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Abstract

Denote the n-th convergent of the continued fraction by p, /¢, =

[ag; a1, ..., an]. We give some explicit forms of leaping convergents of

Tasoev continued fractions. For instance, [0; ua, ua?, ua,...] is one of

the typical types of Tasoev continued fractions. Leaping convergents
are of the form prnii/@rnt+i (n = 0,1,2,...) for fixed integers r > 2
and 0 <¢<r—1.
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1. HurwITZ AND TASOEV CONTINUED FRACTIONS

Let o = [ag;a1,as9,...]| denote the regular (or simple) continued fraction
expansion of a real number «, where

a=ag+1/ay, ap = |af,
ap = ap + 1/ani1, ap = |lan| (n>1).

*This research was supported in part by the Grant-in-Aid for Scientific research (C)
(No. 22540005), the Japan Society for the Promotion of Science.
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Hurwitz continued fraction expansions, quasi-periodic simple continued frac-
tions, have the form

[ag; ar, .-y an, Q1(k), - .., Qp(k)I3,
= [ao;al, e ,an,Ql(l), e ,Qp(l),Q1(2), N 7Qp(2)7Q1(3)7 .. ] s

where ag is an integer, ay,...,a, are positive integers, Q1,...,Q, are poly-
nomials with rational coefficients which take positive integral values for
k=1,2,... and at least one of the polynomials is not constant. Well-known

examples are

e =[21,21,1,41,1,6,1,...] = [ 1,2k 132,
I e —1 ] 100
tan 1:ez—H:[0,1,3,5,7,...]:[0,2k—1]k:1,

tanl = [1:1,1,3,1,5,1,...] = [1;2k — 1, 1]32, .

It seems that every known example belongs to one of the three types, e-
type, tanh-type and tan-type. No concrete example where the degree of any
polynomial exceeds 1 has been given.

Recently, the author [5] found more general forms of Hurwitz continued
fractions belonging to tanh-type and tan-type. Namely,

[0; ua, v(a + b),u(a + 2b),v(a + 3b), u(a + 4b), v(a + 5b), ... ]

. n —1u—n—1 vb)™ " " a ,L'—l
PR MU DR (CRAD)

n=0 i
S (n)) 1 (wob)—" ﬁl(a +bi)-!
n=0 i=1
and
[0;ua —1,1,v(a +b) — 2,1, u(a + 2b) — 2,1,v(a + 3b) — 2,1,...]
(3) nio(—l)”(n!)lunl(vb)” lf[l(a + bi)~!
i:fo(—l)n(n!)l(uvb)n 71:111(a +bi)-!

respectively. In [9], the author constituted more general forms of Hurwitz
continued fractions of e-type, namely, the quasi-periodic continued fractions
with period 3 whose partial quotients include at least one 1;
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0 u(a + k) — 1, Lo — 132,

[e'e] n+1
(4) S w2y 2npTn(pl) L H (a+bi)~t
_ n=0 i=1
S2 bty ()2 1T (a4 i)~ — (uv)2n—1 T[ (@ + bi) 1)
n=0 =1 =1
and
(5)

[O;U -1, 1,U(CL + bk) - 1]20:1

[e’s) n n+1
S b (n!) ! (u*2”v*2"*1 [T(a+bi)~t +u2""1o=2n=2 T] (a + bi)*l)
n=0 i=1 i=1

éo(uv)_%b_"(n!)—l f{l (a + bi)-1

Tasoev continued fractions ([4, 5, 8, 9, 10, 18]) are also systematic but have
hardly been known before. They are also quasi-periodic but at least one of
Q;(k)’s in (1) includes exponentials in £ instead of polynomials. In [5], the
author found some more general Tasoev continued fractions. Namely,

00 , .
Z u—2n—1a—(n+1) H (a21 _ 1)—1
(6) 03 uak]pe, = =g P ,
Z u72na7n2 H (a2i _ 1)71

