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Abstract

Let M be a 2 and 3-torsion free prime I'-ring, d a nonzero derivation on
M and U a nonzero Lie ideal of M. In this paper it is proved that U is a

central Lie ideal of M if d satisfies one of the following
(i) d(U) C Z,

(ii) d(U) c U and d*(U) = 0,

(iii) d(U) Cc U, d*(U) C Z.
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1. INTRODUCTION

The concept of a I'-ring was first introduced by Nobusawa [5], and generalized
by Barnes [1] as follows: A TI'-ring is a pair (M, I') where M and T are additive
abelian groups for which there exists a map from M x I' x M to M (the image

of (z,,y) was denoted by zay) such that
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(i) (z+y)az =zaz+ yaz,
z(a + By = zoy + xPy,
za(y + z) = zay + raz,

(ii) (zay)Bz = za(ybz),

for all x,y,z € M and «, 5 € I, then M is called a I'-ring.

Recall that a I'-ring M is called prime if for any two elements z,y € M,
xI'MTy = 0 implies either z = 0 or y = 0, and M is called semiprime if I’ MTx =
0 with x € M implies = 0. Note that every prime I'-ring is obviously semiprime.
An additive mapping d: M — M is called a derivation if d(zay) = d(x)ay +
zad(y) for all x,y € M and o € I'. An additive subgroup I of M is called a left
(right) ideal of M if MT'I C I (IT'M C I). If I is both left and right ideal of M,
then we say I is an ideal of M. The set Z = {z € M;zay = yax for all z,y € M
and « € '} is called the center of M. An additive subgroup U of M is said to be
a Lie ideal of M if [u,z], € U, for all u € U,z € M and o € I'. M is n-torsion
free if nx = 0, for x € M implies z = 0, where n is an integer. The commutator
zay —yax will be denoted by [z, y]o. We will use for all z,y,z2 € M and o, 5 € T,
the basic commutator identities:

[zoy, z|g = zaly, 2] + [z, z|gay + x|, B].y, and
[z, yaz]g = yalz, 2]p + [z, ylpaz + y[B, als2.

Throughout this paper, We consider the following assumption xayBz = zfyaz,
for all x,y,z € M and o, € T and it will be represented by property (x) is a
central.

According to the assumption property (x), the above two identities reduced
to

[zoy, z|g = zaly, z]g + [z, z]gay, and

[z,yaz]g = yalz, 2] + [z, y]pz.

The relationship between the derivations and Lie ideals of a prime ring has been
investigated by a number of authors (see [2, 3] and [4]). In [2], Bergen, Herstien
and Kerr showed that if U is a nonzero Lie ideal of a 2-torsion free prime ring
R and d a nonzero derivation of R such that d?>(U) = 0 or d*(U) C Z then U is
central. Our aim in this paper is generalized the above results in prime I'-rings
with Lie ideals.

2. THE RESULTS

For proving the main results, we have needed some important lemmas. So we
start as follows:
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Remark 1. Let M be 2-torsion free prime I'-ring and d a derivation of M. Then
for all x,y € M and a € T", we have the followings:

(i) If d> = 0 on M, then d = 0,
(i) d([z, yla) = [d(2), yla + [z, d(y)]a,
(i) d*(vay) = d*(z)ay + 2d(z)ad(y) + zad?(y),
(iv) &*(zay) = d*(z)ay + 3d*(x)ad(y) + 3d(z)ad(y) + zad’(y).
Lemma 2 ([6], Lemma 1). Let M be 2-torsion free prime I'-ring and Z the center
of M. Then the following are satisfied:
(i) If v € Z, and 2Ty = 0, then either x =0 or y = 0.
(ii) Ifz € Z, and 2Ty C Z, then either x =0 ory € Z.

d
d?

Lemma 3 ([3], Lemma 2). Let 0 # U be a Lie ideal of a 2-torsion free prime
L-ring M and U € Z. If for a,b € M such that aTUTb = 0, then a =0 or b = 0.

Lemma 4. Let U be a nonzero Lie ideal of prime I'-ring M. If [M,U], C Z
then U C Z.

Proof. For all x € M,u € U and a € T, we have [z,u], € [M,U],.
Replacing x by zfBu, we get

[zfu,ulq = [z,u]ofu € Z, for all z € M, u € U and o, B € T.

