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1. INTRODUCTION

Over a period of sixteen years differential algebra went from being an approach
that many people mistrusted or misunderstood to being a part of algebra that
enjoys almost unquestioned acceptance. This algebra has been studied by many
authors for the last 60 years and especially the relationships between derivations
and the structure of rings. The notion of the ring with derivation is quite old
and plays an important role in the integration of analysis, algebraic geometry
and algebra. In the 1940’s it was discovered that the Galois theory of algebraic
equations can be transferred to the theory of ordinary linear differential equations
(the Picard-Vessiot theory). In the 1950’s the differential algebra was initiated by
the works of J.F. Ritt and E.R. Kolchin. In 1950, Ritt [11] and in 1973, Kolchin
[9] wrote the classical books on differential algebra.

The theory of derivations plays a significant role not only in ring theory,
but also in functional analysis and linear differential equations. For instance,
the classical Noether-Skolem theorem yields the solution of the problem for finite
dimensional central simple algebras (see the well-known Herstein’s book [6]). One
of the natural questions in algebra and analysis is whether a map can be defined
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by its local properties. For example, the question whether a map which acts like a
derivation on the Lie product of some important Lie subalgebra of prime rings is
induced by an ordinary derivation was a well-known problem posed by Herstein
[5]. The first result in this direction was obtained in an unpublished work by
Kaplansky, who considered matrix algebras over a field. Herstein’s problem was
solved in full generality only after the powerful technique of functional identities
was developed, see [1]. In 1950’s, Herstein ([4, 5, 7]) started the study of the
relationship between the associative structure and the Jordan and Lie structures
of associative rings.

An additive mapping D from R to R, where R is an associative ring, is
called a Jordan derivation if D(2?) = D(x)z + xD(x) holds for all x € R. Every
derivation is obviously a Jordan derivation and the converse is in general not
true.

It is important to note that the definition of Jordan derivation presented in
the work by Herstein is not the same as the one given above. In fact, Herstein
constructed, starting from the ring R, a new ring, namely the Jordan ring R,
defining the product in this a o b = ab + ba for any a,b € R. This new product is
well-defined and it can be easily verified that (R, +,0) is a ring. So, an additive
mapping D, from the Jordan ring into itself, is said by Herstein to be a Jordan
derivation, if D(aob) = D(a)ob+ao D(b), for any a,b € R. So, in 1957, Herstein
proved a classical result: ”If R is a prime ring of a characteristic different from
2, then every Jordan derivation of R is a derivation.”

During the last few decades there has been a great deal of works concerning
derivations D; in rings, in Lie rings, in skew polynomial rings and other structures,
which commute, i.e., D;D; = D;D;.

What do we know about derivations in semirings? Nothing, or almost nothing
except the definition in Golan’s book [3] and a few propositions.

This paper is an attempt to start a study of derivations in finite semirings.
Following Herstein’s idea of multiplication in Jordan ring, we construct deriva-
tions in the endomorphism semiring of a finite chain.

The paper is organized as follows. After the second section of preliminaries, in
Section 3 we introduce a semiring consisting of endomorphisms having an image
with two fixed elements called a string. In such a string we consider the arithmetic
and some kinds of nilpotent elements and subsemirings. In Section 4 we construct
a mapping D from the given string into itself and prove that D is a derivation
in one subsemiring of the string. Then we show that the semiring is a maximal
differential subsemiring of this string. Section 5 is devoted to the construction
of maps J, from given string into itself. They are Jordan multiplications, and
we are studying their properties. The main results are that d, are derivations
which commute and that the set of all derivations is a multiplicative semilattice
with an identity and an absorbing element. In Section 6 we generalize the notion
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of string and consider the arithmetic in such strings. In Section 7 we give some
counterexamples and show that the maps J,, where « are from the whole string,
are derivations in an ideal of this string. Finally in this section we consider a
class of maps which are the derivations in the whole string.

2. PRELIMINARIES

An algebra R = (R,+,.) with two binary operations + and - on R, is called
semiring if:

e (R,+) is a commutative semigroup,

e (R,-) is a semigroup,

e both distributive laws hold z- (y+2) = z-y+z-zand (x+y)-z=2x-2+y -z
for any x,y, z € R.

Let R = (R,+,.) be a semiring. If a neutral element 0 of semigroup (R, +) exists
and satisfies 0-x = x -0 = 0 for all x € R, then it is called zero. If a neutral
element 1 of semigroup (R, -) exists, it is called one.

An element a of a semiring R is called additively (multiplicatively) idempo-
tentifa+a=a (a-a=a). A semiring R is called additively idempotent if each
of its elements is additively idempotent.

An element a of a semiring R is called an additively (multiplicatively) ab-
sorbing element if and only if a+ 2z =a (a-x =2x-a =a) for any z € R. The
zero of R is the unique multiplicative absorbing element; of course it does not
need to exist. Following [10], an element of a semiring R is called an infinity if it
is both additively and multiplicatively absorbing.

Facts concerning semirings, congruence relations in semirings and (right, left)
ideals of semirings can be found in [3] and [10].

An algebraM with binary operation V such as

e aV(bVve)=(aVb)Vcforany a,b,ce M;
e aVb=">bVa for any a,b € M;
e aVa=aq for any a € M.

is called semilattice (join semilattice).

Another term used for M is a commutative idempotent semigroup — see [15].
For any a,b € M we denote a < b <= a Vb =0. In this notation, if there is a
neutral element in M, it is the least element.

For a semilattice M the set Eaq of the endomorphisms of M is a semiring
with respect to the addition and multiplication defined by:

e h=f+gwhen h(z) = f(z)Vg(z) for all x € M,
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e h=f-gwhen h(zx) = f(g(z)) for all x € M.

This semiring is called the endomorphism semiring of M. It is important
to note that in this paper all semilattices are finite chains. Following [12] and
[13] we fix a finite chain C,, = ({0,1,...,n — 1}, V) and denote the endomorphism
semiring of this chain with gcn. We do not assume that «(0) = 0 for arbitrary
a € EAcn. So, there is not a zero in endomorphism semiring SAcn. Subsemiring
&, = Sgn of EAcn consisting of all maps « with property a(0) = 0 has zero and is
considered in [12] and [15].

If o € gcn such that f(k) = iy for any k € C, we denote o as an ordered
n—tuple lig,41,%2,...,in,—1 0. Note that mappings will be composed accordingly,
although we shall usually give preference to writing mappings on the right, so
that « - 8 means "first «, then 5”.

