terms of r; and ;41 we obtain
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+x1—1 +.%'1—1 2(1—.%'1)
r r = )
! 1 +1 2 r1+1 (.%'1+1)2
T9 —1 o —1 2(1 -z
<T2+ 2 ><T3+ 2 >= ( 22),
To+ 1 ro+1 (.%'Q—i-l)
z3—1 zs—1 2(1l — =z
<7“3+ 5 ><T1+ 3 >= ( 32).
T3+ 1 r3+1 (r3+1)
Now we can solve the first and third equations for ro and r3 respectively in terms

of r1,x1,x3. Substituting these into the second equation, we can then solve that
for r1 in terms of x1, z9, x3 obtaining

—1—zi234+ 23 +21 \/2(1 - 1’1)(1 — $2)(1 - 1’3)
(4) r = .
2090 —x1 +x123 — 1 — 23

Putting 1 and x5 from (3) into (2) we obtain

(blm% — cln%) (bgm% — c2n2) — dmymaning 3
(blm% + cln%)(bgmg + ang) '

T3 =TTy — \/(1 — (1 —23) =

Substituting this expressions for z3 and those of z; and 3 from (3) into (4), we
get an expression for r; in terms of by, by, c1, c2, m1, M2, N1, N2t

n1(bac?m3n? + 2B8cimimaning + Beamingni)

4 2 4,,2

T =
blclcgm%n%n% — bw%m%n% + c%cznln% — Qﬁclmlmgn‘;’ng + bjcomins

ning(bym? + cln%)\/clcg(blqm%n% + 28mymaning + bacymin?)

bicicamining — bacdm3ni + Aconin3 — 2Bermimaning + b3camin3

Using the fact that § = byc; = bacs, the expression under the square root can be
reduced to f(caming + c1m2n1)2. Thus, this expression for r1 will only yield a
perfect square when 8 = 1. Therefore, rq is rational if and only if ql-2 - p% = 522
for i = 1,2, or in other words when 1 — w? is a rational square for i = 1,2. This
means that both cos#; and sin ; are rational for ¢ = 1,2, 3.

Proposition 2.2. The 3-petal flower with the center coin of radius one can have
the outer coins of rational radii r1, 72,73 if and only if the internal angles 01,02, 03
have both rational cosines and sines for i = 1,2, 3.
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Proposition 2.2 shows a property that is very special for the n-petal flower with
rational radii when n = 3. We now can write a “nice” parametrization for the
cosines x; and the radii r; in the case when n = 3: namely,

o = m% — n% oy = m% — n% s = (m% — n%) (m% — nz) — 4dmyimaning
m3 +ni’ m3 +n3’ (m? +n2)(m3 + n3)

for some my,ny,ma,ny € N. Putting these into (4) and the similar equations for
ro and 73 we obtain the rational forms for r1, 79,73 that contain all rational radii
for the outer coins of a 3-petal flower with center coin of radius one:

nl(mlng + mgnl)
—mining — man? + (ming + n2na)
ning

T =

"2 = —ning + (mgnl + mlng)

ng(mlng + mgnl)
s = T 7 _ 2 2\
ming — maning £ (ninj + min)

We will now determine a range of the parameters that will yield meaningful
solutions in the above parametrization.

Observation 2.3. If 01,05,03 are the internal angles of a 3-petal flower, then
90° < 0; < 180° for each i = 1,2,3 and these three inequalities are all sharp.

For a proof of Observation 2.3, see Appendix B.

By Observation 2.3 we now know that for all the angles 6;, we have 90° <
0; < 180°, and hence —1 < cosf; < 0. Hence, in the parametrization of z; and
T2

m3 — n? m3 — n}
"M 1 _ 2
Iy = — 5, L2 = —5 2
my +nj ms +nj

we must have n; > m;. In this case z3 in (2) must satisfy (m% - n%) (m% - n%) -
4mimaoning < 0, which is equivalent to (ming+msani)? > (mymas—ninz)?. Since
m; < n;, this is equivalent to ming + moni > nine — mime, or equivalently

(5) mineg + Moni + mimso > ninsg.
Looking at the expression for rq,

ni(ming + maony)
—mining — mant £ (ming + n2ng)

r =

we see that in order for r; > 0 to hold we must have na(m? + n?) > ny(ming +
man1). Re-solving for the radii 7o and 73 using the positive term in the expression
for r1, we obtain:
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ning ng(mlng + mgnl)
1"2 = T =

) 3 )
mony1 + Ming — N1NY nln% + m%nl — mln% — MoN1N2

which give us two additional constraints in order to ensure positive radii: moni +
ming > ning and na(ming + maeny) > ni(m3 + n3). Note that the first of these
constraints is stronger than (5). Letting t; = m;/n; for each i = 1,2,3, we can
express our first main theorem that characterizes all rational radii (and hence
integer radii by scaling) Soddy circles as follows.

Theorem 2.4. If a 3-petal flower has rational radii and the innermost coin has

radius of one, then the cosines x1,xo and x3 of the angles at the innermost coin
are given by

t2—1 t3-1 (t2 — 1)(t3 — 1) — 41ty

T, = , T
1 21 2

= , w
2+1 7° E+ D)2 +1)

and the corresponding radii by

_ t1 +to
T T
1 1 2
1

T = -
2 t1+t2—1,
t1 +to
r3 =

23—t —ta+ 1’

for some t1,ta € Q such that 1 < t1+tg, t1 +ta < t24+1, t; +t2 < t3+1. Further,
all rational 3-petal flowers have rational radii and internal cosines parametrized
as above in terms of such ti,to € Q. This parametrization characterizes all sets
of four mutually tangent Soddy circles of rational radius in the plane.

Figure 2. The region R.
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We note that the conditions the rational parameters t; and £ satisfy in the above
Theorem 2.4 is simply (¢1,t2) € R N Q? where

R={(z,y) eR?*:1<z+y, y<az’—-z+1, z<y*—y+1},

is an open region symmetric about the line x = y, which looks like a “hyperbolic
triangle” with vertices (0, 1), (1,0) and (1, 1), and where the internal angle at each
of the vertices is 0 (see Figure 2.) By the 2-dimensionality of the region R, we
note that the parametrization of the radii and the internal cosines in the above
Theorem 2.4 in terms of t1,t9 € Q is free in the sense that they don’t satisfy any
equation.

Example. Consider t; = 2/3 and ty = 1/2. We see that (t1,t2) = (2/3,1/2) € R,
and are hence legitimate rational parameters by Theorem 2.4. Here we have
r = —%, Ty = —%, T3 = —%, and the corresponding radii r; = 2—51, r9 = 6,
r3 = 14. By scaling by the factor of 5 we obtain an integral flower with center

radius of r = 5 and the outer radii r; = 21, ro = 30 and r3 = 70. See Figure 3.

Remark. Consider a 3-flower with the center coin of radius one. Assume further
the center coin is centered at the origin of the complex plane C. The inversion z —
1/Z of the center circle will map all the outer disks to corresponding disks inside
the center disk. This configuration has three non-overlapping disks completely
inside the center disk, and does therefore not represent a 3-flower. However, this
inversion will keep all the angles 61, 5 and 03 and hence their cosines 1, x2 and x3
intact. The radii 7,72 and rs will however change to r,r5 and 7} respectively,
where (1 +7;)(1 —rj) = 1 or 7; = i for each i. By Theorem 2.4 this will
automatically yield a free parametrization of three rational radii, non-overlapping
mutually touching coins, all three touching the unit circle on its inside where

(t1,t2) € RN Q? as before.

2.1. Descartes’ circle theorem and another parametrization

A nice relation connecting the radii of four mutually tangent Soddy circles in the
Euclidean plane is given by Descartes’ circle theorem [2].

