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Abstract

Let pn/gn = [ao; a1, - . ., an | be the n-th convergent of the continued
fraction expansion of [ag; a1, as,...]. Leaping convergents are those of
every r-th convergent prpn4i/¢rnii (n =0,1,2,...) for fixed integers r
and ¢ with r > 2 and i = 0,1,...,r — 1. The leaping convergents for
the e-type Hurwitz continued fractions have been studied. In special,
recurrence relations and explicit forms of such leaping convergents have
been treated.

In this paper, we consider recurrence relations and explicit forms of
the leaping convergents for some different types of Hurwitz continued
fractions.

Keywords: Leaping convergents, Hurwitz continued fractions.

2000 Mathematics Subject Classification: 05A19, 11A55, 11J70.

1. INTRODUCTION

a = Jlap;ai,asz,...] denotes the regular (or simple) continued fraction
expansion of a real a, where
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a=ag+0y, ay=|al,

1/0n—1 =ap+6, a,= H/Qn—lj (n >1).

The n-th convergent of the continued fraction expansion of « is denoted
by pn/qn = lao;aq,...,an]. It is well-known that p, and g, satisfy the
recurrence relation:

Pn = pPp—1 + Pn—2 (n > 0)7 b-1= 17 b2 = 07
Qn = GpQn—1 + Qn—2 (TL > 0), qg-1 = 0, qg—2 = 1.

Leaping convergents are those of every r-th convergent prp+i/qrnti
(n = 0,1,2,...) for fixed integers r and ¢ with » > 2 and i = 0,
1,...,r—1. Leaping convergents of the continued fraction expansion of e'/*
(s > 1) have been considered. This continued fraction is one of the typical
Hurwitz continued fractions. Hurwitz continued fraction expansions have
the form

[ag; a1, ... an, Q1(k), ..., Qp(k)]3Zy
= [ao;al’ s 7an7Q1(1), cee ’Qp(1)7Q1(2)7 s ’Qp(2)7Q1(3)7 .- ] 9

where ag is an integer, a1, ..., a, are positive integers, @1, ..., @, are
polynomials with rational coefficients which take positive integral values for
k =1,2,... and at least one of the polynomials is not constant. Various

Hurwitz continued fractions are mentioned in Section 3.

Elsner [1] studied arithmetical properties of leaping convergents
P3n+1/q3n+1 for the continued fraction of e = [2;1,2k,1]|32,. Putting P, =
P3ntl, @n=@ni1 M >0), P1=Po=0Q 1=1,Q 2=—-1,P,, =P, 3
and Q_, = —Qp—3 (n > 0), then for any integer n

P,=22n+1)P,1+ P2, Qn=22n+1)Qn_1+Qn_2.

The author [4] studied those ps,/qs, for e¥/* = [1;5(2k — 1) — 1,1, 1],
(s > 2). Putting P, = p3n, Qn = @3n (n > 0), P, = P, 1 and
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Q-_n=—Qn-1 (n>0), then for any integer n
P,=2s2n—1)P,_1 + P,—2, n=252n—1)Qn-1+ Qn_2.

In the latter case, P, = p3n+1, @n = g3n+1, Pn = P3n+2 and Qpn = g3n42 do
not satisfy any recurrence relations of the type like P, = S, P, 1 + Pr_o.
But they do some different type of relations. Moreover, all p’s and ¢’s are
explicitly expressed in the aspect of leaping convergents in [5]. Namely, for
n > 1 we have

o ox _ (27’L B k)' n—=k
P3n = P3p—9o = ms )
k=0

*
43n—1 = q3p—3 =

n—1
. 2n—k-1)!
P3n—2 = P3pn—a = —kz'(n —r 1)|Sn k,
k=0 ’

n

2n—k—-1)! , .
q3n— 2*(]311 4*”2 ms" .

Note that all the six formulas for p3, o, P53, 3, P3_4r Tan—2> @p_3
and ¢3,,_, correspond to s = 1 in the continued fraction expansion of e.