For other properties of the endomorphism semiring we refer to [8, 12, 13] and
[15].

In the following sections we use some terms from book [2] having in mind that
in [14] we show that some subsemigroups of the partial transformation semigroup
are indeed endomorphism semirings.

3. STRINGS OF TYPE 2

By STR{a,b} we denote subset of gcn consisting of endomorphisms with image
{a, b} (either {a}, or {b}) where a,b € C,,. This set is called a string of type 2.
So, for fixed a,b € C, and a < b, a string of type 2 is

STR{a,b} ={a,...,alla,...,a,b,...,.0a,b,..., b b,...,bl}.

In the semiring gcn there is an order of the following way:

For any two endomorphisms « = kg, k1,...,kn—1l and 8 = Vo, l1, ..., lh_10
the relation @ < 8 means that k; <; foralli=0,1,...,n—1,ie, a+ 5= 0.

With regard to this order each of sets STR{a, b} is an n+1 — element chain
with the least element ¢ a,...,al and the biggest element b, ...,b. Hence string
STRA{a,b} is closed under the addition of semiring gcn. It is easy to see that
the composition of two endomorphisms with images {a,b} is an endomorphism
of such type. So, we have

Proposition 1. For any a,b € C,, string STR{a,b} is a subsemiring of semiring
&, -

Note that string STR{a,b} is not a subsemiring of semiring Eéi) N EC(.Z)
(sce [13]), namely 12,2,3,31 € £, but 12,2,3,31 ¢ €.
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Let us denote the elements of semiring STR{a,b} by ag’b, where k =0,...,n is
the number of the elements of C,, with an image equal to b, i.e.,

aZ’bZZa,...,a,b,...,bZ.
——

k

When a and b are fixed, we replace aZ’b by ay,.

Proposition 2. Let a,b € C,, and STR{a,b} ={ao,...,an}. For every
k=0,...,n follows

ap-as = oy, where 0<s<n->b-—1
ap-os =, where n—b<s<n-—a-—1

Qg - Qs = Qpn, where n—a<s< .

Proof. Let us multiply ay - o, where 0 < s < n —b — 1. This means that at
least b + 1 elements of C,, have images under endomorphism «; equal to a and
then b is not a fixed point of . Hence, for all i € C,, follows

) ) as(a), ifi<n—k-—1
o - o) (1) = as(ag(i)) = =aq
(k- 2)(0) = (e (i) { o it
which means that oy - as = ag.
Let us multiply ai - as, where n — b < s <n—a—1. Now a and b are both
fixed points of the endomorphism «,. Hence, for all i € C,, follows

as(a), fi<n—k-—1
as(b), ifi>n—k

(0 2)(3) = s (i) = {

= Oék(’b) .

) a, fi<n-—-k-1
b, ifi>n—k

which means that oy - as = .

Let us multiply ay, - a5, where n —a < s < n. This means that at least n —a
elements of C,, have images under endomorphism «; equal to b and then a is not
a fixed point of a. Hence, for all ¢ € C,, follows

as(a), ifi<n—k—1

(ap - ) (i) = as(ap(i)) = { as(b), ifi>n—k =

which means that oy - as = ay,. [ ]

The endomorphism « is called a—nilpotent if for some natural & follows that

of = ap and respectively, b—nilpotent if o* = «,. From the last proposition

follows that in both cases k = 2 and also
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Corollary 3. For any a,b € C,, the set:

a. No ={ag,...,an—p-1} of all a-nilpotent elements is a subsemiring of semir-
ing STR{a,b}.

b. Ny ={an—a,-..,an} of all b-nilpotent elements is a subsemiring of semiring
STR{a,b}.

c. dop = {on—p,...,an—aq—1} of all idempotent elements is a subsemiring of

semiring ST R{a,b}.

Note that all idempotent elements in semiring é\cn do not form a semiring.

The constant endomorphisms a,...,al and b, ...,b{ are called centers of
semirings Séi) and Sé:), respectively. So, we may imagine that string STR{a,b}
”connects” the two centersa,...,alandb,...,bl. Semiring N, is a subsemiring

of Séi), analogously N, is a subsemiring of Eéi) and semiring Id, p is a subsemiring

of £V neY.

Let us consider the subset S, = {a,...,an—q—1} of the STR{a,b}. Ob-
viously, the set S is closed under the addition. So, immediately from Proposi-
tion 2 follows

Corollary 4. For any a,b € C,, the set Sqy is a subsemiring of semiring STR{a,b}.

Note that semiring S, is a disjoint union of semirings N, and Id, .

From dual point of view we consider the subset T}, , = {ay,—p, . .., ap} of string
STR{a,b}. This set is also closed under the addition and from Proposition 2 we
have

Corollary 5. For any a,b € C, the set T, is a subsemiring of semiring

STRA{a,b}.

Note that semiring T}, ; is a disjoint union of semirings Id,; and Ny.

4. THE DERIVATION D

Now we consider set DS, = {ao,...,a,—p}. Clearly this set is closed under
the addition. Let ay,op € DS,y and k,I # n —b. Then from Proposition 2
follows that ay - oy = «g. Also we have ay_p - as = ag, o - C_p = oy, and
Qp_p * Qp_p = Qy_p. Thus we prove

Proposition 6. For any a,b € C,, set DS, is a subsemiring of semiring Sqp.

Note that in semiring DS, ; endomorphism «yg is the zero element and endomor-
phism «,_ is the unique right identity. Semiring DS, consist of all a — nilpotent
endomorphisms and the least idempotent endomorphism.
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Now we define a mapping D : STR{a,b} — STR{a,b} by the rules D(aj) =
ag—1 forany k=1,...,n, and D(ap) = ap.

Let ap,ap € STR{a,b} and k > £. Then D(ay + ap) = D(ag) = ag—1 =
ag—1+ ap—1 = D(ag) + D(ay), that means D is a linear mapping.

Let oy, oy € N,. Then from Proposition 3.2 follows that D(agay) = D(ag) =
ap and also D(ax)ay = ap_104 = ag, apD(ay) = agay—1 = ap. So, we have

D(ayaw) = D(ag)ar + apD(ar).
Since the same equalities are hold if we replace oy with «ay,_p, then it follows
D(an,bag) = D(an,b)ag + Cvn,bD<Ozg).

For any o € N, we compute D(aga,—p) = D(ag) = ag—1, D(ag)an_p =
ag—10n—p = ap—1 and agD(ay—p) = apap—p—1 = ap. So, we have

D(akan,b) = D(ak)an,b + CkkD(Oén,b).