Theorem 2.5 (Descartes). A collection of four mutually tangent circles in the
plane, where b; = 1/r; denotes the curvatures of the circles, satisfies the relation

1
by + b3+ b3 + b5 = §(b1+bz+b3+b4)2-
Remark. Theorem 2.5 has been generalized to higher dimensions.

It is straightforward to check that our rational parametrization from Theorem 2.4
satisfies Descartes’ circle theorem. Another elegant parametrization of integer
Soddy circles are given by Graham et al. in [5] in the following theorem.
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Theorem 2.6 (Graham, Lagarias, Mallows, Wilks, Yan). The following para-
metrization characterizes the integral curvatures of a set of Soddy circles:

blzw, bg:dl—x, ngdz—l‘, b4:—2m+d1+d2—ac,
where 2 +m? = didy and 0 < 2m < d; < ds.

We conclude this section by briefly comparing our rational parametrization to the
one given by Theorem 2.6. Suppose we have a 3-petal flower, the coins of which
have integer radii. Further, assume the center coin is the coin with curvature b;.
By conveniently permuting indices, the remaining outer coins have radii r1, 79,73
given by

by by by

rp=a, Te= o, T3= o
bo by b3

Using the rational parametrization of 1,79 and r3 given by Theorem 2.4 and
replacing each b; with the integer parametrization from Theorem 2.6, we can
solve for dy/x,ds/z and m/x in terms of ¢; and t5 and obtain

m_l—tltg dl_t%—i-l dg_t%—i—l
x  ti4ts o ti+ts o ti+ty

From this it is clear that 1 + (m/z)? = (d1/x)(d2/x), so the quadratic equa-
tion relating the parameters in Theorem 2.6 is automatically satisfied. Secondly,
the assumption 0 < 2m < d; < dy in Theorem 2.6 translates to the natural
assumption that the radii are ordered by ro <13 <7r.

Figure 3. An example Soddy circle obtained from the parametrization.
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3. THE INNER COSINES OF THE GENERAL n-PETAL FLOWER

In Section 2 we established a parametrization of all the outer radii of a 3-petal
flower if the inner coin was assumed to have radius one. In doing so we first
established all rational solutions of the inner cosines x1,x2 and z3 from the de-
termining relation (2). In this special case of n = 3, (where the inner radius is
assumed to be one) the radii r1,79 and r3 are uniquely determined by the x;,
so next we expressed each r; in terms of these rational z1,z9 and x3, thereby
obtaining free parametrization of the radii 1,72 and r3. Hence, for n > 4 a nec-
essary first step in determining all the rational radii of an n-petal flower with the
inner coin of radius one is to determine all the rational inner cosines given by (1)
where now 64, ...,60, form the inner angles of the n-petal flower in a clockwise
order. When n > 4, however, the radii r; are not uniquely determined by the
inner cosines z; = cosf;, i € {1,...,n}.

Example. Consider the case of a 4-petal flower with innerradius one and 6; =
0y = 03 = 0, = 7/2. In this case we have by Pythagoras’s Theorem (r; +7;11)% =
(ri + 12 + (rig1 + )% or i1 = (r; +1)/(r; — 1) for each i = 1,2,3,4, and so a
complete rational parametrization of the outer radii are given by

r+1

ri=r3=re€Q, ro=r4= .

r—1
Whether a similar game can be played for any given inner angles 64,...,60, of
an n-petal flower with rational cosines x; = cosf; € Q is not what we will

attempt to answer, but rather determining a “minimal” relation the rational
inner cosines must satisfy in general. This is the topic for the remainder of this
paper. We will show that for n > 3, the z; lie in an affine variety of a symmetric
polynomial P,(z1,...,x,) (see [10, p. 252] for more information and general
algebraic properties of symmetric polynomials.) The polynomial P, in z1,...,z,
will be the minimal polynomial of cosfy,...,cos 8, over Q where

(6) Zn:ei = 2.
i=1

Note that not all sets of n angles 61, ..., 6, satisfying (6) can be internal angles
of an n-petal flower, not even when n = 3, as we saw in Observation 2.3. We
will however see, by the way we define P, here below, that P, is symmetric when
n > 3. This will be the main task of this section. We then turn to our second
main contribution of the article: to prove that P, is irreducible over Q. That we
will do in the following Section 4.

Remark. As we remarked after Theorem 2.4, we can assume a setup where the
center coin of radius one is centered at the origin of the complex plane C. The
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inversion z +— 1/Z of this center circle will map all the outer disks to corresponding
non-overlapping disks inside the center coin. Again, this configuration does not

represent an n-flower, but the inversion will keep all the angles 64,...,60, and
their cosines z1,...,x, intact. Hence, all the discussion here below about an
n-flower, and the cosines x1,...,x, of the internal angles, also applies to the

inverted configuration where the outer coins/disks are all contained inside the
center unit disk.

Before we continue, we must first make some conventions and set forth some
definitions: In what follows N = {1,2,3,...} is the set of natural numbers, and
for n € N we let [n] ={1,...,n}.

Consider an n-petal flower with internal angles of 04,...,0,. If x; = cosf;
for each i € [n], then y; = sin#; satisfies the equation x? + y? = 1 and hence

y; = £4/1 — xf The geometric properties of the coin graph determine that for
the interior angles 6; we have 0 < #; < 7 and so sinf; > 0. Hence we have
Yi =4/1— xf and so both cos§; and sin §; are algebraic in terms of x;. We will
initially view z1,...,x, on one hand and ¥, ..., ¥, on the other both as sets of n

independent variables respectively, related only by y; = /1 — ﬂ:ZZ for each i € [n].

Definition 3.1. We define the algebraic expressions EC,, and ES,, in terms of
T1,...,%n, where z; = cos6; for i € [n], by taking the cosine and sine of )", 6;
and expanding using the classical addition formulae for cosine and sine:

EC,(z1,...,2,) = cos <Z 9i> , ES,(x1,...,2,) =sin <Z 9i> .
i=1 =1

Example. For n = 1 we have ECy(z1) = 21 and ES;(z1) = y1 = /1 — 2.
For n = 2 we have ECy(z1,22) = @129 — /1 — 23+/1 — 23 and ESy(z1,22) =
w2y/1 — 2% + 21y/1 — x3. Directly by the addition formulae for cosine and sine
we have the following recursive property of these expressions.

Lemma 3.2. For each i € [n] we have

EC,(z1,...,2y) = o,EC_1(73) — v:ES,—1(z3),
Esn($17 cee 7xn) = yzECnfl(fz) + szSnfl(fz)

where y; = \/1—22 and (T;) = (z1,...,Ti—1,Tit1,-..,%y). In particular for
1 =1 we have

EC,(z1,...,2,) = 21ECp—1(Z1) — y1ESn—1(21),
ES,(x1,...,2n) = yiEC,_1(Z1) + 21ES,—1(21).
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Note that the algebraic expressions EC,, and ES,, are symmetric in x1,...,z,.
Recall that for the case n = 3 we have by (2) that x5 = 122 —y1y2 and hence,
multiplying by the conjugate, we obtain

0 = (z3 — 2172 — Y1y2) (T3 — 2172 + Y1) = @7 + 23 + 25 — 2217973 — 1,

a symmetric polynomial equation relating the inner cosines x1, 2 and x3 of the
3-petal flower, or the Soddy circles. Our objective is to obtain such a uniquely
determined symmetric (and irreducible) polynomial P, for the general n-petal
flower. Namely, by (6) we get by isolating 6, and taking cosines of both sides
that

(7) Tp :ECnfl(xl,...,$n,1).

This we will use to define P, in general for n € N. Before we define P, however,
we need some preliminary definitions and results.

