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Abstract

We introduce the k-radicals of Green’s relations in semirings with a semi-
lattice additive reduct, introduce the notion of left k-regular (right k-regular)
semirings and characterize these semirings by k-radicals of Green’s relations.
We also characterize the semirings which are distributive lattices of left k-
simple subsemirings by k-radicals of Green’s relations.
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1. Introduction

The notion of semirings was introduced by Vandiver [18] in 1934. Though they
appeared in mathematics long before, for example, the semiring of all ideals of a
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ring, the semiring of all endomorphisms on a commutative semigroup etc., they
found their full place in mathematics recently, for example, in idempotent analysis
[13] which is applied in theoretical physics, optimization etc., various applications
in theoretical computer science and algorithm theory [10, 12]. The underlying
semirings applicable both in idempotent analysis and theoretical computer science
is one in which the additive reduct is a semilattice, i.e., both idempotent and
commutative.

While studying the structure of semigroups, semilattice decomposition of
semigroups, an elegant technique, was first defined and studied by A.H. Clifford
[9]. This motivates us to study on the structure of semirings whose additive reduct
is a semilattice [3, 4, 5, 14]. M.K. Sen and A.K. Bhuniya [16] also investigated
these semirings. Interestingly, the semiring of all finite subsets of a semigroup is
a free model in the variety of such semirings and there are interesting connections
between the subvarieties of semigroups and different subclasses of these semirings.

The preliminaries and prerequisites for this article are discussed in Section 2,
where we also provide some important and useful examples of semirings with a
semilattice additive reduct. In Section 3, we introduce the k-radicals of Green’s
relations, give the notion of left k-regular(right k-regular) semirings and present
a necessary and sufficent condition for a semiring to be a left k-regular(right
k-regular) semiring in terms of k-radicals of Green’s relations. The semirings
which are distributive lattices of left k-simple semirings via k-radicals of Green’s
relations have also been given in this section.

2. Preliminaries

A semiring (S,+, ·) is an algebra with two binary operations + and · such that
both the additive reduct (S,+) and the multiplicative reduct (S, ·) are semigroups
and such that the following distributive laws hold:

x(y + z) = xy + xz and (x+ y)z = xz + yz, for all x, y, z ∈ S.

Thus the semirings can be viewed as a common generalization of both rings
and distributive lattices. By SL+ we denote the variety of all semirings (S,+, ·)
such that (S,+) is a semilattice, i.e. a commutative and idempotent semigroup.
Throughout this paper, unless otherwise stated, S is always a semiring in SL+.
The natural examples are: the semiring (N,+, ·), where + and · are defined by:
a+ b =max{a, b}, a · b the usual multiplication of a and b, the Boolean semiring
B = {0, 1}, with 0, 1 ∈ Z and + and · defined as maximum and minimum
respectively, the tropical semiring Nmin = N ∪ {∞}, with a+ b = min{a, b} and
a.b = a + b. Let τ be a topology on a set X. Then τ is a semiring, with +
and · defined as union and intersection respectively. Here we observe that the



On k-radicals of Green’s relations 87

underlying semirings are at least as common as topological spaces. Let R be a
commutative ring and let Spec(R) denotes the set of all ideals of R. Then Spec(R)
becomes a semiring where + and · are defined as I+J = {a+b | a ∈ I, b ∈ J} and
I.J = {

∑n
i=1 aibi | ai ∈ I, bj ∈ J}. Maslov’s dequantization semiring, applicable

in physics, Rmax = R∪ {−∞} is equipped with operations ⊕ = max and � = +.
Let F be a semigroup and Pf (F ) be the set of all finite subsets of F . Define
addition and multiplication on Pf (F ) by:

U + V = U ∪ V, U · V = {ab | a ∈ U, b ∈ V }, for all U, V ∈ Pf (F ).

Then (Pf (F ),+, ·) is a semiring in SL+.

Let S be a semiring and φ 6= A ⊆ S. Then the k-closure of A is defined
by A = {x ∈ S | x + a1 = a2 for some a1, a2 ∈ A}, and the k-radical of A by√
A = {x ∈ S | (∃ n ∈ N) xn ∈ A}. Then A ⊆

√
A by definition, and A ⊆ A

since (S,+) is a semilattice. Moreover, if (A,+) is a subsemigroup of (S,+) then
A = {x ∈ S | x + a = a for some a ∈ A}. An ideal A of S is called a k-ideal of
S if and only if A = A. The principal k-ideal (resp. left k-ideal, right k-ideal)
[3, 4, 15] generated by a are given by:

Ik(a) = {x ∈ S | (∃s ∈ S)x+ a+ sa+ as+ sas = a+ sa+ as+ sas},

Lk(a) = {x ∈ S | (∃s ∈ S)x+ a+ sa = a+ sa}

and

Rk(a) = {x ∈ S | (∃s ∈ S)x+ a+ as = a+ as}.