In this paper, we consider recurrence relations and explicit forms of the
leaping convergents for some different types of Hurwitz continued fractions.
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2. RECURRENCE RELATIONS OF LEAPING CONVERGENTS

In [5, Theorem 2], some three term relations were shown for a more general
continued fraction of [1;71(k),T5(k),T3(k)]32,. In [6, Theorem 1] these
results were further extended in the following form.

Lemma 1. Let the continued fraction be given by

[a0§T1(k)7T2(k)7 v 7Tr(k) ]20:1

with odd r, where each T,(k) (v = 1,2,...,r) takes a positive integer for
kE=1,2,.... Leto, B, 7, 6, &, B', ¥ and & be integers defined by

a B\ (o) Bm) \ (T 1) (T 1
v ) v(n) o(n) a 1 0 ) 1 0/’
and
o B B an—1) B(n—1) B To(n—1)1 T,(n—1)1
v )] \yn-1)6én-1)) 1 0) 1 0)"

respectively. Then we have for n > 2

(VT1(n) + &)t = Um)an1 + (VT (n + 1) + )2,

where U(n) = (YTi(n) + &) (aTi(n + 1) + B) + v'(vTi(n + 1) + §), and
Tn = Prn+1 OT Tn = Grn+1-

By shifting the position from T3(n) to T,(n) (v = 2,...,r), a more general
result was shown in [6, Theorem 2].
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Lemma 2. Let the continued fraction be given by

[a03 Tl(k)aTZ(k)v <o aTr(k) ]zozla

where each T, (k) (v =1,2,...,r) takes a positive integer for k = 1,2,....
Let R; j(n) (1=1,2,...,r—1; j=1,2,3,4) be integers defined by

Tit1(n—1)1 T,(n—1)1
)
L1 oo 1 0) 7\ 1 o0

VR
X =
w =
S 2
SRS
= v
S &
~—
I

with
R071(n) R072(n) _ Tl(n - 1) 1 TQ(’I’L - 1) 1 Tr(’I’L — 1) 1
Ros(n) Roa(n) ) 1 0 1 o) " 1 o0/

Then we have for n > 2

R;s(n)xy,

)

= (Ri73(n)Ri,1(n + 1) + Ri,4(n)R,~73(n + 1))xn_1 + (—1)T71Ri,3(n + 1)xn_2,
where xp, = Prn+i OT Tn = qrn+-

These relations are entailed from the regular continued fractions.
On the contrary, it is not easy to find the continued fraction satisfying
a given three term relation. In addition, such relations can not be di-
rectly applied to the simple continued fraction which period is not pure.
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In [2], we consider the non-regular continued fractions in order to deal with
some more general three term relations. In this paper we shall consider
the leaping convergents of non-regular continued fractions and obtain their
characteristics. As the case of non-periodic simple continued fractions, |2,
Corollary 1] is stated as follows.

Lemma 3. Given a reqular continued fraction

a = [a0§a1aa2a- .. 7ap,T1(k)7T2(k)a cee aTw(k‘)]?:u

where p > 0 and w > 1 are fived integers. Then for any integers r and @
withr>2and 0 < p<i<p+r

(—1)’"_1DT,_1(M —T)-2n
+ (Dr—1(M)Dy (M — 1) + Dy (M — 1)Dy—o(M + 1)) - 2,1

—Dp i (M) zp=0 (M=(n—-1)r+i+2)

holds for z, = prnti and z, = Grn+i- Here, for positive integers a and 1
define Dy(a) =1 and

—T(a) -1 0
1 —-T(a+1) -1
Da)— 0 1 ~T(a+2) 1 |
1 —T(a+1-2) -1

1 —T(a+1-1)
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where

T(a) = Tug(a—p-1)/w)+1 Ga m pD

w

for a fized positive integer w. {-} denotes the fractional part function and
[-] the ceiling function.