Also we compute D(a2 ) = D(an—p) = -1, D(n—p)Qn—b = Qp—p—105_p =
ap—p—1 and ap_pD(an—p) = ap_pon—p—1 = ap. S0, it follows

D(az—b) = D(an—p)an—p + an_pD(an ).

n
Thus, we prove
Proposition 7. For any a,b € C, mapping D is a derivation in semiring DS, .

Now we shall prove that there are not differential semirings (under derivation D)
containing DS, j, which are subsemirings of STR{a,b}.

Let a3 € Idgyp, where kK > n —b. We compute D(ai) = D(ag) = ag—1
and from Proposition 3.2 follows D(ax)ar = ag_10 = ag—1 and apD(ax) =
a1 = ag. This means that D(a}) # D(ag)ay + apD(ag).

Let o, € N. We compute D(ai) = D(ap) = an—1, D(ag)ar = ap_1a = oy

and o D (o) = apag_1 = { On—q, ifk=n-—a . Hence D(ay)ag+arD(ag) =

Qi ifk>n—a
On 7 1 = D(az).
Thus we prove that D is not a Jordan derivation, see [5], in any subset of
STR{a,b}, which contains DS, ;, that means D is not a derivation. So, follows

Proposition 8. The semiring DS, is the mazimal differential subsemiring (un-
der the derivation D) of string STR{a,b}.
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Note that each of subsets Iy = {ao}, 1 = {ao,0a}, ..., In-p—1 = Ny is a
subsemiring of N, with trivial multiplication aray = o for any 0 < k¢ <
n—b—1. Since these semirings I, 0 < k < n—b—1, are closed under derivation
D, then I}, are differential subsemirings of DS, ;. But from Proposition 2 follows
that Ij, are ideals in semiring DS, ;. Hence

Proposition 9. In semiring DS, there is a chain of differential ideals
IpcC--- CIk:{ao,...,Oék} C---Clp_p—1=N,y.

Let R be an arbitrary differential semiring with derivation d and I is a differential
ideal of R. We consider

/I: {z|z € R,3n e NU{0},d"(z) € I}.
R

Let 2,y € [pI where d™(x) € I and d"(y) € I. If m < n we have d"(z) =
d"~"(d™(xz)) € I. Then, using that d is a linear map, follows d"(z + y) =
d"(z)+d*(y) eI, thatisz+y e [L1.

On the other hand, d™"(zy) = Y77 ("™ d™ " *(z)d*(y) € I, which
means that xy € [, 1. It is clear that € [, I implies d(x) € [, I. Thus, we
prove

Proposition 10. Let R be a differential semiring with derivation d and I is a
differential ideal of R. Then fRI is a differential subsemiring of R.

Using Propositions 9 and 10 we can describe the ”differential structure” of semir-
ing DS, .

Corollary 11. For every differential ideal I, of semiring DS,yp, where k =
0,...,n=b—1, follows DS, 3 = [}¢ L

5.  DERIVATIONS IN STRING ST R{a,b}

Now we use the well known Jordan multiplication in associative rings to define
some new derivations in strings STR{a, b}.
Let o € STR{a,b}. We define a mapping 4, : STR{a,b} — STR{a,b} by
the rule
do(ay) = aay + aga for any k=0,1,...,n.

The main result in this section is

Theorem 12. For any a,b € C,, and arbitrary « € STR{a,b} mapping o, is a
derivation in string STR{a,b}.
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Proof. From 0, (ay+ay) = alag+ay) + (g + ap)a = aay + oo+ aoy + apar =
dala) + da(ay) where k, 0 € {0, ... ,n} follows that mapping d, is a linear.
Now we prove equality

(1) da(agay) = da(ag)ap 4+ arda(ay).

Case 1. Let o € N,,.

o If a € N,, then d,(ag) = aoy + apa = ap + ap = .

o If oy, € Id,p, then 64 (ay) = oy + o = o+ g = a.

o If ap € Ny, then d,(ag) = aayg + apa = oy + ap = .

1.1. Let ay € Ny. Then 64 (agay) = da(a) = ag, da(ar)apr = ag and agdq (o) =
arap = ap. So, (1) holds.

1.2. Let ay € Np. Then d,(aroy) = da(an) = o, do(ar)oy = oy, and agdq(oy) =
Qg = ap,. So, (1) holds.

1.3. Let a € Ny, 0y € Idyp. Then do(ooy) = da(ou) = ap, dalag)oy = apay =
ap and aids(ay) = agag = ap. So, (1) holds.

1.4. Let oy, o € Idyp. Then 6o (agay) = 0a(ag) = @, a(ag)oy = aoy = a and
arda(ay) = aga = ag. So, (1) holds.

1.5. Let o, € Ny, ¢ € Idyp. Then 6o (coy) = 0o (ar) = an, da(o)oy = anay =
ay, and apde(ay) = aga = ag. So, (1) holds.

Case 2. Let o € Id .
o If ap € N, then d,(ag) = aog + apa = ap + a = ay.
o If oy € Id,p, then 64 (ay) = aay + oo = o + ay,.
o If a € Ny, then 6, (ar) = aag + apa = oy + ap = ap,.
2.1. Let ay € N,. Then (1) holds after the same equalities like in 1.1.
2.2. Let ay € Np. Then (1) holds after the same equalities like in 1.2.

2.3. Let ay, € Ny, oy € Idyp. Then 6o (opoy) = dal(ou) = ag, dalar)ay = oy =
ag and agdq (o) = ap(a+ ay) = apa + agay = a + a = ag. So, (1) holds.

2.4. Let ap,ap € Id,p. Then dq(apay) = dalor) = o+ oy, dalon)ar = (o +
ag)oy = a+ oy and agde(ar) = ag(a + ay) = ag. So, (1) holds.

2.5. Let ai € Ny, oy € Idgp. Then dq(agay) = do(o) = o, da(ak)oy = anoy =
ap, and agde(ap) = ag(a + o) = ag. So, (1) holds.

Case 3. Let a € Np.
o If oy € N, then d,(ag) = aag + apa = ap + @, = ap,.
o If oy € Id,p, then 64 (ay) = aay + o = a + o, = an,.

o If ap € Ny, then d,(ak) = aag + apa = oy + @y = .
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3.1. Let ap € N,. Then 04 (aap) = do(ap) = o, 0o () oy = ap and oo () =
Qg = ap. So, (1) holds.