Since [z, u|o € Z, then by Lemma 2(ii) we obtain [x,u|, = 0 or u € Z, then the
result required. u

Lemma 5. Let 0 £ U be a Lie ideal of 2-torsion free prime I'-ring M satisfying
property (x). If [U,U]r =0, then U C Z (If U is a commutative Lie ideal, then
U is central).

Proof. For all x € M,u € U and a € T, we have [u,z], € U. Hence by
hypothesis we have

[u, [u,z]a]g =0, forallz € M, v e U and a, €T

Equivalently
(1) ufu, x)q = [u, z]ofu, for all x € M,u € U and o, B € T
Replacing x by zay, for y € M and a € I, we get

(2) ufzafu, yla + ublu, ]aay = zafu, ylafu + [u, z]oayLu.
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Using (1) for ufu, x]o = [u, x]ofu and [u, y]afu = ufu, yls in (2) we obtain
upzalu, yla + [, z]aBfuay = vauflu, yla + [u, z]aayBu.

Using property (*) we get 2[u,x]oSB[u,y]a = 0. Since M is 2-torsion free, this
leads to

[u, z]aBlu,yla =0, for all z,y € M,u € U and «, 5 €T

Replacing y by y~vx, we find that

[u, x]aByy[u, z]o = 0, for all z,y € M,u € U and o, 5,7 €T

Thus [u,z]rI'MT[u,z]p = 0, for all x,€ M,u € U. By primeness of M, we
conclude [u, z]r = 0, yields U C Z. [ ]

Lemma 6. Let U be a nonzero Lie ideal of 2-torsion free prime I'-ring M and d
a nonzero deriwation of M. If a € U such that [a,d(x)]o = 0, for all z € M and
a el thena € Z.

Proof. By hypothesis we have [a,d(z)], =0, for all z € M and o € T
Replacing x by z8y, we get

0 = la,d(zBYy)]a
= [a,d(2)]aBy + d(z)Bla, ylo + zBla, d(y)]a + [a, x]aBd(y)
= d(z)Bla,ylaa + [a, z]aBd(y).

Replacing = by d(x), we obtain
d*(z)Bla,yla =0, for all 2,y € M and «, 3 € T.
Replacing y by zvy, we get
d*(z)Bzy]a,yla =0, for all x,y,2 € M and «, 3,7 € T.
By primeness we get d?(z) = 0 or [a,y], = 0, since d # 0, therefore a € Z. ]

Theorem 7. Let U be a nonzero Lie ideals of a 2-torsion free prime I'-ring M
and d a nonzero derivation of M. If d(U) C Z, then U C Z.
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Proof. suppose that U ¢ Z, then by Lemma 5 we have V = [U,U] € Z. Let
u,w € U, hence from

d([u, wla) = [d(u), wla + [u, d(w)]a = 0.

Since d(u),d(w) € Z. Tt follows that d(V') = 0.
Let ve V,m € M and « € T, since d(v) = 0 and d([v, m],) = 0, we get

[v,d(m)]q =0, forallv e V,m € M and o € I'.

Therefore by Lemma 6 we get v € Z, contradiction. Accordingly, U C Z. [ |

Lemma 8. Let U ¢ Z be a Lie ideal of 2-torsion free prime I'-ring M and d a
nonzero derivation of M. If a € M and al'd({U) =0 (d(U)I'a = 0), then a = 0.

Proof. For allu € U, x € M and a € I' we have [u,z]gyu € U. By hypothesis
we have

0 = aad([u,2]57)
= aafu,z]gyd(u), forallr € M,u € Uanda, 3,y € T

Replacing = by d(v)A\x, we get

acufd(v)Axyd(u) = 0, for all u,v € U, z € M and «, 8,7, A € T.

By primeness we obtain acqufd(v) = 0 or d(u) = 0.

Now let K = {u € Uaaufd(v) = 0} and L = {u € Uld(u) = 0}. Since K
and L are additive subgroups of U and U = K U L, but a group can’t be union
of its two proper subgroups and hence U = K or U = L.

According to Theorem 7, d(U) # 0, which proves that U = K. Hence we get
al'UTd(v) = 0, for all v € U. By Lemma 3 we get a = 0 or d(v) = 0, again by
Theorem 7 d(U) # 0, therefore a = 0. |

Theorem 9. Let M be a 2-torsion free prime U'-ring, U be a nonzero Lie ideal
of M and d be a nonzero derivation of M. If d*(U) = 0 and d(U) C U, then
UcZ.