A semiring S is said to be left k-simple (k-simple) [5] if it has no non trivial
proper left k-ideals (k-ideals).

The authors [5, 15] introduced the Green’s relations L, R, J and H on a
semiring S in SL+ and they are

L = {(x, y) ∈ S × S | Lk(x) = Lk(y)},

J = {(x, y) ∈ S × S | Ik(x) = Ik(y)},

R = {(x, y) ∈ S × S | Rk(x) = Rk(y)}

and

H = L ∩R.

Since S ∈ SL+, both L and R are additive congruences on S and L is a right
congruence and R is a left congruence on S.

We also recall that S is left k-simple (k-simple) if and only if L = S×S(J =
S × S).
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A semiring S is k-regular if and only if for all a ∈ S there exists x ∈ S such that
a + axa = axa. Let D be a distributive lattice. Then the semiring S = M2(D)
of all 2 × 2 matrices oover D is a k-regular semiring. Also, if F be a semigroup
then the semiring Pf (F ) is k-regular if and only if F is a regular semigroup.

For undefined concepts in semigroup theory we refer to [11], for undefined
concepts in semiring theory see [10].

3. k-radicals of Green’s relations

For a relation ρ on a semigroup S the radical of ρ, in notation
√
ρ, is a relation

introduced by L.N. Shevrin [17] as follows:

(a, b) ∈ √ρ⇐⇒ (am, bn) ∈ ρ

for somem,n ∈ N. Here we introduce k-radicals of the Green’s relations L,R,J ,H
in a semiring S in SL+ as follows:
(a, b) ∈

√
L ⇐⇒ (am, bn) ∈ L ⇐⇒ Lk(a

m) = Lk(b
n) for some m,n ∈ N.

Similarly we define
√
R,
√
J and

√
H.

Bhuniya and Jana [2] introduced intra k-regular semirings and characterized
these semirings as the semirings for which every k-ideal is semiprime. A semiring
S is said to be intra-k-regular if for all a ∈ S we have a + sa2s = sa2s for some
s ∈ S. On these semirings we find the least distributive lattice congruence which
we present in the following lemma.

Lemma 1. Let S be an intra-k-regular semiring. Then one has

1. for every a, b ∈ S and m ∈ N, aJ am and abJ ba.
2. J is the least distributive lattice congruence on S.

Proof. 1. Since J is reflexive, aJ am holds for m = 1. Assume that the state-
ment is true for some r ∈ N. Then Ik(a) = Ik(a

r) so that there exists s ∈ S
such that a + ar + sar + ars + sars = ar + sar + ars + sars. Also we have
ar + ua4ru = ua4ru, for some u ∈ S. Then one gets a + ua4ru + sua4ru +
ua4rus + sua4rus = ua4ru + sua4ru + ua4rus + sua4rus which can be writ-
ten as a + ua2r+1a2r−1u + sua2r+1a2r−1u + ua2r+1a2r−1us + sua2r+1a2r−1us =
ua2r+1a2r−1u + sua2r+1a2r−1u + ua2r+1a2r−1us + sua2r+1a2r−1us so that a ∈
Ik(a

r+1). Thus Ik(a) ⊆ Ik(a
r+1). The opposite inclusion is clear and hence

aJ ar+1. So by induction one gets aJ am for every m ∈ N. Since S is intra-k-
regular, for a, b ∈ S one has ab ∈ SbaS ⊆ Ik(ba) so that one gets Ik(ab) ⊆ Ik(ba).
Interchanging the role of a and b we get the opposite inclusion, and so Ik(ab) =
Ik(ba). Thus abJ ba.

2. By (1) we have Ik(ab) = Ik(ba) and a ∈ Ik(a2) for all a, b ∈ S, and then
by Theorem 4.2 [5], one gets (2).
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Here we characterize the intra-k-regular semirings by k-radicals of Green’s rela-
tions.

Theorem 2. In a semiring S the following conditions are equivalent:

1. S is an intra-k-regular semiring;

2.
√
J = J ;

3.
√
L ⊆ J ;

4.
√
H ⊆ J .

Proof. (1) ⇒ (2): For (a, b) ∈
√
J there are m,n ∈ N such that (am, bn) ∈ J .

Then by Lemma 1, we have aJ amJ bnJ b so that aJ b that yields
√
J ⊆ J . The

other inclusion is clear. Thus
√
J = J .

(2) ⇒ (1): For a ∈ S, we have a
√
J a4 so that aJ a4. Then there exists

s ∈ S such that a+ a4 + a4s+ sa4 + sa4s = a4 + a4s+ sa4 + sa4s, which implies
a+ ua2u = ua2u, where u = a+ a2 + s+ a2s. Thus S is intra-k-regular.