3.2. Let ay € Np. Then (1) holds after the same equalities like in 1.2.

3.3. Let ay € Ny, ay € Id, . Then 64 (agoay) = 0o (o) = an, da(ag)oy = anoy =
ap and agde(ay) = ooy, = ay,. So, (1) holds.

3.4. Let oy, ¢ € Idgp. Then do(oay) = da(on) = o, dalon)ar = anoy = oy
and agdq(ap) = agay, = a,. So, (1) holds.

3.5. Let ai € Ny, oy € Idgp. Then §q(agay) = do(o) = o, do(ak)oy = anoy =
oy, and agde(ay) = agay, = ay. So, (1) holds and this completes the proof. [ ]

Proposition 13. All the derivations d,, where a € STR{a,b} commutes.

Proof. Let o, f € N,. For arbitrary a; € N, follows 6, (ay) = ap and dg(oy) =
ag what implies 04 - 63 = 03 - 6. For arbitrary oy € Id,, we have d,(ay) = a
and 5@(0%) = ﬂ Then 55(5a(ak)) = (5,(3(04) = and 5a(55(ak)) = 50(5) =
what implies d, - dg = 03 - Oq.

Let a € N, B € Idgp. For arbitrary aj € N, we have d,(ar) = ag and
55(ak) = ayg. So, 5a(55(ak)) =aqg = 55(5a(ak)), i.e., 0408 = dg-d,. For arbitrary
ay, € Id,, we have §, (o) = o, and dg(oy) = B+ ag. Then dg(da(ar)) = B+ o,
and dq(0g()) = 0a(B + ar) = B + oy, that is 04 - g = 0g - da.

Let o, f € Id, . For arbitrary oy, € N, follows dq (o) = ay, and dg(oy) = o,
what implies do-0g = d3-d4. For arbitrary oy, € Id,p we have 0, (o) = a+ay, and
dg(ag) = B+ ag. Then dg(da(ar)) = dp(a+ o) = f+ v+ oy and 04 (65(ag)) =
5a(ﬁ+o¢k) :a+ﬁ+ak, that is 5a‘6ﬁ 255'501.

Let 5 € Ny. For any ay, follows d3(ay) = oy, Then for any a € STR{a, b}
we have dq(0g(o)) = dalan) = o and d5(da(or) = an, ie., 64 - 0g = 63 - 0q-

When aj, € Ny, then 04 (o) = o, and 6g(av) = v, for any o, f € STR{a, b}
what implies 6, - dg = 05 - 0q- [ |

Now we ask what structure has the set A of all derivations do, where o €
STR{a,b}. First, we consider two examples.

Example 14. Let us fix a = 0 and examine string STR{0,b}. Consider the set
of derivations A = {d, | @ € Idyp}. Here only v, is an element of semiring Nj.
For any b, 0 < b <n — 1, we compute 0q, _,(ar) = oy, for all ag € N,. It is clear
that dq, ,(n—p) = ap—p and 6a,_, (k) = Qp_p + QpQp_p = 0y + o = i,
for all oy, € Idyp. Moreover, 8, ,(cn) = . Hence, d4, , is an identity map.

Let {,m € {n —b,...,n — 1}, that is ay, oy, € Idoyp, and £ < m. Then follows
day (k) = b, (k) = oy for all o € N, and also 0, (0v,) = 6q,, () = ap. For
arbitrary oy, € Idy, we have dq, (o) = ay, where oy, < ay and 64, () = oy, for
any k € {{+1,...,n— 1}. Hence, q,,(0a,(ar)) = da,, (o) for every oy € Idyy,.
Thus, d4,, - 0a, = Oa,, When £ < m.

m
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So, we conclude that the set of derivations A = {dq, ,,-..,0q, ,} IS a commu-

tative idempotent semigroup, i.e. semilattice with identity dq,, .

Example 15. Let us fix a =n — 2 and b = n — 1. Now we compute the values
of derivations:

dap () = @0, 0a (1) = 0, Oap(2) = Q. ..y Sap () = iy,
5(11 (QO) = «p, (5041 (Oél) =, (5041 (OZQ) =Qp,... 75(11 (Oén) = Op,
5a2(a0) = Op, 5042 (Oél) = Qp, 5a2(a2) = Opyeee, 6012(an) = Qp,
5an(040) = Qp, 6an(a1) = O, 5an(042) =Qn,..., 6an(an) = Q.
Hence, 0, = -+ = 0q,. It is easy to verify that 62, = day, Jag * 0oy = Jaq,

S Oz = Oag, 04, = ba1, Oy * Oay = Oy and 62, = da,.

So, we conclude that the set of all derivations in string STR{n —2,n—1} is
the commutative idempotent semigroup A = {04, 0a,,da, } With multiplication
table

dag Oa;  Oas
dag | Oap ag  das
day | Oap oy Oas
das | Oy das  day -

Theorem 16. For any a,b € C,, the set of derivations A = {4, ...,0 }in

cyYOn—qa
string STR{a,b} is a semilattice with an identity §,_p and an absorbing element
On—q-

Proof. Using Proposition 2 and reasonings similar to those in proof of Theorem
12, we consider three cases.

Case 1. Let oy € N,. It follows
o ayap = apay = o, where o, € N, and then 6, (o) = ap;
o ooy, = oy and agay = g, where oy, € Id,, and then dq, (o) = ay;

e ayap = oy and agoy = o, where o € N and then 6,, (o) = .

Case 2. Let oy € Id,p. It follows
o ayap = ap and apoy = oy, where ai € N, and then d,, () = ag;
o ooy, = oy and agay = ay, where oy € Id,p, and then dq, (o) = oy + ay;

o ayap = oy and agay = oy, where ai € Np and then dq, (ar) = ap.
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Case 3. Let ay € N,. It follows
o ayap = ap and ooy = oy, where o, € N, and then 64, (o) = a;
o ooy, = oy and agay = ,, where oy, € Id,, and then 64, (k) = ap;

® ayap = a0y = Oy, where o € N and then 6y, (o) = .