Definition 3.3. For n € N let G} be the Galois group of automorphisms on
Q(x1,...,Tn,y1,--.,Yyn) that fixes the field Q(x1,...,x,). Also, let G,, be the
Galois group of automorphisms on Q(z1, ..., &y, y;y; : ¢ < j) that fixes the field
Q(x1,...,x,). That is,

G; = Gal(Q(z1,x2, .-y Tn, Y1, - -, Yn)/Qz1, ... 20)),
Gn = Gal(@($1,$2,. c oy Iy YilYy ot 1< ])/@('rl’ .. ’xn))a

where x1,...,x, are algebraically independent indeterminates and y; = 4/1 — ﬂ:f
for each i, that is y; is one root of X2+ 22 —1=0€ Q(a1,...,2,)[X].

Lemma 3.4. Forn > 1 we have G = 75 and G, = Z5 .

Proof. For G}, each y; is the root of an irreducible quadratic polynomial X? —
(1 —x2) from the ring Q(z1, ..., %n, Y1, - -, Yi—1)[X], which is the minimum poly-
nomial of y; for each ¢. Hence we have G}, = Z3.

For G, each y;y; with ¢ < j is also the root of an irreducible quadratic
polynomial X2 — (1 — 2?)(1 — $?) € Q(z1,...,2,)[X]. However, every element
of Q(z1,22,...,%n,¥iy; 1 4 < j) can be written as a rational function in terms of
only elements of the form y;y;11 as follows:

o i) Wi Yi2) - Wi-1ys) W) Wi Yir2) - (yi-195)
YiY; = 2 2 - 1 — 22 1 — 2
Yig1 Y51 (I—af ) ( %'71)
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So we have that

Q(xla‘%?a s Ty Yilj ot i < ]) = Q(xla‘%?a <oy Ty Yilig1 i€ [TL - 1])

Each term y;y;41 is a root of an irreducible quadratic polynomial X2 — (1 — x?)

(1-— w?H) from the ring Q(x1,...,Zn, Y192, .- ., Yi—1Yi)[X], which is the minimal
polynomial of y;y; 41 for each i € [n — 1]. Therefore we have that G, 2 Z)~'. m

Lemma 3.5. Forn € N, the group G, = Zg_l can be presented as
G, = <01, e O 022 =e,0,0; = 0j0i> ,

where each o; is an automorphism fizing Q(z1,...x,) and

—Yiyj+1 if 1=

oi(yjyjr1) = e
B { vy if i
Proof. Since (yiyi+1)? = (1 — z?)(1 — 22,,) and the Galois group G, is fixing
the x;, the only possible automorphisms are o(y;yi+1) = —vi¥i+1 and o (yiyir1) =
YiYi+1. We can then generate the group as in the statement of the theorem with
n — 1 generators o;. [ |

Corollary 3.6. For every o € Gy, let so.; € {—1,1} be such that o(y;yj+1) =
So:jYjYj+1. Then for every i < j we have o(yiyj) = SgiSeritl - Soj¥ilj. In
particular, if i < n then op,—1(yiyn) = —Yiyn and if i > 1 then o1(y1y;) = —y1Y;-

We can now give a precise definition of P, for each n € N.

Definition 3.7. For n € N, define the polynomial P, € Q[z1,...,x,] by

Po(z1,.. o mn) = [ (20— o(ECh1)).

o€Gn_1

Remark. From Definition 3.7 it is not clear a priori that P, is symmetric in
LlyeeeyTp.

Our first task is to prove the symmetry of P,, which we now embark on. By Def-
inition 3.1 each of the 2”2 terms of ES,,_1 in terms of Z1,...,Zp—1,Y1,-- -, Yn—1
contains positive odd factors of y; for ¢« < mn — 1. Hence 0,1 € G, fixes
Q(z1, -y Tny Y1925 - -+ s Yn—2Yn—1) and op—1(Yn—1Yn) = —Yn—1Yn. Noting this, we
then have by Corollary 3.6 the following:

Claim 3.8. Forn > 2 we have G, = Gp_1UGp_10p-1 = Gp_1U0n_1Gp_1 and
Un—l(ynESn—l) = —ynESn_l.
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If G, is presented as in Lemma 3.5, then o,_; € G, fixes Q(z1,...,2n,
Yyiya2, . .. 7ynf2yn71) and O-nfl(ynflyn) = —Yn—1Yn-

Lemma 3.9. For n € N let GG, be presented as in Lemma 3.5. Then
(EC,, — 1) (6,1 (EC,) — 1) = (2, — ECp_1)%.
Proof. By Claim 3.8 we have o,,_1(y,ES,—1) = —y,ES,,—1 and hence
(ECn — 1)(on-1(ECy) — 1)
2 ECp—1 — ynESn—1 — 1)(0n-1(2,ECp—1 — ynES,,—1) — 1)
2 ECpo1 — ynESp—1 — 1)(2,ECp1 + 9, ES,—1 — 1)

(
(
— (2,EC,_1 — 1) —2ES2_
(@nECp1 = 1) = (1 - xi)(l - ECi )
(

.Z'n—ECn 1) .

Corollary 3.10. For n > 2 we have P? = C,, where

Co =[] (¢(ECy) —1).

oeGy
Remark. It is clear that C}, is symmetric in z1, ..., Zy,.

Proof. By Lemma 3.9 we obtain:

Cn = [] (¢(ECn) — 1)

O’GGn

= 11 (o(EC,) — 1)

er’n—lanluan—l

= [] (e(BECh) —1)(on-10(EC,) — 1)

O'Eanl

= [ ¢((EC.—1)(on1(ECn) - 1))

O'Eanl

= [ o((zn—ECy1)?

O'Eanl
= H (2, — 0(ECp-1))”
o€Gp_1

= P2
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By exactly the same token as Claim 3.8, Lemma 3.9, and Corollary 3.10, we
obtain analogous results by reordering the variables y1, . . . , y, in the reverse order:
YnsYn—1,---,y1. Namely, if o; € G, is the field automorphism of Q(z1,...,zy,

Y1Y2, Y293, - - -, Yn—1Yn) With 0i(yiyit1) = —yiyit1 fixing Q(z1,...,2,) and each
yjyj+1 for j # i (as in Lemma 3.5) then we have the following:

Claim 3.11. Ifn > 2 then G,, = G|,_{Uo1G,,_, = G,,_{UG!,_ 01 where G!,_; =
(09,...,0n-1), a subgroup of G, = (01,...,0n-1), and o1(y1ESp—1(x2, ..., 2p)) =
—ylESn,1($2, e ,,In).

Proof. By Definition 3.1, each of the 2"~2 terms of ES, 1(xa,...,2,) =
ES,—1(z2, ..., Tn, Y2, .., yn) (by substituting y; = /1 — 27 foreach i = 2,...,n)
has positive odd factors of y; for ¢ > 2. Hence the claim follows by Corollary 3.6.

|
Similarly to Lemma 3.9 we now have the following.
Lemma 3.12. If 01 € G,, is as above then
(EC,, — 1)(01(EC,, — 1)) = (z1 — ECp_1(22, ..., x,))%
Proof. By Claim 3.11 we obtain
(EC,, — 1)(01(EC,, — 1))
= (1ECp_1(22,...,xn) — 1 ESp_1 (22, ..., 2,) — 1)
(01(r1ECp_1(x2, ..., xpn) — 1 ESp—1(z2, ..., 2,)) — 1)
= (r1EC,—1(71) — 11 ES,—1(71) — 1)
(x1ECh—1(Z1) + 11ESp—1(Z1) — 1)
= (21EC,_1(71) — 1)? — y?ES,,_1(z1)?
= (11EC,—1(@1) — 1)2 = (1 — 23)(1 — EC,,_1(71)?
= (r1 - ECha1(71))?,
where (z1) = (22, ...,2,) as above. |

Corollary 3.13. Forn > 3 we have

Co= J] (@1—0c(BC,1(21))

oeG!

n—1
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Proof. By Lemma 3.12 we obtain as in the proof of Corollary 3.10

Cn = [] (¢(ECn) - 1)

oeGy,

= II (eEC) -1

c€G! _Uo1G]

- 61;[ (U(E;;) —1)(001(EC,,) — 1)
- eljl o ((EC,) — 1)(a1(EC,,) — 1))
_ 61;[ o((x1 — ECpo1(71))?)
— lcjl(xl — 0(EC,1(71)))*.
oed, [ ]

Remark. For n = 1,2 we have from (7) and definition of C), in Corollary 3.10
that P, = C7 = 21 — 1 and P, = 29 — x1. However, the latter is a matter of
taste, since we could have set P» = x1 — x9. The case n = 2 is the only one where
Cy(x1,x2) is symmetric while P» is not.