=1

n=0

o n, —2n—1_—(n+1)2 LY -1
> (~1)mu2la [1(a% —1)
(7) [0;ua — 1, T, uab+T —2J2, = "= e :
E (_1)nu72nafn2 H (a2i _ 1)71
n=0 i=1

> N Y (S

®)  [0;udk,vaF]}2, = =

i u—ny—ng—n(n+1)/2

n
n=0 i=1

(@ =1
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and
[07 ua — 1, 1, va — 2, 17 uak+1 _ 2’ 17 vak‘-l—l _ 2]2021
o0 n .
) 32 (122 [ (gf 1))
= =0 i=1
io: (=1)ru—ny—ng—nnt1)/2 ﬁ (ai — 1)1
n=0 i=1

We can safely say that Tasoev continued fractions are geometric and Hurwitz
continued fractions are arithmetic ([8]). The Tasoev continued fractions
corresponding to e-type Hurwitz continued fractions were also derived in [9];

0; uak —1,1,0 — 1|32,

o n
(10) 3 u—2n—1y=2n,—(n+1) 11 (a2i _ 1)—1
_ n=0 i=1
S n
3 ((uv)f2nafn2 _ (uv)f2nfla7(n+1)2) I (a2 —1)-1
n=0 i=1
and
[0;0—1,1,ua® — 1|2,
= ([, —2n, 2n—1,—n —2n—1,,—2n—2_—(n+1)? LY -1
(11) > (u a " +u v a ) [T(a* —1)
_ n=0 =1
- 00 n
> (o) ~2ra=r* [ (a® — 1)1
n=0 i=1

The different types of Tasoev continued fractions with period 3 shown in [§]
are

2

(12) Z u—n—lv—na—(n—l—l)
_ n=0 i

[e.°]

a Z (_1)nufn,ufnafn2 ﬁ (a2i _ (_1)2’)71
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[0; ua, va?* — 1,1, ua?+1 — 1|32,

(13) S (~1)run Ly )

_ n=0 i

(a% — (~1)) "

—

1

o0 n ?

E u—ny—"ng—"? H (a2i _ (_1)@')71

0; uak — 1,1, vak —1]32,

(14) Z u—n—lv—na—(n+1)(n+2)/2 H (ai _ (_1)1‘)_1
> (—1)"u*”v*"a*"("+1)/2 (ai — (—1)1)—1
n=0 i=1

and

[0; ua, va® — 1,1, uak+1 —1]2°

(15) Z (_1)nufnflvfnaf(n+1)(n+2)/2 H (ai _ (_1)2‘)71
_ n=0 i=1
z u—"p—"ng—nn+1)/2 H (ai _ (_1)i)—1
n=0 1=1

2. LEAPING CONVERGENTS

Leaping convergents are every r-th convergent of the convergents p, /g, =
[ag; a1, ag, ..., a,]. Namely, Leaping convergents are of the form p,,1;/qrn+i
(n = 0,1,2,...) for fixed integers r > 2 and 0 < i < r — 1. Some ex-
plicit forms of the leaping convergents of Hurwitz continued fractions have
been known. For example, if p,/q, and p}/q} are the n-th convergent of
the continued fraction /% = [1;(2k — 1)s, 1, 13, and e = [2;1,2k,1]%2,
respectively, then

ok _ g (2n — k)' n—k
D3n = P3p—2 = ms )
k=0

n

. @2n—k)! ,_
on = 2 = D (-1 e
k=0
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(2n —k — 1 —k
P3n—1 P3n—3 = nz k;' ! ’
kl:(]
n—
q3n—1 = q3p—3 = (_ ) ms ’
k=0
= @2n—k— 1)
—pt =N TR ) ek
P3n—2 = P3p_4q4 = = k'(n —k 1)|3 )
2n — - 1)' n—k
43n— 2*Q3n 4*"2 ms .

(See e.g. [11, 12, 13, 14]). The study of leaping convergents of e'/* has been
initiated by Elsner in the case of s = 1 ([1]) and by the author in the case
of s > 2 ([6, 7]).