(2)⇒ (3): Let (a, b) ∈
√
L. Then there exist m,n ∈ N such that Lk(a

m) =
Lk(b

n), and then am ∈ Lk(bn) ⊆ Ik(b
n) and bn ∈ Lk(am) ⊆ Ik(a

m) implies that
Ik(a

m) = Ik(b
n). Thus (a, b) ∈

√
J = J .

(3)⇒ (1): For a ∈ S, we have a
√
La4 so that aJ a4, and then as above S is

intra-k-regular.

The proof that (4) is equivalent to the other conditions follows from the
corresponding proof of (3) and its dual.

Several characterizations of the regular semigroups by the Green’s relations were
given by A.H. Cliffford and G.B. Preston [8]. Later, S. Bogdanović and M. Ćirić
[6] characterized the regularity of the semigroups, using the radicals of the Green’s
relations, and also characterized left regular semigroups while investigating new
decompositions of left regular semigroups [7]. This motivates us to find a class
of semirings which are distributive lattices of left k-simple subsemirings, to in-
troduce left k-regular semirings and show that every left k-regular semiring is a
distributive lattice of left k-simple subsemirings. Several other characterizations
were presented in [5].

Definition. A semiring S is said to be left k-regular if for every a ∈ S, a ∈ Sa2.

Similarly we define right k-regular semirings. Since (S,+) is a semilattice, it is
easy to observe that a semiring S is left k-regular if and only if for each a ∈ S
there exists s ∈ S such that a+ sa2 = sa2.

Example 3. Let Q+ be the set of all positive rationals, and consider the semiring

(Q+ ∪ {0}, max, ·). Set S = {
(
a 0
b 0

)
| a, b ∈ Q+}. Then (S,+, ·) is a
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left k-regular semiring over Q+ ∪ {0}, where + and · are usual addition and
multiplication of matrices.

The class of left k-regular (right k-regular) semirings contains Pf (F ) when F is
a left regular (right regular) semigroup [8]. In the following proposition we show
that the left k-regularity is an extension of the left regularity of semigroups to
the semirings in SL+.

Proposition 4. Let F be a semigroup. Then the semiring Pf (F ) is left k-regular
if and only if F is left regular.

Proof. Let Pf (F ) be a left k-regular semiring and a ∈ F . Then A = {a} ∈ Pf (F )
and so there exists X ∈ Pf (F ) such that A+XA2 = XA2 so that A ⊆ XA2. So
there is an x ∈ X such that a = xa2, whence F is left regular.

Conversely suppose that F is left regular and A ∈ Pf (F ). Then for each
a ∈ A, there exists xa ∈ F such that a = xaa

2. We set X = {xa : a ∈ A}. Then
X ∈ Pf (F ) and A ⊆ XA2 implies A + XA2 = XA2 which shows that Pf (F ) is
left k-regular.

A similar proposition holds with respect to right k-regularity.

Theorem 5. A semiring S is left k-regular if and only if
√
L = L.

Proof. Let S be left k-regular and (a, b) ∈
√
L. Then (am, bn) ∈ L for some

m,n ∈ N. Now there is s ∈ S such that a+ sa2 = sa2, which yields a ∈ Lk(a2),
and so Lk(a) ⊆ Lk(a2). Also we have Lk(a

2) ⊆ Lk(a), which implies that Lk(a) =
Lk(a

2). Thus aLa2. Again a2 ∈ Sa4 ⊆ Sa3. Also a3 ∈ Sa2 is clear, and so a2La3.
Similarly we get akLak+1 for k ≥ 3. This implies aLamLbnLb. Thus aLb. Also
the opposite inclusion is clear and thus

√
L = L.

Conversely, suppose that
√
L = L. Then for a ∈ S one has a

√
La4 ⇒ aLa4

which implies a ∈ Sa2 and thus S is left k-regular.

Similarly we have the dual of the above:

Theorem 6. A semiring S is right k-regular if and only if
√
R = R.

Theorem 7. A k-regular semiring S is left k-regular if it is a distributive lattice
of left k-simple semirings.

Proof. Let a ∈ S, then there exists x ∈ S such that a+ axa = axa. Also there
is a u ∈ S such that ax+ a+ ua = a+ ua, since S is a distributive lattice of left
k-simple subsemirings [5]. Then we have a + (ax + a + ua)a = (ax + a + ua)a
which implies a + (a + ua)a = (a + ua)a. Adding axa2 to both sides, we get
a+ (axa+ ua)a = (axa+ ua)a, i.e., a+ va2 = va2, where v = ax+ u. Thus S is
left k-regular.
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Theorem 8. Every left k-regular semiring S is a distributive lattice of left k-
simple subsemirings.