From the last case we can conclude that d,_, = --- = 0,
Using the equalities in the cases above follows

5&0 (OéO) = Qp, ..., 5010 (Oén,b,]_ = o, 5040 (Qn,b) = Qp,. .- 75a0 (an—a—l) = O,

)

5040 (Oén_a) =Qn,..., 6040 (Oln) = Op,
) = (o, 6041 (an*b) =0Q1,... 76a1 (an—a_l) = Qq,
)

= Qpy. -y 00 (Qn) =

6an,b,1 (O[O) = g, ... 750¢n—b—1 (an—b—l) = Oy, 504”,1,,1 (an—b) = COQp—b—1y--+,
6Otn_b_1 (Oén—a—l) = Ckn,bfl, 5an_b_1 (an—a) = anv st 75an_b_1 (an) = a’l’lv
50%7!7 (OZO) = o, 60%717 (al) =01,..., 5an7b (an—b—l) = Op—ph—1, 50471,1,(0571—[)) -
= Qn—p,- .-, 60¢n—b (an—a—l) = Op—q—1, 5an_b(an—a) = Qp,y ... 7504"_1,(0471) = Qp,
5an,a,1 (a0) = o, (5an,a,1 (al) =Q1,..., 504717&71 (an—b—l) = Op—p—1,
= 5an,a,1 (an—b) = Qp—q—1y+-+» 5an,a,1 (Oénfafl) = Op—qa—1,
Oan_a1(On—a) = Qn,..., 00, , (an) = an,
501”,“ (040) =Qpy...y 6an,a(an—b—1) = O, 5an,a (an—b) =0Qpy..ny
6Ozn_a (an—a—l) = Qp, 5an_a(an—a) = 0p,y--- 7504n_a (an) = Olp.

Let us consider d,,, where £ < n —a — 1. Then for kK < n —a — 1 we compute
ey (oo () = da, () = o and for k > n — a follows dq4,(00(a)) = da,(an) =
ap. Also we compute dq,, ,(0a,(ax)) = a, for arbitrary ay. Thus we prove that
SO0y = Oap and dqy0a, , =0,

We find 64, (0a, () = b0, (1) = ap where k <n—a—1 and dq, (6o, (o)) =
day (an) = ay, for n —a < k < n. So, we prove 62, = dq,.

Now we compute for 2 < ¢ <n—b—1 elements dn,(da, (0)) = da,(0) =
and 0q,(0a, (1)) = da,(0) = ap, and also for 2 < k < n —a — 1 elements
Oy (0 () = 0, (1) = ag. We have 0q,(0a, (k) = do,(an) = o, for all
k> n —a. So, we prove dy,0q, = 0q, forall 2<¢<n—->b—-1.

An—aqa-*
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Now we compute for n —b < £ < n —a — 1 elements d,,(da, (0)) = da, () =
ag and 6q,(0a, (1)) = o, () = ag. Also for 2 < k < n —a — 1 elements
Sy (0a; (k) = b, (1) = . Similarly, we have dq, (00, (k) = dq, (an) = ay, for
all k> n —a. So, we prove do,0q, = 0, foralln —b </ <n—a—1.
For arbitrary aj we compute 6, (00, (k) = an, so, we prove 04,04, , =
Sy o

Thus, using the similar and clear reasonings, and Proposition 13, we can
construct the following table

i 504() 5‘11 e 5an7b71 6an7b 5an7b+1 e QAn—qg—1 5an—a
5010 5040 5010 e 5010 5!10 66!0 e 5040 6anfa,
Oay 5040 ‘5010 T 5010 Oay Oay ot Oay Oan—a
6an7b71 5&0 6a0 6a0 5an7b71 5an7b71 50577,71771 5an—a

Qn—b 5040 50[1 Qp—b—1 Ap—b 6an—b+1 60477,7(171 50471,70,

Opn—bt1 65“0 6a1 Apn—b—1 Opn—b41 Qn—b+1 An—q—1 60177.—0.
6an7b71 (Sa() 5&1 T 5an—b71 (Sanfafl 6an7a71 T (Sanfafl 5an7a
6011’1,711 60471711 6011’1,711 5011’1,70, 60&717(1 50477,70, 604717& 50471,70,

This completes the proof that set A = {dag,---,9, } is a semilattice with

) YQn—aqa

identity d,_p absorbing element d,,_,. [ |

Let R be a differential semiring with set of derivations A = {01,...,6,,} and [
be a differential ideal of R that is closed under each derivation §; € A. For any
i=1,...,m we denote

05
/ I ={z|z € R,3In e NU{0},6]"(x) € I}.
R

From Proposition 2 follows that the set I = {«ap, ,} is an ideal in the string
STR{a,b}. From the proof of Theorem 12 we conclude that I is closed under
each derivation d,, where o; € STR{a,b}. An easy consequence of Proposition
10 and the proof of Theorem 16 is the following

Corollary 17. For any a,b € C,, subsemirings of the string R = STR{a,b} are

60‘0 5O‘n—b71 6O‘n—a 6O‘n—b 60‘71,—(1.—1
/ I:---:/ I:/ =R, / I:--~/ I=1,
R R R R R

where 0q, € A ={0ag,---+0a,_, } and I = {ag,an}.
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6. STRINGS OF ARBITRARY TYPE

For any aq,...,am € Cp, where a1 < as < ... < am, m=2,...,n set
m—1
STR{ar,....,am} = | J STR{ai,ai1}
i=1

is called a string of type m.
Let o € STR{a;,ai+1} and B € STR{aj,a;+1}. If i = j, then either a < g,
or f < a. Ifi <y, then

aS2ai+1,...,ai+12SZaj,...,ajzgﬁ.

Hence, string STR{a1,...,am} is a (m —1)n+ 1 — element chain with the least
element tay,...,a; ! and the biggest element ¢ a,,, . . ., am, ¢, so this string is closed
under the addition of semiring gcn.

On the other hand, for « € STR{a;,ai+1} and 8 € STR{a;,a;+1}, where
i < j, it is easy to show that a - 8 € STR{a;,a;t1}. Thus we prove

Proposition 18. For any ai,...,am € Cy, string STR{ai,...,am} is a sub-
semiring of semiring Ec,, .

Immediately follows

Corollary 19. For arbitrary subset {bi,...,be} < {ai,...,am} string
STRAb1,...,be} is a subsemiring of string STR{ai,...,am}.