Proof. Suppose that U ¢ Z, forallz € M, u € U and a € T we have [z,u], € U.
Since d?(U) = 0, then by using Remark 1 we get

0 = d*([zBu,ula)
= d*([z,u]a)Bu + 2d([x, u]a ) Bd(u) + [x,u]oBd?(u).



54 N.N. SuLiMAN AND A.H. MAJEED

Since M is 2-torsion free and d?(U) = 0, then we get
d([z,ulq)Bd(u) =0, for all z € M, w € U and o, € T
Replacing u by u + d(u), we get d([z,d(u)]oBd(u) = 0, so that
[d(x),d(u)]ofd(u) =0, for all z € M, uw € U and o, B € T.
According to Lemma 8 we get [d(z),d(u)]q =0 for all z € M,w € U and o € T,

therefor by Lemma 6 we conclude that d(U) C Z, which is contradicts Theorem
7, this prove the theorem. [ |

Lemma 10. Let M be a 2 and 3-torsion free prime U'-ring, U be a nonzero Lie
ideal of M and d be a nonzero derivation of M. If d(U) C U, d*(U) C Z and
d3(U) =0 thenU C Z.

Proof. For all z € M, v € U and a € ' we have [z,u], € U. Since d3(U) = 0,
then we obtain d3([x,u],) = 0. Replacing = by zBu and using Remark 1(iv) we

get
0 = d3([zBu,ula)

= 3d*([z,u]a)Bd(u) + 3d([z, u]a) Bd?(u).

Since M is 3-torsion free, then we get
d?([x, u)o)Bd(u) + d([z,u]a)Bd?(u) =0, for all z € M, u € U and o, B € T.
Replacing u by d(u) and using d?(U) = 0 we obtain
([, d(w)a) 52 (0) = 0.
Since d?(U) C Z, then by Lemma 2(i) we get
(3) d*([z,d(u)]a) =0 or d*(u)=0.
If d*([x, d(u)]s) = 0, then replacing x by z3d(u) we obtain

0 = d&*([zfd(u),d(u)]a)
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Since d3(U) = 0, M is a 2-torsion free and by relation (3), then the last equation
reduced to

d([z, d(u)]afd?(u) =0, for all z € M, uw € U and o, B € T.

Since d?(U) C Z, then by Lemma 2(i) we get d([x,d(u)]s = 0 or d?(u) = 0.
If d([x,d(u)]o = 0, then replacing = by zyd(u), we obtain

0 = d([z7d(u), d(u)]a)

= d([z,d(u)]avd(u))

= d([z,d(w)]a)yd(w) + [z, d(u)]ayd?(u)
= [z, d(w)]aBd?(u).

[z,

Since d?(U) C Z and d(U) C U, then by Lemma 2(i) we get [z,d(u)]o = 0 or
d*(u) = 0. If [x,d(u)]o = 0, then we have d(u) C Z. Hence from relation (3) we
have either d(u) C Z or d?(u) = 0.

Now let K = {u € U|d(u) C Z} and L = {u € U|d?(u) = 0}. Since K and L
are additive subgroups of U and U = K UL, but a group can’t be union of its two
proper subgroups and hence U = K or U = L. If U = K, that is d(u) C Z, then
by Theorem 7 we get U C Z, or U = L, that is d?(u) = 0, hence by Theorem 9
we get U C Z. [ |

Theorem 11. Let M be a 2 and 3-torsion free prime I'-ring, U be a nonzero Lie
ideal of M and d be a nonzero derivation of M. If d(U) C U and d*(U) C Z,
thenU C Z.

Proof. For all t € M, u € U and a € I' we have

(4) d*([z,ula) € Z.

Replacing = by z8d?(v), where v € U and 3 € I, and using d*(U) C Z, we get

(5) 2d([z,u]a)Bd®(v) + [x,u]oBd*(v) C Z, forallu,v € U,z € Manda, B € T.

Replacing = by zyd?(w) in relation (5), where w € U and v € I', and using
d*(U) C Z and M is 2-torsion free, then the relation (5) reduced to

[z, u]oyd® (w)Bd3(v) € Z, for all v,u,w € U, x € M and o, 3,7 € T.
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Since d?(U) C Z and d(U) C U, then d*>(U) C Z and thus by Lemma 2(ii) we
have d3(U) = 0 or [z,u]o C Z. Therefore if d3(U) = 0, hence by Lemma 10 yields
UcZ. If [M,U], C Z, then by Lemma 4 we get U C Z. [
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