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Abstract

Let M be a 2 and 3-torsion free prime Γ-ring, d a nonzero derivation on
M and U a nonzero Lie ideal of M . In this paper it is proved that U is a
central Lie ideal of M if d satisfies one of the following

(i) d(U) ⊂ Z,

(ii) d(U) ⊂ U and d2(U) = 0,

(iii) d(U) ⊂ U , d2(U) ⊂ Z.
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1. Introduction

The concept of a Γ-ring was first introduced by Nobusawa [5], and generalized
by Barnes [1] as follows: A Γ-ring is a pair (M , Γ) where M and Γ are additive
abelian groups for which there exists a map from M × Γ ×M to M (the image
of (x, α, y) was denoted by xαy) such that
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(i) (x+ y)αz = xαz + yαz,

x(α+ β)y = xαy + xβy,

xα(y + z) = xαy + xαz,

(ii) (xαy)βz = xα(yβz),

for all x, y, z ∈M and α, β ∈ Γ, then M is called a Γ-ring.
Recall that a Γ-ring M is called prime if for any two elements x, y ∈ M ,

xΓMΓy = 0 implies either x = 0 or y = 0, and M is called semiprime if xΓMΓx =
0 with x ∈M implies x = 0. Note that every prime Γ-ring is obviously semiprime.
An additive mapping d:M → M is called a derivation if d(xαy) = d(x)αy +
xαd(y) for all x, y ∈M and α ∈ Γ. An additive subgroup I of M is called a left
(right) ideal of M if MΓI ⊂ I (IΓM ⊂ I). If I is both left and right ideal of M ,
then we say I is an ideal of M . The set Z = {x ∈M ;xαy = yαx for all x, y ∈M
and α ∈ Γ} is called the center of M . An additive subgroup U of M is said to be
a Lie ideal of M if [u, x]α ∈ U , for all u ∈ U, x ∈ M and α ∈ Γ. M is n-torsion
free if nx = 0, for x ∈M implies x = 0, where n is an integer. The commutator
xαy−yαx will be denoted by [x, y]α. We will use for all x, y, z ∈M and α, β ∈ Γ,
the basic commutator identities:

[xαy, z]β = xα[y, z]β + [x, z]βαy + x[α, β]zy, and

[x, yαz]β = yα[x, z]β + [x, y]βαz + y[β, α]xz.

Throughout this paper, We consider the following assumption xαyβz = xβyαz,
for all x, y, z ∈ M and α, β ∈ Γ and it will be represented by property (∗) is a
central.

According to the assumption property (∗), the above two identities reduced
to

[xαy, z]β = xα[y, z]β + [x, z]βαy, and

[x, yαz]β = yα[x, z]β + [x, y]βαz.

The relationship between the derivations and Lie ideals of a prime ring has been
investigated by a number of authors (see [2, 3] and [4]). In [2], Bergen, Herstien
and Kerr showed that if U is a nonzero Lie ideal of a 2-torsion free prime ring
R and d a nonzero derivation of R such that d2(U) = 0 or d2(U) ⊂ Z then U is
central. Our aim in this paper is generalized the above results in prime Γ-rings
with Lie ideals.

2. The results

For proving the main results, we have needed some important lemmas. So we
start as follows:
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Remark 1. Let M be 2-torsion free prime Γ-ring and d a derivation of M . Then
for all x, y ∈M and α ∈ Γ, we have the followings:

(i) If d2 = 0 on M, then d = 0,

(ii) d([x, y]α) = [d(x), y]α + [x, d(y)]α,

(iii) d2(xαy) = d2(x)αy + 2d(x)αd(y) + xαd2(y),

(iv) d3(xαy) = d3(x)αy + 3d2(x)αd(y) + 3d(x)αd2(y) + xαd3(y).

Lemma 2 ([6], Lemma 1). Let M be 2-torsion free prime Γ-ring and Z the center
of M . Then the following are satisfied:

(i) If x ∈ Z, and xΓy = 0, then either x = 0 or y = 0.

(ii) If x ∈ Z, and xΓy ⊂ Z, then either x = 0 or y ∈ Z.

Lemma 3 ([3], Lemma 2). Let 0 6= U be a Lie ideal of a 2-torsion free prime
Γ-ring M and U * Z. If for a, b ∈M such that aΓUΓb = 0, then a = 0 or b = 0.

Lemma 4. Let U be a nonzero Lie ideal of prime Γ-ring M . If [M,U ]α ⊂ Z,
then U ⊂ Z.

Proof. For all x ∈M,u ∈ U and α ∈ Γ, we have [x, u]α ∈ [M,U ]α.
Replacing x by xβu, we get

[xβu, u]α = [x, u]αβu ∈ Z, for all x ∈M , u ∈ U and α, β ∈ Γ.

Since [x, u]α ∈ Z, then by Lemma 2(ii) we obtain [x, u]α = 0 or u ∈ Z, then the
result required.

Lemma 5. Let 0 6= U be a Lie ideal of 2-torsion free prime Γ-ring M satisfying
property (∗). If [U,U ]Γ = 0, then U ⊂ Z (If U is a commutative Lie ideal, then
U is central ).