The elements of semiring STR{a1,...,an}, using the notations from Section 3,
are a,"“*', where £ =1,...,m — 1 and k = 0,...,n is the number of elements
of C, with image equal to ay11. We can simplify this notations if we replace
o with ¢, where £ = 1,...,m — 1. This means that ay is the element of

STR{ag, apy1} defined in the same way as in Section 3. But using these notations
we must remember that

Qo2 =Qp1,...,004+1 = Qpygy...,0om = Opm—1-
The next proposition is a generalization of Proposition 2.
Proposition 20. Let ay,...,a, € C, and
STR{a1,...,am} ={a0,1,. .., 01,002, ,Qn2, ..., 01, XLy -« > O |-

For k = 0,...,n for the endomorphisms oy € STR{as, ary1} and as, €
STR{ar,ary1} follows
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Qg Qgpr =gy, where 0<s<n—apq—1
Qg Qsr = Qfrp, Where n—app1 <s<n-—a;—1

Qg Qsy = Qpp, wWhere n—ap<s<n.

Proof. Let 0 < s <n—appq— 1. For arbitrary i € C,, follows

) ) o r(ar), ifi<n-—-k-1
(O[k,fv 'as,r)(l) = as,r(ak,é(l)) = { ( )

asr(agrr), if i>n—k
Joa, ti<n-k-1 _ (i)
| oa, fi>n—k,. Qorit

So, Qg Qg pr = QQ -
Let n —apiq1 < s<n-—ap—1. For all i € C, follows

asr(ag), if i<n—k-1
asr(agrr), if i>n—k

(ak,fa 'as,r)(i) = Oés,»,»(akj(i)) = {

ar, fi<n—k—1 .
= = g, (i)

ary1, if i>n—Fk.

807 Qg Ogp = Q.
Let n — ay < s <n. For all i € C,, follows

. N | ase(a), ifi<n—-k-1
(e s ) (1) = as (g (i) = { corlarer), if i>n—k

_foapy, fi<n—-k-1 = (i)

o\ apyr, ifi>n—k. o
So, ag - sy = e and this completes the proof. [ |
Endomorphisms g where £/ = 1,...,m and «a; , are called constant endomor-

phisms in [8]. According to [13], we denote the set of all constant endomorphisms
of STR{ai,...,am} by CO(STR{ai,...,an}). From Proposition 3.1 of [13]
follows

Corollary 21. Set CO(STR{a1,...,an}) is an ideal of semiring
STR{ai,...,am}.
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7. DERIVATIONS IN STRINGS OF ARBITRARY TYPE

We now proceed with the construction of derivations in strings STR{a1, ..., am}.
Suppose that there was £ = 1,...,m — 1 such as ag11 — ay > 2. For this ¢
the set of endomorphisms a, ¢, where n —asy1 < s < n —ay— 1 has 2 or more
elements. So, if we put p = n — ay41, then o), and a1 are from the semiring of
the idempotent endomorphism in string STR{ay, ag+1}. Now, using Proposition
20 we compute
Qp+1,0 " Qp e = Qpi1.0, Opr - Opy1e = Qp-

For » > ¢+ 1 we compute

Qpe* Qpr = Qpry Qp - Qpilyr = Qpry Qptl - Qpr = Qpti,r.
To find composition «y,; - o, ¢ We consider two possibilities:

1. If n —ar41 <p <n—ar— 1, then follows oy, - o = arp .
2. If n—a, <p < n,then oy, - oy = oty

For composition a1, - ¢ there are two similar possibilities, so we have either
Opt1r Qpp = Opy1.4, OF Qpy1p - Qpyp = Qng.

Consider a mapping 0, : STR{a1,...,am} — STR{ai,...,an} defined by the

rule
(2) dalOup) = aou g + oy o0,

where v and «y, ¢ are arbitrary elements of the string STR{a1,...,am}.

Then we find da,, ,(p11,0) = Api1,e-

Now we compute da,, ,(Qpr) = Qpe - Qpr + Q- Qpp = Qpy + Qpr - . But
Qpr > Qg >y, hence da, () = ap .

In such a way da,, ,(Qp+1,r) = Qpe* Qptir + Qptir - Qpp = Qpr + Qpiiyr - Q-
Using the inequalities oy > oy ¢ > i1 ¢ follows (5apj(ozp+1,r) = Qp -

So, we have da,, ,(Qpi1,0 - Q) = oy, (Qpt1r) = Qpyre

On the other hand, follows da,, ,(p11,0) - Qpr = Qpi140-Qpr = Qpi1, and also
Qpi1,6 Oay o (Qpr) = Qpi1g - Qpr = apy1,. Hence

Oy s (Qpr1,0) * Qpr + Qpi10+ Oaryy , (Qpir) = Qpi1r F Qprr = Oary o (Qpr1,0* Q).

Thus, we show that mapping d, defined by (2), where o € STR{aq,...,an}, in
the general case, is not a derivation.
Note that there is not a counterexample when r = £ because

5ap,z(ap+1,€‘0‘p,€) = 5%,@ (ap+1,€) = Qpt14 = 5ap,z(ap+1,€) 'ap,f+04p+1,lf'5ap,z(ap,f)-
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So, the last arguments do not contradict the proof of Theorem 12.
To avoid possibility ast1 —ag > 2 wefix m =nand a1 =0,a2 =1,...,a, =
n — 1. Now we denote STR{0,1,...,n—1} =STR(&,).

Example 22. In string STR(§C4) we consider endomorphisms ag 2 = 12,2, 2,22,
a1 = 00,0,1,1? and Qo3 = 12,2,3,30 Since (21 (23 = Q2 it follows that
Oapz (2,1 - @2,3) = Oag,(0,2) = ap2. Now we compute dqq,(2,1) =22,2,2,2 22
0, O, 1, 121+ O, 0, 1, 12 2, 2, 2, 2= Q2. Then (5040’2 (Oé271) ‘g3 = (p,2- 023 = (O 3.
Hence

Oap (@21 - 23) # 0ag,(a21) - 23 + @21 - o, (Q2,3)-

Thus, we showed that, even in the simplest case, in the string of type m, where
m > 2, the mappings defined by (2) in general are not derivations.

Now we consider the ideal of constant endomorphisms. It is clear that
CO(STR(E,)) = CO(Ec,). So, CO(Ec,) = {ko, ..., kn_1} Where k; = 1i,...,i1
fori=0,...,n—1.
Since k; - kj = k; it follows that dy, (k;) = { rip 02 .
v J FiA kj, if 1<y

More generally, for arbitrary o, € STR{r—1,r}, where r =1,...,n—1 follows
that

Kp_1, if 1<n—s—1
(3) Ri - Qg pr =

K, if i>n—s
Obviously oy - ki = K.

Hence, there are three cases:
1. If i > 7, then g, , (ki) = K.
2. Ifi<r—1landi<n-—s—1,then dq,, (ki) = Kr_1.
3. Ifi<r—1andi>n—s,then da,, (ki) = kr.