Such explicit forms are useful to lead varieties of applications. In fact,
explicit forms of Hurwitz continued fractions have already yielded several
interesting applications. In [2, 3] we give Diophantine approximations of
values of hypergeometric functions formed from Diophantine equations. In
[16, 17] we give several Diophantine approximations of tanh, tan, and some
linear forms of e in terms of integrals. In [15] we give some new non-regular
continued fraction expansions under the aspect of N continued fractions.
These results are obtained by using some explicit forms of Hurwitz continued
fractions.

In this paper, we shall give some explicit forms of leaping convergents
of Tasoev continued fractions.

3. MAIN RESULTS

Let pn/qn be the n-th convergent of the Tasoev continued fraction

Z u—n—1ly—n —(n+1 li[( ) 1

[0; ua?k =1 pa2k 2, = "=

[e.°]

n
Z ufnvfnafn2 H (a2i _ 1)71
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Theorem 1. For n > 0,

(%-‘ v—1 o ;
n n n(nt1) n _ 2(v+i—1)
pn=Y ul 3l=vp[ 55 v g M5 2= Dn—0? 11 a a;_ —

i=1

v=1
laln v—1 on _ 2(v+i-2)
4n = U(%—‘ _V—HUPLTF‘ _Van(n;l) —2(v—1n—(v—1)? H %

v=1 i=1

-1

Remark 1. If v = v, then these identities become those of (6). If w is
replaced by ua and a is replaced by a'/2, then these become those of (8).

Proof. We shall prove the identities by induction. For simplicity, put

a2n — g2v+i-1)

v—1
P = S ul g1l 3 g st et TS 22—
i=1

1 21 _ 1
v=
3]+ i |
n n n(n+1) n __ 2(V+Z—2)
Q(n) = 1 wl 3 1-r1, [25 v M 2= 1)n—(v—1)? H1 a a;_ :
v= i

It is easy to see that pg = 0 = P(0), p1 =1 = P(1), ¢(0) = 1 = Q(0) and
q(1) = ua = Q(1). Assume that ps,—1 = P(2n — 1) and pa,—2 = P(2n — 2).
Then

2n
Pon = V4" "Pon—1 + Pon—2

n v=1 _an—2 2(v+i—1)
_ _ 2 a —a
— Ua2n E u " Van(Zn 1)-2(v—-1)(2n—1)—v H —
a“t —1
v=1 i=1
n—1 vl dn—4 _ 2(v+i-1
+ unfuflvnfua(nfl)@n 1)—2(v—1)(2n—2)—v? H a — —a ( )
2 i1
v=1 =1
n v—1 an—2 _ _2(v+i-1
_ n—v, n—v+1_n(2n+1)—4(v—1)n—v? 2(v-1) a —a ( :
= u v a a %
, a*t —1
v=1 i=1
n V=2 an—4_ 2(v+i-2)

+Z WVt g (n=1)(2n—1)-2(v—2)(2n—2)—(v—1)? H a
v=2 i=1
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_ Zunfyvnfu+1an(2n+1)74(1/f1)n71/2 ((a4n _ a2(2y71)) + a2y(a2(z/fl) _ 1))

(a4n _ a2(u+1))(a4n _ a2(u+2)) o (a4n _ a2(21/—2))

X
(a2 —1)(a* —1)...(a2"-D —1)
-1
_ - unfyvnfzﬂrlan(2n+1)74(1/71)1171/2 li_[ a*n — gl
N a? —1
v=1 1=1
= P(2n).