Proof. For all x ∈ M,u ∈ U and α ∈ Γ, we have [u, x]α ∈ U . Hence by
hypothesis we have

[u, [u, x]α]β = 0, for all x ∈M , u ∈ U and α, β ∈ Γ.

Equivalently

uβ[u, x]α = [u, x]αβu, for all x ∈M,u ∈ U and α, β ∈ Γ.(1)

Replacing x by xαy, for y ∈M and α ∈ Γ, we get

uβxα[u, y]α + uβ[u, x]ααy = xα[u, y]αβu+ [u, x]ααyβu.(2)
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Using (1) for uβ[u, x]α = [u, x]αβu and [u, y]αβu = uβ[u, y]α in (2) we obtain

uβxα[u, y]α + [u, x]αβuαy = xαuβ[u, y]α + [u, x]ααyβu.

Using property (∗) we get 2[u, x]αβ[u, y]α = 0. Since M is 2-torsion free, this
leads to

[u, x]αβ[u, y]α = 0, for all x, y ∈M,u ∈ U and α, β ∈ Γ.

Replacing y by yγx, we find that

[u, x]αβyγ[u, x]α = 0, for all x, y ∈M,u ∈ U and α, β, γ ∈ Γ.

Thus [u, x]ΓΓMΓ[u, x]Γ = 0, for all x,∈ M,u ∈ U . By primeness of M , we
conclude [u, x]Γ = 0, yields U ⊂ Z.

Lemma 6. Let U be a nonzero Lie ideal of 2-torsion free prime Γ-ring M and d
a nonzero derivation of M . If a ∈ U such that [a, d(x)]α = 0, for all x ∈M and
α ∈ Γ, then a ∈ Z.

Proof. By hypothesis we have [a, d(x)]α = 0, for all x ∈M and α ∈ Γ.

Replacing x by xβy, we get

0 = [a, d(xβy)]α

= [a, d(x)]αβy + d(x)β[a, y]α + xβ[a, d(y)]α + [a, x]αβd(y)

= d(x)β[a, y]αa+ [a, x]αβd(y).

Replacing x by d(x), we obtain

d2(x)β[a, y]α = 0, for all x, y ∈M and α, β ∈ Γ.

Replacing y by zγy, we get

d2(x)βzγ[a, y]α = 0, for all x, y, z ∈M and α, β, γ ∈ Γ.

By primeness we get d2(x) = 0 or [a, y]α = 0, since d 6= 0, therefore a ∈ Z.

Theorem 7. Let U be a nonzero Lie ideals of a 2-torsion free prime Γ-ring M
and d a nonzero derivation of M . If d(U) ⊂ Z, then U ⊂ Z.
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Proof. suppose that U * Z, then by Lemma 5 we have V = [U,U ] * Z. Let
u,w ∈ U , hence from

d([u,w]α) = [d(u), w]α + [u, d(w)]α = 0.

Since d(u), d(w) ∈ Z. It follows that d(V ) = 0.

Let v ∈ V,m ∈M and α ∈ Γ, since d(v) = 0 and d([v,m]α) = 0, we get

[v, d(m)]α = 0, for all v ∈ V,m ∈M and α ∈ Γ.

Therefore by Lemma 6 we get v ∈ Z, contradiction. Accordingly, U ⊂ Z.

Lemma 8. Let U * Z be a Lie ideal of 2-torsion free prime Γ-ring M and d a
nonzero derivation of M . If a ∈M and aΓd(U) = 0 (d(U)Γa = 0), then a = 0.

Proof. For all u ∈ U , x ∈ M and α ∈ Γ we have [u, x]βγu ∈ U . By hypothesis
we have

0 = aαd([u, x]βγu)

= aα[u, x]βγd(u), forallx ∈M,u ∈ Uandα, β, γ ∈ Γ.

Replacing x by d(v)λx, we get

aαuβd(v)λxγd(u) = 0, for all u, v ∈ U , x ∈M and α, β, γ, λ ∈ Γ.

By primeness we obtain aαuβd(v) = 0 or d(u) = 0.

Now let K = {u ∈ Uaαuβd(v) = 0} and L = {u ∈ U |d(u) = 0}. Since K
and L are additive subgroups of U and U = K ∪ L, but a group can’t be union
of its two proper subgroups and hence U = K or U = L.

According to Theorem 7, d(U) 6= 0, which proves that U = K. Hence we get
aΓUΓd(v) = 0, for all v ∈ U . By Lemma 3 we get a = 0 or d(v) = 0, again by
Theorem 7 d(U) 6= 0, therefore a = 0.

Theorem 9. Let M be a 2-torsion free prime Γ-ring, U be a nonzero Lie ideal
of M and d be a nonzero derivation of M . If d2(U) = 0 and d(U) ⊂ U , then
U ⊂ Z.