3. HURWITZ CONTINUED FRACTIONS

Up to the present, the following numbers are well-known to yield Hurwitz
continued fractions.

e =12k —1)s —1,1,1 152, (s€Z,s>1).

ae'/'=[a+1;2a — 1,2k, 1|52, (a€Zy).

1 -
—e/'=1[0;a —1,2a,1,2k,2a — 113, (a€Z,a>1).
a

2= [7;3k — 1,1,1,3k,12k + 6 |32 .

) 1 1
e?/5=[1;3ks — st ,12]{38—63,31433—%,1,1]2021 (s:odd,s >3).
v 1 oo
atanh N = [0; (4k — 3)u, (4k — 1)v |32y (w,v €Zy).

2
Iia/)+1 <3>
——— 7 = [0;a + kbR,

2
Ia/b <g>

where I (z) are the modified Bessel functions of the first kind, defined by
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B o0 (Z/Q))\—i—Zn
D& =2 D)

n=0

1
fracvutan =[0;u—1,1,(4k — 1)v —2,1,(dk + L)u — 2 |32, .

Jav

2
Jasby+1 <g>

—<>r:[07G+b—1,1,(1+(k‘+1)b—2]zozl,

Ja/b E

where Jy(z) are the Bessel functions of the first kind, defined by

560 =(3) S i
o nll'A+n+1)
It seems that each one of the above belongs to one of the types, e-type
(and/or e2-type), tanh-type and tan-type. No concrete example where the
degree of any polynomial exceeds 1 is known.

Recently, the author obtained more general Hurwitz continued fractions
of three types. In [5] and [7], the author constituted more general forms of
Hurwitz continued fractions of e-type, namely, some extended forms of the
continued fractions of e'/*, ael/® and %el/“.

0 u(a + Rb) — 1, Lo — 132,

n+1

Z u—2n—1v—2nb—n(n!)—1 H(a + bi)_l
n=0 i=1

[e'e] n n+1
> b () ((uv)2n [[a+b)™" = () [[(a+ b¢)1>

n=0 i=1 =1

a 1
o249
041 <7 b + 2 U2U2b2>

a 1 a 1
uv(a + b)oF1 (; ;T m) —ol1 <3 ;7% u27}2bz>
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and

[O;U -1, Lu(a + kb) - 1]20:1

[ n n+1
> b”(n!)1<u2"v2"1 [[@+vi)  +ur o2 T (a + bz’)1>
_ n=0

i=1 i=1

> (u) o ()" (@ + i)
n=0 =1

a 1
F . _ 2.
041 <7 b + 2 ’U,2’02b2>

a 1 a 1 .
uv(a + b)oF1 (; ;b m) —ol1 <3 ;7% u%262>

It was e-type Hurwitz continued fractions that several recurrence
relations and explicit forms have been studied about the leaping
convergents in [1], [3, 4] and [5]. In the next two sections, we introduce
more general Hurwitz continued fractions of tanh-type, tan-type,
and obtain the explicit forms of the corresponding leaping convergents.
In Section 6 we show the explicit forms of the leaping convergents of e2/*,
which are slightly different from those of e-type. In Section 7 we prove the
theorem presented in the next section.

4. EXPLICIT FORMS FOR THE CONVERGENTS OF tanh-TYPE HURWITZ
CONTINUED FRACTIONS

In [3], [7] the author obtained a generalized tanh-type Hurwitz continued
fraction as

[0;u(a + (2k — 1)b),v(a + 2kb) |32,

[e'e] n+1
> ) u wb) ™ [ (@ + bi) 7!
_ n=0 =1

> () uwd) " [ J(a+ bi) !

n=0 i=1
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a 1
Fo(:= 9.
0 1<ab+ ’U/Ub2>

1 Y
u(a + b)oF1 (; % +1; >

" uvb?

where

oo

1 2"
oFiez) =) ——

nl
= (¢)n n!