Next, assume that py, = P(2n) and pa,—1 = P(2n — 1). Then

Pont1 = ua® poy + pon—1
v—1 4p 2(v4i—1)
Y n— A1) 2 a —a
ua2n+1§ :un Vo 1/+1an(2n+1) 4(v—1)n—v H —
. ast —1
v=1 i=1
vol an—2 _ 2(v+i—1)

n
+ ZUn—VfUn_Van(Qn_1)_2(,/_1)(2”_1)_”2 H = a;i —1

=1

- v—1 4n i
= Z(uv)n”/Jrla(n+1)(2”+1)72(”*1)(2"+1)*l/2a2(y71) H (14;2?—2_(:1)

- =1

3~ +1 ,n(2n—1)—2(v—2)(2n—1)— 12 22n-1)  g20ti-2)

+VZ:2(U’U) a 1:1 a _1

n+1
= Z('LLU)n_V+1a(n+1)(2n+1)—2(u—1)(2n+1)_u2

v=1

=1

v—=2¢ an+2 _ a2v+i
% ((a4n+2 _ a2(2u—1)) + a2u(a2(u—1) _ 1)) [[i—i (a ( ))

IT:Z 11 (a* —1)
ntl v=1 o@nt1) _ _2(w+i-1)
_ n—v+1, (n+1)(2n+1)—2(v—1)(2n+1)—v2 a a
VZl(uv) a Z1;[1 TR
=P(2n+1).

In similar manners, we can prove that if go,—1 = Q(2n — 1) and g2,—2 =
Q(2n — 2) then g9, = Q(2n), and if g2, = Q(2n) and gop—1 = Q(2n — 1)
then gop+1 = Q(2n + 1). |
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We can rewrite the formulas as follows.
Corollary 1. Forn >0,

nov=l outitl) _ g
v 1/+1 (v+2)(2v+1) a —
bon = Z u H 21

i=1
n sy @22 1
Pons1 = D (o) a9 [T =g
v=0 i=1
n nov 2(2uti) _ q
a
o = Sy T 0L
v=0 i=1

NV 2(2u+idl) g

n
Gong1 = Z uu+1vua(1/+1)(2u+l) H — )
. a*t —1
v=0 =1

Let pn/qn be the n-th convergent of the Tasoev continued fraction

[0;ua — 1,1,va?k — 2,1, ua?k+1 — 2|22,

00 n
E ( )n —n—1,-n —(n+1) H (a2i _ 1)—1
_ =1
- 00 n
E (_1)nufnvfna7n2 H (a2i _ 1)71
n=0 i=1
For simplicity, put
P*(n) =
(3] . s S ,v=l on _ 2(is1)
_ ( 1)V—1u|75-|71/1)|77-| Ya 2(v—1)n—v H r— 7
v=1 i=1
Q*(n) =
[5]+1

v—1 op 2(v+i—2)
n n n(n+1) —
= S (1l [ g e T 4

i=1

N
Il
-
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Theorem 2. For n > 0 we have

DPon = P*(TL),
q2n = Q*(n) )

Remark 2. If u = v, then these identities become those of (7).

pan+1 = P*(n+1) — P*(n),
Gon+1 = Q" (n+1) = Q*(n).

If wis

replaced by ua and a is replaced by a'/2, then these become those of (9).

Proof. The proof is similar to the previous one and omitted. [ |

We can rewrite the formulas as follows.

Corollary 2. Forn > 0,

n—1

P*(2n) = Y (-1

v=0
n

Pron+1)=> (=)™

v=0
n

Q"(2n) =
v=0

Q 2n+1)=> (=)™

v=0

DG Vi

nv=l o v4itl) _ g
v+l, v, v+1_(v+2)(2v+1)
u v a 22—1 9
i=1 a
nor 22w+i)
v v, v(2v+3) H a
1=1
noro22w+i)
v v, v(2v+1) H a
1=1
NV o(Qutitl) _
Vv lyy o (D) (20+1) H a " 1
a —_—

i=1

4. EXPLICIT FORMS OF e-TYPE TASOEV CONTINUED FRACTIONS

In this section, we shall show some explicit forms of the leaping convergents
of e-type Tasoev continued fractions. Proofs are similarly done by induction

and omitted.