By Corollary 3.13 we obtain C,, = Q? where

Q= H (x1 — o(EC,—1(71))) € Qlz1,. .., zy].

ceq@

n—1

Since P2 = C, = @2, then as elements in a polynomial ring over a field, an
integral domain, we get 0 = P2 — Q2 = (P, — Q,)(P, + Q,) and hence for each
n > 2 we have Q,, = P, or Q,, = —P,.

For n = 2 we obtain P, = 29 — 1 and Q2 = x1 — 73 so0 Q3 = —P».

For n > 3 we first note that by evaluating EC,,_1(Z,) and EC,,_1(Z1) at zo =
s =Tp-1 = 1 yields ECnfl(/x\n)hz:...:xnil:l =T and ECnfl(/jl”mz:---:mn,l:l
= z,, and hence we obtain

n—2
Pn(xbla"')laxn) = H ($n—$1) :(xn_x1)2
c€Gpn_1

Qn(z1,1,...,L,x,) = H (x1 —xp) = (21 — xn)Z

ceq@

n—1

n—2

As n > 3, we have 272 is even and so (z, — 1)%" ~ = (z1 — ,)?"  and hence
P, (z1,1,...,1,2,) = Qn(z1,1,...,1,2,). Therefore we obtain the following:
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Corollary 3.14. For n > 3 we have QQ, = P,, and hence

Po= ][] (z1-0(EC,1(1)))

UEanl

We now show that for n > 3 the polynomial P, is symmetric. Let n > 3. If
m € S, is a permutation on {1,...,n} then 7 acts naturally on (z1,...,z,) by
(21, Tn) = (Tr(1)s - -+ s Tr(n))- By definition of P, in Corollary 3.10 we have

(Poom)(@1,- -, %n) = Pu(@rys -+ s Ta(n)) = Palw1, ... 20)

or P,on = P,m = P, for all 7 € S,, with m(n) = n. Likewise by Corollary 3.14
we have P,m = P, for all # € S,, with 7(1) = 1.

Let 7 € S, be an arbitrary transposition 7 = (4,7). If {i,7} € {1,...,n— 1}
or {i,j7} €{2,...,n} then by the above, P,7 = P,,. Otherwise if 7 = (1,n) then
since n > 3 there is an [ € {2,...,n — 1} such that we can write 7 = (1,n) =
(L, D)(l,n)(1,1) where {1,I} C {2,...,n}. From the above, we therefore have

P, =P,(1,n) = P,(1,1)(l,n)(1,1) = P,(I,n)(1,1) = P,(1,1) = P,.

Since each permutation 7 € S,, is a composition of transpositions then we have
P,m = P, for each m € 5,,.

Theorem 3.15. For n > 3 the polynomial P, = P, (x1,...,x,) is symmetric.
Corollary 3.16. For n > 3 and i € [n| we have for G!'_| = (o1,...,0i,...,00),

Po= ][] (@i —o(EC, (&)

oeG!

n—1
In particular, as a polynomial in x;, then P, is monic of degree 22 in each ;.
By Corollary 3.16 and definition of C),_1 we obtain by letting x; = 1 the following;:

Observation 3.17. For n > 3 then

Pn($1, ey Lj—1, 1,$i+1, e ,,In)
= ] 1=0(BC,1(&))) = Crr(@i) = Por(&)°
oGl

Other more general equations and formulae hold as well. Let n € N and n; +
coo4np =n. Y 0; =21 and z; = cosf; for each i € {1,...,n}, then for
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each I € {1,...,k} let ¢y = Op, o imy 41+ -+ Onyroin,. Then S5 ¢y = 2
and hence if 7; = cos(¢;) then by Corollary 3.16 we get

0= Py(r1,...,m1) = P(ECy,,...,ECy,),

where for each [ € {1,...,k} we have EC,,, = ECy, (Try 4ty 1415« - - s Ty ety ) -
In particular for k =n—-1and ny = --- =n,_9 =1 and n,_1 = 2, we have
P, 1(z1,...,2p-2,ECo(xp_1,2,)) = 0, something we can use to compute P,

recursively, as we will see in the next section.

4. THE POLYNOMIAL OF THE GENERAL FLOWER AND ITS IRREDUCIBILITY

In this section we deduce our second main result of this article: P, is irreducible
over Q. We first show that P, can be presented by a recursion, which we will
then use to prove its irreducibility.

Recall that by Claim 3.8 we have for n — 1 > 2 that

Gno1=Gp2U0p_9Gy_2 =Gy 2UGp 20,2
and O'nf2(yn71ESnf2) = —yn—1ES, 2.
Lemma 4.1. For n > 3 we have
(2, — ECh_1)(n — 0p_o(BECp_1)) =22 | + 22 — 1 — 22, 12,EC2_, + EC?_,,.
Proof. Since EC,,_1 = 2, 1EC,,_s — y,_1ES,,_2, we obtain by above

(xn - Ecnfl)(xn - O-nf2(ECn71))

= (xn — 2,1 EC,_2 + ynflESn72)

(xn - xnflECn72 - ynflESn72)
= (zn — xnflECn72)2 - ygflES%—2
= (2p — 2, 1EC, 2)? — (1 — xzfl)(l - EC%J)

n

= 22 422 —1—-2x, 12,BC2_,+EC2_,.
| ]

Let ECo(x;, xi41) = xixiy1 + yiyir1 be the conjugate of ECo(x;, z;41). By direct
computation and the definition of P, 1 we get
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P _i(x1,...,2n—2,ECo(xn_12n))Po1(z1, ..., 2n—2, ECa(xp_12,))

= H (EC2(zn-1,7s) — 0(ECp_2)) H (E_(b(xn—hxn)_U(ECn—ﬂ)

0€Gn—_2 0€Gn—2
= H ($n71$n — Yn—1Yn — O'(ECn,2)) H (xnflxn + Yn—1Yn — O'(Ecnf2))
0€Gn—_2 0€Gn—2
= H ((wn—lwn - U(Ecn—2))2 - yr%—ly?@)
ce€Gp_2
= ] (@n1zn—0(ECh2))® — (1 -2 )1 —22))
UEGn72
= H (221 + 27 — 1 — 2z, 12,0 (EC2_y) + 0(ECE_,))
ce€Gp_2
UEGn72

From this we can prove the following:

Theorem 4.2. The polynomials P, are completely determined by the following
recursion: P =x1 —1, Po =29 —x1 and forn >3

Py =Py 1(x1,..., 202, ECo(2n_1,70))Po1(21, ..., 2n_2, ECo(2n_1,7,)).