We can now establish a result concerning the semiring C(’)(gcn) using Corollary
21.

Proposition 23. Let d,,, : CO(E,) — CO(Ee,), where Qg € STR(Ee,), be a
mapping defined by S, (ki) = Qs rki + Kias for arbitrary rk; € CO(é\cn). Then
for any ki, k; € CO(&e,) follows

(4> 5as,r (K’i : K’]) = 5as,r (K’l) ' K:j + Ki - 5as,r (K/])
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Proof. From equality ;- k; = k; follows that 0q,, (ki - Kj) = da,, (Kj), Ki -
Oay,(Kj) = da,,(k;) and dq,, (ki) - k; = Kj. So (4) is equivalent to equality
bas,(Kj) = Oay,(k;) + Kj. If 5 > r from 1 follows dq,, (k;) = kj, 50, (4) holds.
If j<r—1and j <n—s—1, then from 2 follows d,,,(k;j) = x,—1 and from
Kr—1 = Kp—1 + k; equality (4) holds. When j < r —1and j > n — s, from 3
follows 4, , (ki) = K, which implies k, = K, + £, so, (4) holds. [ ]

Is there a semiring which contain semiring C (’)(é\cn) and is invariant under all
mappings dq, ., where as, € S TR(SAcn), so that equality (3) holds for all elements
of this semiring?

Studying this question, we consider the set S = C(’)(gcn) USTR{n—2,n—1}.

Proposition 24. Set S is a subsemiring of semiring STR(gcn) and is wnvariant
under all mappings da,, ,, where ay o € STR(Ee,)-

Proof. Let x,y € S. If either z,y € C(’)(EA'CH), orz,y € STR{n—2,n—1}, then
from Corollary 21 and Proposition 1 follows that x + y and x - y are from the
same semiring.

Let ¢ = asp1 € STR{n—2,n—1} and y = K; € CO(&,), where s,i =
0,...,n—=1. Then asp—1 + Ki = aspn-1 if i < n —2 and asp_1 + ki = K; if
i =n—1. Since agp_1 - ki = k; and K; - g p1 = { -z, Hi<n—s—1

' ’ Kn_1, ifi1>n—s
follows that - y,y - x € S. So, we prove that S is a subsemiring of STR(SAcn).

Let oy € STR(E,A'CH). For any k; € C(’)(EA’CTL) from 1, 2 and 3, just before
Proposition 23, follows that dq,, , (ki) € CcO(&,).

Let a5 p—1 € STR{n—2,n—1}. From Proposition 6.3 follows oy ¢ s n—1 =
kpoif0<s<n—0—-2, aps-asn1=app-1ifs=n—l—-1and ags-asn1=
kn—1 if n =4 < s < n—1. Since as,—1 - agy is equal to kp_1, agp and Ky in
similar cases we can conclude that when ¢ < n — 2 follows

Kn—2, fo<s<n—+¢-2

(5) Sapo(@sn-1) =< Qrp-1, if s=n—-L-1
Kn—1, fn—¥¢<s<n-1.

If £ = n—1 obviously 64, ,,_, (asn-1) € S. So, S is invariant under arbitrary dq, ,
and this completes the proof. [ |

The following counterexample shows that, in general, map § is not a deriva-

tion.

ke

Example 25. In string STR(SAC4) we consider endomorphisms ag2 =11,2,2,2),
k1 =11,1,1,11 € CO(&,) and az3 =12,2,3,31 € STR{2,3}.
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Since 1 - o3 = kg follows that o, , (K1 - @2,3) = das,(K2) =
—01,2,2,20-02,2,2,2 140 2,2,2,20-01,2,2,20=12,2,2,20 = Ko,

Now we compute dq,,(81) =01,2,2,20-0 1,1, 1,142 1,1,1,120-21,2,2,20 = Ka.
Then 6as, (K1) - @23 =12,2,2,20-22,2,3,31=13,3,3,31 = k3. Hence

Oas o (K1 23) # Oag, (K1) - a3 + K1+ dag ,(02,3).

Now we present a class of maps of type 0o which are derivations in the whole
semiring STR(Ec, ). We need some preliminary lemmas.
Using that 6,(8) = dg(«) and formulas (5) we obtain

Lemma 26. Forany{=1,...,n—2 and k,s =0,...,n follows

Kn—9, f0<s<n—-¥¢-1
Oagnr(Qre) =% Qrpn-1, if s=n—1{
Kn_1, ifn—f+1<s<n.

Let us make one necessary observation.

Lemma 27. Foranyq=1,...,n—2, k,p,s=0,...,n and arbitrary ¢ follows

5a3,n71 (O‘M) “Qpgt Qg 5as,n71 (apq) = Q¢ - 5045,%1 (apq)-

Proof. Let £ < n — 2. Using Lemma 26 follows dq,, ,(axe) < kn—1. Then
Ocvgn1(Qrp) - pg < Kn—1-Qpq = kq. The last equality follows from (3).
Let ¢ =n — 1. Then

(6)
Kp—o, if k=s=0,k=0ands=1,k=1lands=0

5czé-,7L71(041c77"a—1) = A1 n—1, if k=s=1
Kn—1, if k>2o0rs>2.
Analogously, we have 6q, ,,_;(Qkn—1) - Qpg < Kn—1- 0pq = Ky
On the other hand, from Lemma 26 we have 04, ,,_, () > kn—2. Then for

arbitrary £ follows that agg - da,,,_,(Qpg) > Q- kn—2 = kn—2. So, we have

5as,n71(ak’,€) “OQpg S Kg S Kp—2 < O 50‘5,7171(06777‘])'

Now we shall prove the main result of this section.
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Theorem 28. For any s > 2 the map da,,,_, : STR(Ec,) — STR(Ee,) defined
by equality

50437”_1 (a) =0sn—1"« +a- Qsn—1,
where o, 0g p—1 € STR(Ee,) is a derivation of STR(Eg,).
Proof. A. First, we shall consider endomorphisms oy, ¢ and a4 so that £,q =

1,...,n—2.
For k,p =0,...,n we verify that

(7) Ocrg -1 (Ot * Opg) = Oy oy (Qkyt) - Opg + Wkt~ O iy (Otpig)-
From Proposition 20 follows

Q- Qpg=Fkg—1, if 0<p<n—-0-1
(8) Akt Qpg = kg, if p=n—1L
kg Op g = K, itn—fl+1<p<n.