Let p,/gn be the n-th convergent of the Tasoev continued fraction (10):

[0; uak —1,1,0 — 1|32,

00 s n )
E u—2n—1y—2n,—(n+1) H (a2z _ 1)—1
n=0 1=1

i ((uv)f2na7n2 _ (uv)f2n71a7(n+1)2)
n=0

(a2 — 1)1 '

y

i=1
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Theorem 3. For n > 0 we have

2] v—1 op 2(v+i—1)
_ n—2v+1 n—2u+2 M,Q(V,l)n,l,z H a‘™ —a
P3n = Z U v a2 — 7 ,
v=1 i=1
2]-1 .
= S 7)) N MR an—vtitn) _q
P3nt+2 = Z(uv) a ’ a2 _ 1

v=1 i=1
v—1

s, 7] 2 2(| % | +i-1)

(n+1) vl (2, 1—(=1)Y a’"— 5
= Z(uv)"_"ﬂa%*(”*m”*LTJ T H a_ 7

: a? —1

v=1 =1

|~5J n—2k Mt _opn 2 Ea? — g2t

= e [
x=0 i=1
e n(n+1) Eog2n _ g2(s+i)

Y (et e [ 4

a? —1
x=0 i=1

v—1

n+1 I_ 2 J on_ GQ(L%JJFZ',U

_ -1 —p41 D ol vl 2|2 T @
_Z(_l)y (uv)n v a 2 I_ 2 Jn £2J ZH1 a2i_1 s

v=1
L%J (n+1)(n+2) 9 a a2n a2(l€+i72)
_ n—2k+1 n—2k ~DTNTY _ okn—k H —
Q3n+2 = Z u vt a2 a2 1

k=0 i=1
\‘nflJ o
2 2n 2(k+i—1
+ un72“vn72571a%72“n7”2 H a —a ( )
: a? —1
k=0 i=1
n—1

Kk _2n 2(k+i—1
_ un—Q;gvn_QH_law_zﬁn_(,ﬂ_ly H a” —a ( )

21
a“t —1
k=0 i=1
2%
2 ko 2n 2(k+1)
n(n+1) 2 a”’ —a
- § : un72nflUnf2nf2an2nnf(n+1) Il -
, a“t —1
k=0 i=1

Remark 3. The forms of ps, 11 and gs,41 are not simpler, and are obtained
by using the recurrence relations: psn+1 = Psn+2 — P3n and ¢3n+1 = G3n+2 —
d3n-
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Let p,/qn be the n-th convergent of the Tasoev continued fraction (11):

[0;0—1,1,uak —1]32,

& 2 2 L .
Z (u—Zn,U—Qn—la—n + u—2n—1,—=2n—=2,—(n+1) ) H (CLZZ _ 1)—1

_ n=0 i=1
- o) n )
Z (uv)f2nafn2 H (a2z _ 1)71

Theorem 4. For n > 0 we have

%5+
2 K op  o(kti—1
Pan = E un—2nvn—2n—1an(nT+l)—2fﬁn—n2 H a” - a ( )
: a? —1
£=0 i=1
[%52] . ot
2n 2(k+1
n—2k—1, n—2k—2 M72.Lenf(,t-a+1)2 H a”" —a
2 hal S
D L i
#=0 i=1
|52 i "
2n 2(k+1
_ Z un—2n—1vn—25—2a—"("271) —2Kkn— K> H a —a
: a? —1
£=0 i=1

12"

2 ko 2n 2(k+i+1
n—2k—2, n—2k—3 M72;‘en7(;@+1)2 a® — o )
— u v a2 ——

, a®t —1
k=0 i=1

n
5] Kk 2n 2(k+i—1
_ Z(uv)n—%ﬁa—"("jl) —2kn—k2 H a —a ( )

k=0 i=1
|25t ] )
+ Z (”wu)"*m“lan(nT+)*2"“"*("”1)2

k=0
LV

a’” —q

a? —1

2(r+4)

T
= =

1
] a2n _ a2(LgJ+z’f1)

o252 5 e 5]