is the confluent hypergeometric limit function with (¢), = c(c+1)...(c+
n—1) (n > 1) and (¢)o = 1. This continued fraction includes the cases of

2
v 1 | La/p)+1 (3)
u aln om al 2 .
Lo 7

By applying Lemmata 1 and 2, the three term relation about the leaping
convergents of [0;u(a + (2k — 1)b),v(a + 2kb) |32, is given by

(a+ (n—2)b)p, = ((a + (n—2)b) (a+ (n — 1)b) (a + nb)uv
+ 2(a + (n— 1)b)>pn_2 —(a+nb)pp—g (n>4).

The same relation also holds for ¢’s instead of p’s. Now, such p’s and ¢’s
can be expressed explicitly as follows.

Theorem 1. Let p,/q, be the n-th convergent of the continued fraction

a 1
Sl
b + ’uvbz>

oF1 <;
[0;u(a + (2k — 1)b),v(a + 2kb) |72, = - N
u(a +b)oFy (; -+ 1 —>

b uvb?
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Then, forn=1,2,... we have

n—1 n+k
Pamn1= Y (n +2k];_ 1) < Il @+ bi)) (uv)F,

k=0 i=n—k+1

el n+k+1
_ Nk, kL
pgn—kzo<2k+1>< H (a—i—bz))uv ,

i=n—k+1

n—1 n+k n+k
_ N kL k
Qon—1 = . <2k+1> <H (a+bz)> u ot

k= i=n—k

n n+k
Gon = 2 <n2—;k:> < H (a + bz)) (uv)*.

i=n—k+1

If a = —1and b= 2, then by J[[_,(2i — 1) = (27 — 1)!!/(2p — 3)!! we have
the following.

Corollary 1. Let p,,/q, be the n-th convergent of the continued fraction par

Vv/utanh1/\/uv = [0; (4k — 3)u, (4k — 1)v |22,. Then, forn =1,2,... we
have

n—1
2n + 2k — 1\ [4k\ (2k)! i
P2n—1 = Z < Ak > <2k> 52% (uv)”,

k=0

242k 1\ (4k+2\ 2k + 1) 4
g — = v
D=2\ akte ) \ok 1) 9 ’
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—_

n—

<2n + 2k> <4k + 2) (2 + D! g

Qon-1= 2o\ 4k +2 ) \2k+1) 2%+ ’
L= 20+ 2K\ (4K (2K)!,
qon = kzo < 4k‘ > (2]{3) 22k (U’U) .

5. EXPLICIT FORMS FOR THE CONVERGENTS OF tan-TYPE HURWITZ
CONTINUED FRACTIONS

In [3], [7] the author also obtained a generalized tan-type Hurwitz continued
fraction as

[0;u(a +b) —1,1,v(a + 2kb) — 2,1, u(a + (2k + 1)b) — 2]

o] n+1
Z(—l)"(n!)_lu_"_l(vb)_" H(a + bi) ™!
_ n=0 i=1
> (=1 ()7 (uvb) " [ [ (a + i)
n=0 i=1

a -1
F . _ 2.
041 <7 b + 2 ’U/Ub2>

a -1\’
. 1:
u(a + b)oFl (, b + 5 U/Ub2>

including the cases of

—tan —— and
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Apply Lemma 3 to the leaping convergents of

[0;u(a +b) —1,1,v(a + 2kb) — 2,1, u(a + (2k + 1)b) — 2|32, .

Note that T(M) = Ts(n) = 1, T(M + 1) = Ty(n) = u(a + (2n + 1)b) — 2,
T(M+2)=Ti(n+1) =1and T(M+3) =Ta(n+1) =v(a+ (2n+2)b) — 2.
For simplicity, put s,, = a4+ nb. Then the three term recurrence relation for
1 = 2 is given by

$2n—1P4n+2 = (32n71(us2n+1 — 1) + s2n41(uvsa, 152, — US2p 1 — 1))P4n72
— Son+1Pan—6 (n > 2).