Case 1. Let 0 < s <n—qg—1. Then, using Lemma 26, for arbitrary p follows
Ocvgn1 (k- pq) = Kin—2.
Now from Lemma 26 and Lemma 27 we find
Oavgn 1 (k) pg+ ape oy, 1 (Qpg) = Qg phin—2 = Kn—2.
So, equality (7) holds.

Case 2. Let s=n —q.

21. If 0 <p <n—{¢—1, then from (8) follows ay ¢ - o4 = Kkg—1. Hence
50¢s,n—1(o‘k,3 ’ ap,q) = 5as,n_1(/‘5q—1) = Rn-2-
Using Lemma 27 first and then Lemma 26 we have
Oevs 1 (k) “ Qg+ kg - Oy 1 (Qpg) = Ak pOp 1 = Kpn—2.

So, again, equality (7) holds.

2.2. If p=n — ¢, then from (6) follows oy ¢ - ap ¢ = 4. Thus follows

5045,77,71 (ak’g ’ anQ) - 505,7171(0[]67(1) - akvnfl'
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Now Lemma 26 and Lemma 27 yields da, ,, (k) - Qpg + Ok - Oay i (pg) =
Qg O0pp—1 = Qg p—1. S0, equality (7) holds.

2.3. If n — £+ 1 < p < n, then from (8) follows ay s - apq = Kq. So, we have
5a37n*1 (Oékj ’ apvq) = 6as,n71 (K/(]) = Kn—1.

Now Lemma 26 and Lemma 27 imply 6q, ,_,(Qr,e) - Qpg + Okt - Oay iy (Qpq) =
Qg rkn—1 = kp—1. S0, equality (7) holds.

Case 3. Let n—q+1 < s < n. Then, from Lemma 26, for arbitrary p follows
Ocvgn 1 (k- Qpg) = Kin—1.
From Lemma 26 and Lemma 27 we obtain
50:3,”,1(0%,6) Qg+ Qg Oay s (Opq) = Qkphin—1 = Kp_1.

So, finally equality (7) holds.

B. The second possibility is when oy 5,1, 0pn—1 € STR{n—2,n—1}. Now from
Theorem 12 follows that d,, ,_, satisfies the Leibnitz’s rule.

C. Another possibility is to calculate dq, ,_;(axe-apn—1), where £ <n —2. Now
equalities (8) for ¢ =n — 1 are

Qg Qpp-1=Fkpz, if0<p<n—-~C-1
9) QU Opn—1 = Qpp—1, if p=n—1

Qpg-Opn-1=HKp-1, fn—»C+1<p<n.
Hence, using that s > 2, for arbitrary p we obtain da,, (k¢ - apn-1) >
csn_1(Fn—2) = kn—1. The last equality follows from (6).

From (6) and (9) we have agy - 0a,,,_, (Qpn-1) = Qre - kp-1 = Kp—1. Thus
we prove that

5045,1’1,71(0”‘376 ' apvn_l) = 5043,7171(0“‘376) ' ap,n—l + ak:‘e ' 5045,77.71(0[]77”_1)'
D. The last possibility is the same as in C., but we shall prove equality
(10) 5as,n—1 (ap,nfl : ak,é) = 5as,n—1 (ap,nfl) “Q e+ Qpp—1 - 5as,n—1 (ak,é)»

where ¢ < n — 2.
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Now from equalities (8) we obtain

Opn—1*Qgp = Ky—1, if k=0
(11) Apn—1 ' Q¢ = Opy, if k=1

Qpn—1 - Qkp = Ky, if 2<k<n.

Case 1. Let 0 < s < n— £ —1. Then, using Lemma 7.5, for arbitrary k
follows

5a5,n,1(ap,n71 ) O‘k,é) = Kn—2.
Now Lemma 26 and Lemma 27 imply
60137”_1(05;0,7171) c Qg + Apn—1 - 5(15’”_1(0514:,5) = Qpn—-1Kkn-2 = Kp—2-.
So, equality (10) holds.

Case 2. Let s =n — /.

2.1. Let k = 0. Now from (11) follows oy p—1 - are = k¢—1. Therefore, from
Lemma 7.5, follows

5043,77,—1 (apan_l : ak’[) = 5043,71—1 (Hg_l) = K;n_Q'
Using Lemma 27 first and then Lemma 26 we have
601.9’”_1(05;0,7171) c Qg + Apn—1° 5013’”_1(0%,6) = Qpn—-1Kkn-2 = Kp—2.

So, equality (10) holds.

2.2. Let k = 1. Now from (11) follows v n—1 - ¢ = oty . Thus
6as7n_1 (ap,n—l : ak,é) = 5as,n_1 (ap,é) = Qpn—1-
Now from Lemma 26 and 27 7.6 we obtain
Ocvan—1(pn—1) " are+ apn-1-da,, () = Apn-10k 1= Cpn_1.

So, equality (10) holds.

2.3. Let 2 <k < n. From (11) follows oy pn—1 - o ¢ = k¢. Hence

60‘s,n—1(ap7n71 ’ ak,é) = 6Ols,n—1("</€) = Rp-1.
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Now Lemma 26 and Lemma 27 imply
6as,n—l(apyn_1) : akve + apvn_l : 5045’”_1(0516,@) = ap,n—lak,n—l = K/n_]-'
The last equality follows from the condition k > 2. So, equality (10) holds.

Case 3. Let n — £+ 1 < s < n. Then, using Lemma 7.5, for arbitrary k
follows

50‘8,7171(0[1)771—1 : Oék,z) = Kp—1-

From Lemma 26 and Lemma 27 we find
5a5,n71(04p,n—1) c Qg + Apn—1- 5(15,”71(0%,6) = Qpnp—1Kn-1 = Kn—1-
So, equality (10) holds and this completes the proof. [

After Theorem 16 we consider set [ g I, where R is a differential semiring with
a set of derivations A = {d1,...,0m}, 6; € A, and I is a differential ideal of
R, closed under each derivation §;. From Proposition 10 follows that |, Igi I is

a subsemiring of R. In Theorem 28 we prove that string R = STR(E, ) is a
differential semiring with set of derivations

A= {da,, 1|0sn-1€STR{n —2,n -1}, 2<s<n}.

From Proposition 23 we know that I = CO(&g, ) is a differential ideal of R, closed
under all derivations of A.

Now from Lemma 26 and equalities (6) easily follows

o
Proposition 29. Ifd,,, , € A then [ *""' I =R.
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