Proof. By Lemma 4.1 and the preceding paragraph we get

Po= ][] (@n—0(ECs1))

ce€Gpn_1

= H (xn — o(ECp_1))

UeGn72U0n72Gn72

= H (wn — a(ECn_l))(mn - UO’n—2(ECn—1))

UEGn72

= H o ((zn — (ECp-1)) (@ — on—2(ECp-1)))
c€Gp—2
c€Gp—2

= Py1(z1,...,2n-2,ECo(zp—1,2n)) - Poo1(x1,...,Tn—2, ECa(zn_1,2y)).
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Example. With the help of MAPLE [12] the first 5 polynomials P,, can now be
computed quickly and efficiently by the recursion in Theorem 4.2:

P1 = I1 — 1.
P2 = T9 — 1.
Py = Py(x1,ECa(x2,23)) P2 (21, ECy (22, 73))

= (wox3 — Yoy3 — 1) (T223 + Yoy3 — 71)
= 22 + x% + w% — 2z12073 — 1.

P4 = P3($1, 9, ECQ($3, $4))P3($1, 9, EC2($3, $4))
= (2] + 23 + (w304 — ysya)® — 20102(v324 — Yy3ys) — 1)

(2% + 23+ (2374 + y3ya)? — 22172 (2374 + Y3ya) — 1)

4 4 4 4 2,2 2,2 2,2 2.2 2.2 2.2
= I +x2 +fL’3 +fL’4 — 2(.%'1.%'2 +x2x3 +x3x4 +x1w4 +x1w3 +x2w4)

+ 4(atwdel + ajuial + atafal + fadad)

+ dayzox3as(2 — 23 — 23 — 23 — 23).

P5; = a display of terms on two letter size pages, see Appendix C.

The recursion given in Theorem 4.2, although fundamental for computation, is a
special case of a more general recursion that P, satisfies:

Claim 4.3. Let n,k > 2 and n1 + --- +np = n. By the right interpretation of
o; for each i € [k] (and with some abuse of notation) then P, = Py(x1,...,xy)
satisfies the following general recursion

Pn(xl, e ,.’L’n) = H Pk (Ul(ECnl (1‘1, ‘e ,.’L’nl)), O'Q(Ecn2 (.’L’n1+1, ‘e ,.’L’n1+n2)),
0;€Gp, -1
1€[k]

SN ,Uk(Ean (.Z'n_nk_H, .o ,wn))) .

This more general recursion of Claim 4.3, whose proof will be omitted, will not
be used to obtain our main result Theorem 4.5 here below. A proof of Claim 4.3
can be obtained by using induction and Theorem 4.2 as a stepping stone.

Example. We demonstrate how Claim 4.3 works by using it to compute Ps5 here
below:
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P5(1‘1, e ,1‘5)
= 11 P3(07 (ECa(21,22)), 05(EC1 (23)), 03 (ECa(24, 75)))

U§€G3:(03>, UiEGlz(Uﬂ, UéEGg:{e}

= 11 Ps(01(v122 — y1y2), 05(23), 05 (2425 — Yays))
04€G3=(03), 0 €G1=(01), 0,EGa={e}

= P3(z122 — y1y2, T3, a%5 — Yays) - Ps(z122 + y1y2, T3, aT5 — Yays)
- Py(x122 — y1y2, T3, a5 + Yays) - Ps(z122 + y1y2, T3, 4%5 + Yays)

= (w122 = y1y)” + 23 + (245 — yays)” — 2(w122 — Y1y2)w3(2425 — Yays) — 1)
(w122 + y1y2)? + 23 + (245 — yays)” — 2(z132 + Y1y2)z3(Tazs — yays) — 1)
(w122 — y1y2)? + 23 + (2425 + yays)” — 2(z132 — Y1y2)z3(Tazs + yays) — 1)
(w122 + y192)” + 23 + (2425 + yays)” — 2(x122 + y1y2)w3(Taws + Yays) — 1).

Expanded, this last product yields the same expression for P5 as given in Ap-
pendix C.

Our final goal in this section, and our second main result of the paper, is to
prove the irreducibility of P,. To illuminate our approach we state and prove the
following simplest case, that P3 = P3(x1,x2,x3) is irreducible.

Suppose Py = fg with f,g € Q[z1,x2,x3]. Since P3 is monic in x3, both f
and ¢ contain the variable x3, and hence both f and g are of degree 1 in x3
(unless f or g = P3.) Since Ps factors in Q(x1, z2, y1y2)[z3] as Py = (x3 — z129 —
y1y2)(x3 — 122 + y1y2) by definition of Ps, then since Q(z1,z2,y1y2)[z3] is a
unique factorization domain (UFD) we must have

{f,9} = {z3 — 122 — Y1y2, 23 — T172 + Y1Y2}

which contradicts the assumption that f,g € Q[z1,x2,x3]. Hence we have the
following observation:

Observation 4.4. The polynomial Ps(x1,x9,x3) is irreducible over Q.

Note that the same argument holds if Q is replaced with the complex field C in
the above.
We now use this same approach to prove the following:
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Theorem 4.5. For each n > 3 the polynomial P,(x1,...,xy,) is irreducible
over Q.

We will prove Theorem 4.5 by induction on n, assuming that P,,_; is irreducible
over Q. But before we can delve into that, we need to prove the following:

Lemma 4.6. Let n > 3. If P, is irreducible over Q then P,_1(ECy(z1,z2),
r3,...,%n) = Po1(122 — Y1y2, 23, ..., Ty) and P, 1(ECao(21,22),23,...,2,) =
P,_1(x129 + y1y2, X3, . . ., Ty) are irreducible in Q(x1,x2, y192)[x3, ..., Tn).

Proof. Let P}, := P,_1(z122—y1Y2, X3, - - . , &) and assume it factors as P;_; =
h*k* in the ring Q(x1,x2,y1y2)[3,...,xy]|, where both A* and k* involve x,.
Since Py-1 = [l,cq, ,(@n — 0(EC,_2)), we see that

w = [ (@0 — o(BCoa(@122 — y1ya, 25, 20))),
c€Gp—2

and hence both h* and k* must be products of these linear factors. In particular,
we can evaluate P;_; = h*k* at 1 = 1 and obtain

Pn,1($2, s ’xn) = (P;kal) |:B1=1 = (h*|I1*1) (kj*|$1*1) = hk

in Q(z2)[zs,...,x,], which is a UFD. By assumption P,_(z2,...,x,) is irre-
ducible in the ring Q[zo,...,z,] = Qzo][zs,...,z,] and hence also in
Q(z2)[zs, ..., xy] (as a monic polynomial in x,, [10, Lemma 6.13 p. 163]). There-

fore either h or k equals P,_1(z2,...,2,), which contradicts the fact that both
h* and k* involve x,,. Hence P;_; is irreducible. In the same way we obtain that
P,_1(z122 + 1y1Y2, T3, . . ., y) is irreducible. [ ]

Proof of Theorem 4.5. Let n > 3 and assume that P,_; is irreducible over
Q. Assume P, = fg with f,g € Q[x1,...,2z,]. We may assume f is irreducible.
Let ¢; : Q[z1,...,2,] — Q[z;] be the evaluation at x; = 1, that is ¢;(F) =
F(x1,...,2i-1,1,241,...,2y). Since ¢; is a Q-algebra homomorphism for each
i € [n] we have for i = 1 that

P1(Pn) = 61(f9) = 61(f)¢1(9) € Qlza, ..., 2]

But ¢1(P,) = Py_1(x2,...,2,)? € Q[xa,...,2,], which is a UFD. By the induc-
tive hypothesis, P,,_; is irreducible in Q[xa,...,x,]. Therefore, ¢1(f) = P,—1 =
¢1(g) (unless f = P,, in which case we are done since f is irreducible).