2
=) (ww H .
2i __ ’
v=1 i=1 a 1
I_%J K 2n 2(k+i—1
— (uv)nf%a_n(n—zﬂ) —2kn—k? H a® — o )

k=0 i=1
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23] o e
_ Z (U/U)n 26-1, M Srer— 2 H a?t — et
0 o a2 —1
K= e
n+1 LV_*lJ o2 it
= Z(—l)”_l(uv)"—l’ﬂan("T“)f(u—l)nfLVTflf ﬁ a2n_ 25 ]+i-1)
21 __ )
v=1 palet a2t
I’n+1‘| . )
D s M e G Hw
d3n+2 = U i
v=1 Pl

Remark 4. The forms of ps,11 and gs,41 are not simpler, and are obtained
by using the recurrence relations: psn+1 = Psn+2 — P3n and ¢sn+1 = G3n+2 —
q3n-

Let p,/qn be the n-th convergent of the Tasoev continued fraction (12):

u—n—lv—na—(n—i—l)z (a2i _ (_1)i)—1

—

=1

(_1)nu7nfufnafn2 1;[1(0/22‘ _ (_1)2‘)71 .

[0; ua?k—1 — 1,1, va?k — 1132, =

S|

o0
>
n=0
o0
>
n=0

Theorem 5. For n > 0 we have

P3n =

v—1 an _ vti—1,2(v+i—1
_E :un Vo= v+1 n(2n+1 yn—u? a ) ( :
— (=1 ’

v=1 i=1

P3n4+2 =

ntl vl dnt2 — (- 1)V+ia2(1/+i71)

_ n—v+1_(2n+1)(n+1)—2(r—1)(2n+1)—v?
= VZ:l(uv) a 21:11 2 (1) ,

q3n =

ntl v—1 4n (—1)V+ia20+i=2)

_ v—1 n—v+1_n(2n+1)—4(v—1)n—(r—1)2 a = (—
;(_1) (w4 =12 T T

=1
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n+1
Qi = Z(_1)1/71un7u+2vn7u+1a(2n+1)(n+1)72(z/71)(2n+1)7(1/71)2
v=1
v—1 adnt2 _ (_1)V+i—1a2(u+i—2)
X a2 — (—1)i
=1

Remark 5. The forms of p3,+1 and ¢3,+1 are not simpler, and are obtained
by using the recurrence relations: psn+1 = P3n+2 — P3n and ¢sn+1 = G3n+2 —

q3n-
If u is replaced by ua and a is replaced by a

of (14).

1/2 then these become those

Let p,/qn be the n-th convergent of the Tasoev continued fraction (13):

[0; ua, va?* — 1,1, ua?k+t —1]22

Z (_1)nufnflvfna7(n+1)2 H (a2z‘ _ (_1)2‘)71
_ n=0 =1
z u—"y—"nqg—"? H (a2i _ (_1)i)—1
n=0 i=1

Theorem 6. For n > 0 we have

n
Pan = Z(_1)V—1un—uvn—u+lan(2n+1)—4(u—1)n—1/2

v=1

y 1’1:[1 atn — (—1)v+i—lg2+i-1)
paly a2i _ (_1); )
n+1
P3nt+1 = Z(—l)”*l(uv)"*wla(?nﬂ)(n+1)—2(u71)(2n+1)7,,2
v=1
y v—1 a4n+2 _ (_1)V—|—’ia2(y+i—1)
i=1 a? — (=1)° ’
n+1 ,
G3n = Z(uv)N—V+1an(2n+l)—4(V—1)n—(y—1)
v=1
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n+1
_ _ Y C(y—1)2
@31 = Zun V+2Un V+1a(2n+1)(n+1) 2(v—1)(2n+1)—(v—1)
v=1
y v—1 adn+2 _ (_1)1/+i—1a2(u+i—2)
a% — (—1)i
i=1

Remark 6. The forms of p3,+2 and ¢3,+2 are not simpler, and are obtained
by using the recurrence relations: p3nt2 = P3n+3—D3n+1 and ¢3n12 = ¢3n+3—
d3n+1-

1/2

If u is replaced by ua and a is replaced by a'/#, then these become those

of (15).
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