Proof. Let a, x ∈ S such that x2 ∈ Lk(a) Then there exists s ∈ S such that
x2 + a + sa = a + sa. Also there is a u ∈ S such that x + ux2 = ux2. Then
one gets x + u(x2 + a + sa) = u(x2 + a + sa) implying x + u(a + sa) = u(a +
sa), i.e., x + (u + us) a = (u + us)a so that x ∈ Sa ⊆ Lk(a). Thus Lk(a) is
semiprime. Then by Theorem 3.2 [5], S is a distributive lattice of left k-simple
subsemirings.

Now we give a necessary and sufficient condition for a semiring S to be a dis-
tributive lattice of left k-simple semirings via k-radicals of Green’s relations,
and during the proof we observe that a semiring S is a distributive lattice of
left k-Archimedean semirings if

√
L = J . A semiring S is said to be a left k-

Archimedean semiring if S =
√
Sa, for every a ∈ S [4]. A semiring S is said to be

a distributive lattice of left k-Archimedean semirings if there exists a congruence
ρ on S such that the quotient set S/ρ is a distributive lattice and each ρ-class is
a left k-Archimedean semiring [4].

Theorem 9. A semiring S is a distributive lattice of left k-simple semirings if
and only if

√
L = J .

Proof. Let ξ be a congruence on S such that D = S/ξ is a distributive lattice
and each ξ-class is a left k-simple subsemiring. Let (a, b) ∈

√
L. Then Lk(a

m) =
Lk(b

n) for some m,n ∈ N which implies a ∈ Lk(am) = Lk(b
n) ⊆ Lk(b) ⊆ Ik(b),

since Lk(a) is semiprime by Theorem 3.2 [5]. Similarly, b ∈ Ik(a). Thus (a, b) ∈
J . Now let (a, b) ∈ J . Then there exists s ∈ S such that a+ b+ sb+ bs+ sbs =
b + sb + bs + sbs. By Theorem 3.2 [5], bs ∈ Lk(b), sbs ∈ Lk(sb) ⊆ Lk(b) and so
one gets a ∈ Lk(b). Similarly b ∈ Lk(a) implies (a, b) ∈

√
L. Thus

√
L = J .

Conversely, suppose that
√
L = J . By Theorem 2, S is intra k-regular and

then by Lemma 1, abJ ba for all a, b ∈ S. So ab
√
Lba for all a, b ∈ S, i.e.,

(ab)mL(ba)n for some m,n ∈ N and for all a, b ∈ S, i.e., there exists m ∈ N such
that (ab)m ∈ Lk((ba)n) ⊆ Lk(ba) ⊆ Sa for all a, b ∈ S. Then by Theorem 3.3 [4],
S is a distributive lattice D = S/ρ of left k-Archimedean semirings Sα, α ∈ D.
Let a ∈ Sα for some α ∈ D. Now there exists s ∈ S such that a + sa4s = sa4s.
Then a+ as, a+ sa ∈ Sα and so a+ (a+ sa)a2(a+ as) = (a+ sa)a2(a+ as), i.e.,
a+xa2x = xa2x, where x = a+sa+as ∈ Sα. This implies a+xra(ax)r = xra(ax)r

for every r ∈ N. Now since Sα is left k-Archimedean and a2, ax ∈ Sα, we have
(ax)n ∈ Sαa2 for some n ∈ N. Then a+ xna(ax)n = xra(ax)n implies a ∈ Sαa2.
This immediately implies that a ∈ Sαar for every r ∈ N. Again, for a, b ∈ Sα
there are u ∈ Sα and r ∈ N such that ar + ub = ub. Then a ∈ Sαar implies
a ∈ Sαb, i.e., Sα is left k-simple.
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Completely k-regular semirings were introduced in [1], and several equivalent
conditions have been given for a semiring to be completely k-regular. One of them
is: S is k-regular and a ∈ a2S ∩ Sa2 for all a ∈ S. Here, finally we characterize
the k-regular semirings which are completely k-regular via k-radicals of Green’s
relations.

Theorem 10. The following conditions are equivalent on a k-regular semiring S:

1. S is a completely k-regular semiring;

2.
√
L = L and

√
R = R;

3.
√
H = H.

Proof. (1)⇒ (2): Let a ∈ S. Then there exists x, u, v ∈ S such that a+ axa =
axa, ax + xua = xua and xa + avx = avx so that a ∈ Sa2 ∩ a2S. Then by
Theorem 5 and its dual, we get

√
L = L and

√
R = R.

(2)⇒ (3): The proof is clear.

(3) ⇒ (1): Let a ∈ S. Then there is u ∈ S such that a + aua = aua, since
S is k-regular. Now (a, a2) ∈

√
H = H = L ∩R, and this implies a ∈ Sa2 ∩ a2S.

Thus by Theorem 3.1.2 [1] S is a completely k-regular semiring.
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