Viewing f,g € Q[z1,...,2n—1][zy], then since P, and P,,_; are monic in every
variable x; (and hence also in z,,,) we have

degl‘n (Pn) — 2n—3

deg:vn (f) = deg:vn (g) = 9
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By symmetry of P, for n > 3 from Theorem 3.15, and by Theorem 4.2 we have

Pn = nfl(EC2('r17 $2)’ z3, ... ,xn)Pnfl(EC2('r1a $2)’ z3, ... a'mn)

in Q(z1,z2,y192)[23,. .., 2], which is a UFD. By assumption we have P, = fg
where f € Q|x1,...,x,] is irreducible, and f|,,=1 = ¢1(f) = Pno_1(z2,...,2,)
which also by assumption is irreducible over Q. That f is also irreducible in

Q(x1,x2,y1y2)[T3, ..., 2] can now be seen in the same way as in the proof
of Lemma 4.6: namely, by evaluating at 1 = 1 and obtain a factorization of
Pn,1($2, s ’xn)‘

So we have
P, = fg= P, 1(ECo,x3,...,2,) P, 1(ECq,x3,...,2,)
in Q(x1,x2,y1y2)[r3, ..., x,], which is a UFD. Therefore we have
fe{P, 1(ECo,x3,...,2,), P,_1(ECo,x3,...,2,)},

By repeated application of Observation 3.17 we obtain

Po_1(ECy,1,...,1) = P(ECy)?" " = (BECy, — 1)¥"°
which is not contained in Q[zqy,...,z,]. Similarly P,_1(ECq, z3,...,x,) &
Q[z1,...,x,] and hence we have a contradiction, since f € Q[z1,...,xy,]. [ ]

Remark. Replacing Q with C in the previous proofs will yield the same result.

As a corollary we obtain the following, which in fact equivalent to Theorem
4.5:

Corollary 4.7. For n € N we have [Q(x1,...,2,,ECy) : Q(z1,...,2,)] =27 1.
In fact, for any m < n we have [Q(z1,...,7n, ECp) : Q(z1,...,2,)] = 271
We conclude this section with a summarizing result:
Corollary 4.8. For 1 <m <n we have
o Q(z1,...,2n, ECp) = Q(1, -+, Tny Y1Y25 -+ + s Ym—1Ym,)
o Gal(Q(z1,...,2,,ECp)/Q(z1,...,24,))
= Gal(@(xla <o Tny Y1Yy2, .- ’ymflym)/Q(xla s ’xn))
=¥/
o Poii(z,...,xm, X) € Q(a1,...,2,)[X] is the minimal polynomial of

EC,, = EC,, (21, ..., %) over Q(z1,...,Tp).
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5. CONCLUSION

Four mutually tangent circles, also known as Apollonian circles or Soddy circles,
have been studied for over two thousand years, starting with Apollonius of Perga
and continuing through Descartes, whose Theorem 2.5 is a formula relating the
curvatures of four mutually tangent circles in the Euclidean plane. In any such
Soddy circle configuration in the plane, where the disks are non-overlapping,
there is always a center circle, or an innermost circle. Needless to say, using
an appropriate inversion, which corresponds to a Md&bius transformation of the
complex plane, one can always make any of the disks the inner circle. Of great
interest in number theory, as demonstrated in [5], are such Soddy circles where
each curvature is an integer. Any inversion of Soddy circles with rational curva-
tures, and hence rational radii, yields Soddy circles with rational curvature/radii.
Since Soddy circles with rational radii also yield, by scaling, Soddy circles with
integer radii, the case studied in Section 2 covers all integer radii and integer cur-
vature Soddy circles. In particular, by scaling one can obtain all integer radii and
integer curvature Soddy circles from the parametrization in Theorem 2.4. What
is new about this given parametrization is that the rational parameters ¢; and 9
are free, as long as (¢1,t2) is contained within the region R in Figure 2. The im-
portance of integer curvature Soddy circles has further been demonstrated by the
comprehensive sequence of articles [6, 7], and [8] in which the M&bius transforma-
tions yielding integral curvatures are studied from a group theoretic perspective.
Integral curvature Soddy circles, and hence integral radii Soddy circles, are an
active area of research and most is still unknown, as demonstrated in [9] in which
heuristic data is used to back up various conjectures on Soddy circles of prime
curvature less than a given number.

Since any Soddy configuration of non-overlapping disks does have a center
circle and three outer circles tangent to it, it is quite natural to consider a gen-
eralization of this, namely a configuration of a center disk, which by scaling can
be assumed to have radius one, and then n > 3 disks tangentially touching the
center disk in a cyclic fashion. Hence a flower, or a coin graph representation of
the wheel graph W, is a natural generalization of a Soddy configuration. Further
knowledge about such general disk configurations would be valuable for studying
general planar circle packings where each circle is tangent to an arbitrary number
of other circles instead of only three, and in particular those with integral curva-
ture. To the best of the our knowledge, this article is the first to address the case
of rational/integer radii, and hence rational/integer curvature circles for n > 4.
As we saw in Section 3, an immediate difficulty is encountered when n > 4: the
mere fact that the outer radii rq, ..., r, are not uniquely determined by the inner
cosines x; = cos; fori =1,...,n. It is, however, clear that all the x; are rational
if the r; are rational.
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To determine all possible rational x; one must determine all rational points in the
affine variety of the polynomial P,(z1,...,z,) from Definition 3.7. This is easy
enough for Soddy circles when n = 3, but for n > 4 this becomes progressively
more difficult as P, is by Theorem 4.5 irreducible, and by Corollary 3.16 monic
of degree 2”2 in each variable ;. For n = 4, we have 2”2 = 4, and so we think
finding all rational points in the variety of P, is within reach, especially having
the recursion from Theorem 4.2 in mind.

Problem 5.1. What does a free parametrization (x1, 9,23, x4) of all rational
points in the affine variety of Py(x1,x2,x3,z4) look like?

We expect, and conjecture below, that each x; will have the form x; = p(t1,t2,t3)/
q(t1,t2,t3) where p and ¢ are rational polynomials with integer coefficients and
t1,19,t3 are free rational variables contained in a bounded open region. In general
we would like to see the following conjecture solved:

Conjecture 5.2. The free parametrization (x;,...,xy,) of all rational points in
the affine variety of P, has the form
_ p(tl, . e 7tn—1)
q(tl, e ,tn_l) ’
where p and q are rational polynomials with integer coefficients, and (t1,...,tn—1)

€ RNQ" ! where R is some open and bounded (n — 1)-dimensional region in
R* 1

Given a fixed rational point (p1, p2, p3, ps) satisfying Py(p1, p2,p3,p4) = 0, one
can then attempt to determine all the rational radii r; with cos 6; = p; for each 1.

Problem 5.3. For each fixed rational point (p1, p2, p3,p4) in the affine variety
of Py, what are the corresponding rational radii r1, 7o, 73,74 yielding the rational
cos; = p;?

And more generally we would like an answer to the following general version:

Problem 5.4. For each fixed rational point (pi,...,p,) in the affine variety
of P,, what are the corresponding rational radii rq,...,r, yielding the rational
cos 6; = p;?

With Theorems 4.2 and 4.5 in mind, a casual conclusion of the paper can per-
haps be summed up as follows: the “difficulty”, measured by the degree of the
wrreducible polynomial P, in each of the variables x;, in determining all the ra-
tional radii, and hence integer curvature, of a coin graph representation of the
wheel graph W, forn > 4, grows “exponentially” as n tends to infinity. Although
determining all the rational cosines z1,...,x, satisfying P, is hard, it certainly
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seems easier than determining all the rational radii r1,...,r,, especially since we
have (1) for each i € {1,...,n}.