Proof. Suppose that U * Z, for all x ∈M , u ∈ U and α ∈ Γ we have [x, u]α ∈ U .
Since d2(U) = 0, then by using Remark 1 we get

0 = d2([xβu, u]α)

= d2([x, u]α)βu+ 2d([x, u]α)βd(u) + [x, u]αβd
2(u).
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Since M is 2-torsion free and d2(U) = 0, then we get

d([x, u]α)βd(u) = 0, for all x ∈M , u ∈ U and α, β ∈ Γ.

Replacing u by u+ d(u), we get d([x, d(u)]αβd(u) = 0, so that

[d(x), d(u)]αβd(u) = 0, for all x ∈M , u ∈ U and α, β ∈ Γ.

According to Lemma 8 we get [d(x), d(u)]α = 0 for all x ∈M,w ∈ U and α ∈ Γ,
therefor by Lemma 6 we conclude that d(U) ⊂ Z, which is contradicts Theorem
7, this prove the theorem.

Lemma 10. Let M be a 2 and 3-torsion free prime Γ-ring, U be a nonzero Lie
ideal of M and d be a nonzero derivation of M . If d(U) ⊂ U , d2(U) ⊂ Z and
d3(U) = 0 then U ⊂ Z.

Proof. For all x ∈ M , u ∈ U and α ∈ Γ we have [x, u]α ∈ U . Since d3(U) = 0,
then we obtain d3([x, u]α) = 0. Replacing x by xβu and using Remark 1(iv) we
get

0 = d3([xβu, u]α)

= 3d2([x, u]α)βd(u) + 3d([x, u]α)βd2(u).

Since M is 3-torsion free, then we get

d2([x, u]α)βd(u) + d([x, u]α)βd3(u) = 0, for all x ∈M , u ∈ U and α, β ∈ Γ.

Replacing u by d(u) and using d2(U) = 0 we obtain

d2([x, d(u)]α)βd2(u) = 0.

Since d2(U) ⊂ Z, then by Lemma 2(i) we get

d2([x, d(u)]α) = 0 or d2(u) = 0.(3)

If d2([x, d(u)]α) = 0, then replacing x by xβd(u) we obtain

0 = d2([xβd(u), d(u)]α)

= d2([x, d(u)]αβd(u))

= d2([x, d(u)]αβd(u) + 2d([x, d(u)]αβd
2(u) + [x, d(u)]αβd

3(u)).
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Since d3(U) = 0, M is a 2-torsion free and by relation (3), then the last equation
reduced to

d([x, d(u)]αβd
2(u) = 0, for all x ∈M , u ∈ U and α, β ∈ Γ.

Since d2(U) ⊂ Z, then by Lemma 2(i) we get d([x, d(u)]α = 0 or d2(u) = 0.

If d([x, d(u)]α = 0, then replacing x by xγd(u), we obtain

0 = d([xγd(u), d(u)]α)

= d([x, d(u)]αγd(u))

= d([x, d(u)]α)γd(u) + [x, d(u)]αγd
2(u)

= [x, d(u)]αβd
2(u).

Since d2(U) ⊂ Z and d(U) ⊂ U , then by Lemma 2(i) we get [x, d(u)]α = 0 or
d2(u) = 0. If [x, d(u)]α = 0, then we have d(u) ⊂ Z. Hence from relation (3) we
have either d(u) ⊂ Z or d2(u) = 0.

Now let K = {u ∈ U |d(u) ⊂ Z} and L = {u ∈ U |d2(u) = 0}. Since K and L
are additive subgroups of U and U = K∪L, but a group can’t be union of its two
proper subgroups and hence U = K or U = L. If U = K, that is d(u) ⊂ Z, then
by Theorem 7 we get U ⊂ Z, or U = L, that is d2(u) = 0, hence by Theorem 9
we get U ⊂ Z.

Theorem 11. Let M be a 2 and 3-torsion free prime Γ-ring, U be a nonzero Lie
ideal of M and d be a nonzero derivation of M . If d(U) ⊂ U and d2(U) ⊂ Z,
then U ⊂ Z.

Proof. For all x ∈M , u ∈ U and α ∈ Γ we have

d2([x, u]α) ∈ Z.(4)

Replacing x by xβd2(v), where v ∈ U and β ∈ Γ, and using d2(U) ⊂ Z, we get

2d([x, u]α)βd3(v) + [x, u]αβd
4(v) ⊂ Z, forallu, v ∈ U, x ∈Mandα, β ∈ Γ.(5)

Replacing x by xγd2(w) in relation (5), where w ∈ U and γ ∈ Γ, and using
d2(U) ⊂ Z and M is 2-torsion free, then the relation (5) reduced to

[x, u]αγd
3(w)βd3(v) ∈ Z, for all v, u, w ∈ U , x ∈M and α, β, γ ∈ Γ.
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Since d2(U) ⊂ Z and d(U) ⊂ U , then d3(U) ⊂ Z and thus by Lemma 2(ii) we
have d3(U) = 0 or [x, u]α ⊂ Z. Therefore if d3(U) = 0, hence by Lemma 10 yields
U ⊂ Z. If [M,U ]α ⊂ Z, then by Lemma 4 we get U ⊂ Z.
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