Remarks. (i) It is evident that this paper has dealt exclusively with Soddy
disks in the Euclidean plane. It is, however, natural to ask whether this can be
generalized to higher dimension, in particular to three dimensions, and consider
arrangements of touching spheres in R3. After all, Descartes’ Theorem 2.5 does
have a natural generalization, namely the Soddy-Gosset Theorem:

n+2 1 n+2 2
ne-a ()

where b; = 1/r; are the oriented curvatures of n + 2 mutually tangent spheres
in R" for every n > 2. However, the mere case n = 3 has been shown to be
notoriously difficult; even the kissing number for n = 3, the maximum number
of non-overlapping radius one spheres that can touch a given radius one sphere,
was proved to be equal to 12, but not until 1953 [3, p. 93]. But unlike dimensions
n = 1,2 there is quite a bit of “wiggle room” when attaching 12 radius one spheres
to a given radius one sphere for n = 3. Hence it seems difficult at best to obtain
algebraic conditions for a set of general radii spheres all touching a given sphere
of radius one, if they are all mutually touching. To the best of our knowledge,
no one has yet ventured into an investigation of algebraic relations of the radii
of more than four non-overlapping spheres all touching a given sphere, let alone
rational radii spheres in R3.

(ii) Finally, Soddy circles in the Euclidean plane yield a 3-petal flower, a
coin representation of the wheel graph Ws3. In such a coin graph, all the disks
are non-overlapping and hence no disk properly contains another. This setting
corresponds to all curvatures being oriented with the same sign, which we can
assume to be positive. However, embedding the n-flower into the complex plane
C in such a way that the center unit disk is given by |z| < 1, then the inversion
z + 1/Z of the unit circle yields a configuration where we have n circles touching
the unit disk on the inside of it. This corresponds to the curvature of the unit
disk having a different sign from the curvatures of the other disks inside it. By an
appropriate Mobius transformation, we can choose any of the disks of an n-flower
to have a curvature of different sign from the others. However, we have for the
sake of consistency focused our attention on n-flowers, for which the disks are
non-overlapping and hence all the curvatures oriented with the same sign.
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A. (GENERALIZATIONS OF THE PYTHAGOREAN TRIPLES

In the following, a primitive solution is a solution where z,y, and z are pairwise
relatively prime. To prove Theorem 2.1, we need the following;:

Claim A.1. If r,s,t are positive integers such that r and s are relatively prime
and rs = t> then there are relatively prime integers m and n such that r = m?
and s = n?.
Proof of Theorem 2.1. Note that ged(b, ¢) = 1. This proof follows and extends
the exposition in [13].

Assume z, ¥y, z form a primitive solution. In this case, x and y cannot both be
even.

Case 1. x,y are both odd. Then 22 = 1 (mod 4) and y?> = 1 (mod 4),
giving 22 = 1 + 8 (mod 4). Since 22 = 0,1 (mod 4), then 8 = 0 or 8 =
3 (mod 4) must hold. However, § = 0 (mod 4) implies that 4 divides S,
contradicting the assumption that § is square-free. So the only case to consider
here is the case where z is even and § =3 (mod 4).

(8) By = 22—a2?=(z+2)(z—2).

Letting ged(z 4+ z, 2 — ) = d we get that d divides both z + z + z — x = 2z and
z+4+x — (2 —x) = 2x. Since z and z are relatively prime, d = 1 or 2. Since both
z+x and z — x are odd, then d = 1 must hold. Since now ged(z +z,z —x) =1
we have from (8) that for some factorization 8 = bc then r = z + x is divisible
by b and s = z — x is divisible by ¢. Since ged (%, %) = 1, we have by Claim

2 2

A.1 that m? = 5 and n? = 2, and hence y = mn, v = 5* = me*C”, and
5 = r+s _ bm2+cn?
-2 2 :

Case 2. x is even and y is odd. Then 2> =0 (mod 4) and y> =1 (mod 4),
giving 22 = 8 (mod 4). Therefore 3 =0o0r 3 =1 (mod 4). However, 3 = 0
(mod 4) implies that 4 divides (3, again contradicting the assumption that 3 is
square-free. So the only case to consider here is the case where z is odd and 5 = 1
(mod 4), which proceeds exactly as in case 1.

Case 3. x is odd and y is even. Then 22 =1 (mod 4) and y> =0 (mod 4),
giving 22 =1 (mod 4), and so z is odd.

Unlike cases 1 and 2, z+x and z—x are both even. Letting gcd (ZJZFI, Z;”) =d

we get that d divides W = zand ZM_T(Z_I) = z. Since = and z are relatively
By?
4

z+x zZ—x
2 2 -
= be. Since

% and hence

prime, d = 1. Now we have = rs where r = and s Hence
b divides r and c¢ divides s for some appropriate factorization
ged (%, %) = 1, so we have by Claim A.1 that m? = 7 and n?

y=2mn,x=1r—5=>bm?—cn? and z =r + s = bm? + cn?.

= |
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For the other direction, first we show that z,y, 2z as given in Cases 1 and 2 do
form a solution:

24 By = (bm2—cn

5 2>2 + B(mn)?

_ (bm?)? — 2brr;2cn2 + (en?)? + Blmn)?
_ (bm?)? + 28m2n? + (en?)?
4

B bm?2 + cn? 2
— 5 )

— (bm? — cn?)” + B(2mn)?
= (bm?)* — 2bm>cn® + (cn®)* + B(2mn)?
= (bm?)? + 28m?n? + (cn?)?

Also for case 3 we get:

$2 + By2

= (bm2 + cn2)2

To show that the triple is primitive for Cases 1 and 2, assume on the contrary
that ged(x,y,2) = d > 1. Then there is a prime p that divides d. This p divides

. . 2_ 2 2 2
x and z and also their sum and difference: x + z = 22 > en” | bm ;c" = bm? and

2 .2 2 2 . . .
r—z=lm 5 en” _ bm ; <n” — en?. This contradicts the assumption that bm? and

cn? are relatively prime.

For Case 3, again assume on the contrary that (z,y,2) = d > 1. Then there
is an odd prime p that divides d. p # 2 because = and z are both odd. This p
divides = and z and also their sum and difference: z+2z = 2bm? and x —z = 2en?.

Again, this contradicts the assumption that bm? and cn? are relatively prime. m

B. PROOF OF OBSERVATION 2.3

Proof. As each 0; is an angle in a triangle formed by the three mutually tangent
coins, we have that 6; < 180°. On the other hand, keeping the radius of the
center coin fixed (say, at » = 1) and letting r; = 1,11 — 00, we see that 6; — 180°
from below. We also see from this scenario that the other two angles tend to 90°
from below.

What remains to show is that 6; > 90° for each i. It suffices to show this for
1 = 1. By keeping the radii 1 and ro fixed and letting r3 — oo, the radius r
of the central coin will increase and 61, the angle between the first and second
coins, will decrease. Figure 4 illustrates this situation.
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Figure 4. A 3-petal flower where the radius of one petal is increased to infinity.

It suffices to show that 61 > 90° for this case. If we start with Figure 4 and draw a
line parallel to the infinite circle that goes through the center of the central coin,
we have 2 right triangles with side lengths r; — r,r; +r and, by the Pythagorean
theorem, 2,/r;r for each i = 1,2. Therefore, the length of the segment forming
the bottom of the rhombus, formed by the center of the two outer circles and
their touching points to the infinite circle, is 2 (\/7“1_7‘ + \/7‘2_7‘) We can now draw
a segment parallel to this segment and passing through the center of the coin
with the smaller radius. Without loss of generality we may assume r; < ro. Now
we have a right triangle with side lengths 2 (\/7"1_7" + \/7“2_7") ,7o — 11 and 1 4+ 1o
and hence by the Pythagorean theorem we have 4 (\/7"1_7" + \/7"2_7“)2 +(rg—m1)? =
(r1 + 72)%, which can be solved for r, obtaining

172

(Vi + )

r =
With this expression for r, it suffices to show that

9) (r1+712)? > (r+r1)* 4 (r+12)°

which implies §; > 90°. Letting X = (/71 + /r2)?, we get by algebraic ma-
nipulation that (9) is equivalent to X2 — (11 + r2)X — rire > 0, and since
X% — (r1 +r2)X = 2,/r1r2, this is equivalent to 2(ry + r2) 4+ 3y/r1r2 > 0, which
clearly holds. Hence, 61 > 90°. [
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C. THE POLYNOMIAL P;

Ps = Py(z1, 9,23, ECy(24,25)) - Py(x1, 22, 23, ECy (24, 5))

2,9 2,22
= w5 8x1x2x3w4x5 — 8x3x4wg + 4362305 4x5 + 4x3x5 + 16x1w2x3xg

— 8x322a8 — 8x3xial — 8x3xdal — 8xiadal + 423ab — 8xdaiad
+ 1622232328 + 1623232328 + 42228 + 1623232328 + 4071 23237423

+ 40x1x2x3xixg — 32x§’x2x3xix§ + 40x:{’x2x3x4x2 — 32x§’x2x§x4x§

— 32x1x§x§x4x2 — 32x1x%’x3xixg — 24x1x2x3x4xg — 32xi{’x%’x3x4xg

— 32m1 20732322 + 4031 Tox3 47} + 64230303 0s — 16270303

+ 28237228 — 1623xxd — 242222220t + 28222228 — 122302

+ 28237228 — 1623x3xd — 16232522 + 64x3x3x52%2t — 2403232523

+ 16zjzixd — 120323 — 2422222322 + 622 + 6232} — 16232322

— 16232172 + 6xfas + 64xtzdadaiat + 162taia? + 16252322

— 16xiz3rd — 2403232322 + 162]032d + 1623252t + 62328 — 122322
— 144222303032t + 6402 x323adad + 28222322 — 16252303

— 16z32323 — 16252323 + 28232322 + 2823232 — 12232} — 16212323
+ 6zizs — 1623 xi2d + 1625223 + 11223 p0a3 2423 + 11223 20232323
+ 4Ow1w2ng4w5 32x1x2x3w2x5 — 32w1w2w3x4w5 + 112w1x2w3x4x§

+ 40m1$2$3x4$5 + 403:13:23333643:5 + 40m1$2$3xf’1$5 — 323:@23:33623:%’

— 1123:@%3:336433% — 32x1x2$gazixg’ — 32x‘;’$2x§m4$§ — 1123:?@3:33:433%

+ 1123:1:U23:§m4335 — 32m1x2$gaz4x5 323:1:U23:§m4$5 — 32x1x2$3xixg’

— 32x1m2m3x4m5 + 112x1x2$§x4x5 + 112x1x2$3xix5 — 1123:1:U23:§m4$§

— 11221 20m37323 + 722120237403 — 1282323232328 — 3200337423

— 3203woxdaga — 32w woxdaiad + 1623252322 + 28220402 + 287 adal
— 8x3a8x? — 12xia2 — 162{xie? + 1622232822 — 2402 232da? — 8abada?
— 32232322 — 24x3232ia? — 16270502 — 8xSxiw2 + 4023232322

— 16z xia? — 24atadaia? + 28xdx3a? — 8a3ala? + 64x3xiaiaial

— 32032322 — 162502 — 122822 + 28232322 — 14403 23xiaia?

+ 1623282322 + 2823 xia2 + 42822 + 64atadaizia? — 24aiadaia?

+ 28zdx32? — 8x8a3a? + 1620232322 + 1623232522 + 1623232822
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+ 122322 — 24aia30322 + 1623252302 — 2403 x52222 — 8x32§a?

+ 64rir3ziaia? + 1922323030322 — 122522 — 240232322 + 122322

— 82228522 + 4002232222 — 24a33xta? — 32222302 + 64xtadaiaial

+ 28x3xjat — 8xala? — 4a2 + 42822 + 122322 + 28z 2322 — 16282322
+ 1628232322 — 825x322 + 1628232322 + 64xixizdaia?

— 24x3x3xia? + 120322 + 1622232822 + 16252323202 + 1623252322

+ 4023232322 — 8x3aba2 — 242325 ia2 — 1623 2t2E + 28232522

— 144232323z ia? + 28252302 — 8aSaia? — 32232322 + 64aixda3adad
+ 40x3 232302 — 243 xiada? — 14422 xiadaia? — 120122 + 4252

+ 28227522 — 144xtadadaia? — 82§32 + 28x1ada? — 3223232

— 32022322 + 42522 — 24atadada? — 24x2drsw4ms — 112203 m02373 25

— 1122323 w37475 + 402320050475 — 11201 20232305 — 3201 23230325

— 32xi{’x2x§xix5 — 8x1x2x§x4x5 + 40x:{’x2x3xix5 — 24x1x2x3x2x5

— 1127 23237375 + 4071232033475 + 4071 23232505 — 3205 W07 R 5

— 32x?x%x§x4x5 + 40x:{’xgx3x4x5 — 8x1xgx3x4x5 — 8x1x2x3x1x5 + 112x1x§x§xix5

+ 40x1x3x3xim5 — 112xi{’x2x§x4x5 + 40x‘;’x2x§x4x5 + 72x1x2x§x4x5

— 32x1w§x§xiw5 + 72w1x§w3w4x5 + 40x?w§x3x4w5 + 40w5{x2w3w2x5

— 32x?w§x3xiw5 — 24w1x2w§w4x5 — 32x?w§x3x;}w5 — 32w‘z’x§w3wix5

— 32x1w3x§x;}w5 + 112x?w§w3x;}w5 + 40x1x2x§wix5 — 40x1 032425

+ 40x1w2x§xiw5 — 32w5{x§w§w4x5 — 112w1x§x§w4x5 — 24w51’w2w3x4w5

— 32x?w§’x§x4w5 + 72w1x2w3w2x5 — 8w{w2w3x4w5 + 112w‘z’x%w§w4x5

+ 112w§’x2x§wix5 — 32w‘z’w2w§xiw5 + 40x1x%x§w4x5 + 72w‘z’w2w3x4w5

+ 28x{x322 + 1623052323 — 24222303x] + 2823 23a] — 8x3ada

— 1622232} + 2823323 + 28xFa32? — 32032323 — 8x2x32§ + 423§

— 2422237322 — 122221 + 1623252] + 1623032527 + 40328 — 32232323

+ dada§ — 24x3x3232% — 122503 + 28222523 + 6xia] — 162iw3x] + 28232522

+ 122222 + 6xdx] + 1627230] — 8x3x3x§ — 122327 — 32232327 — 8x32523

+ 122322 + 42523 — 16272303 — 16242522 + 4023320322 + 625 — 8x52322

— 423 — 1623x3x] + 2§ — 122321 — 16252327 + 6212 — 16277503 — 122723
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+ 16xfziz] — 423 — 8x3a8a? + 2§ — 8232823 — 162 2d2? + 28232323

+ 4z§2? + 162tx525 + 1629232323 + 122323 + 4222§ + 42228 + 42§22

— 823232 + 1622032228 — 42§ — 8282322 — 122323 — 162f252% — 12233

— 122323 — 16232527 + 120223 + 28 + 42822 — 2421232323 — 8222523

+ 627 + 120323 + 28232221 + 62i25 + 627 + 28217323 + 28752322 + 62575

— 32022322 + 42228 — 423 — 429 — 423 — 82§2%a? + 2§ — 16212327 — 162225323
+ 42823 + 62527 — 42§ — 8282322 — 1220323 + 122222 — 122223 + 28222227

— 122123 + 28222523 + 1 — 42§ — 122322 + 625 + 42822,
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