The same relation also holds for ¢’s instead of p’s. The relations for ¢ = 1,
3 and 4 are similarly obtained as follows.

(uvs2n—252n-1 — VS22 — US2—1)Pdn+1
= ((uvson—252n—1 — VSon—2 — uS2n—1)(uS2n41 — 1)
+ (US2nS2n41 — VS2n — US2n41) (UVS2p—2S2n—1 — US2n—1 — 1)) Pan—3
— (uvS2nSan+1 — VSon — US2n41)Pan—7 (N > 2),
(uvs2n—152n — US2p—1 — VS2,)Pan+3
= ((uvsan—152n — US2n—1 — VS2p) (VS2pt2 — 1)
+ (uvS2p4152n+2 — US2p+1 — VSon+2) (UVS2,—1 82, — VS2, — 1))p4n,1
— (uvs2n1182n+2 — US2nt+1 — VS2n42)Pan—5 (N > 2),
SonPan+a = (S2n(vS2n+2 — 1) + song2(uvsanSons1 — vS2n — 1)) pan

— Sop42Pan—a (N >2).
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Now, such p’s and ¢’s can be expressed explicitly as follows.

Theorem 2. Let p,/q, be the n-th convergent of the continued fraction

[0;u(a +b) —1,1,v(a + 2kb) — 2,1, u(a + (2k + 1)b) — 2]

a -1
=49
0 1<ab+ ’uvb2>
a

1\
u(a + b)oF1 <; 5 + 1; W)

Then, forn=1,2,... we have

Pan—3 = Po(n) — Pi(n — 1), Pian—2 = Po(n),
Qan—3 = Q2(n) — Q1(n — 1), Qan—2 = Q2(n),
Pan—1 = P1(n) — P2(n), Pan = P1(n),
Qan—1 = Q1(n) — Q2(n), qan = Q1(n)
where
n—1 n+k+1
Pi(n) = (—1)nk-t ntk < (a + bz)) kRt
n—1 n+k
Py(n) = Z:(—l)"ik*1 <n +2]2_ 1) < H (a + bz)) (uv)* |
k=0 i=n—k+1
n n—+k
i =Y ("5 ") ( ] G+ bz’)) (wo),
k=0 i=n—k+1

n—1 n+k
Qa(n) = (1" +! <;€++"1 > ( II e+ bz’)) uF ok

k=0 i=n—k
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If a = —1 and b = 2, then we have the following.

Corollary 2. Let p,/qn be the n-th convergent of the continued fraction
Vv/utanl/y/uv = [0;u — 1,1, (4k — 1)v — 2,1, (4k + L)u — 2 |32,. Then,
form=1,2,... we have

Pan—3 = P3(n) — Pf(n —1), Pan—2 = P5(n),
din—3 = Q; (n) - QT(?’L - 1)7 qin—2 = Q;(n)a
pan—1 = Pf(n) — P3(n), pan = Pf(n),
qin—1 = QT(”) - Q;(n), dan = Ql(n),
where
n—1
. o (204 2k + 1\ (4k 42\ 2k +1)! 4 .,
Pl(");(_l) ( 4k + 2 ><2k+1> 92T uFpk L
. SN 12042k — 1\ (4K (2k)!
i) = oo (0 () Gt
. - ook (20 + 2K (4K (2k)!
1(n) = kZ:O(—l) k( Ak > <2k> 2W(uv)k,

n—1
oy (204 2K (4K + 2\ (2k + 1)!
00y — k1 CEA 1) ki k.
2(n) ;;)( ) <4kz+2><2k+1> o2kt1 Y

6. EXPLICIT FORMS FOR THE CONVERGENTS OF 62/5

2/s

A three term relation of e*/* was given in [6]. Namely, for n > 2
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A(n)z, =Un)zp—1 + B(n)x,—2,

where x,, = pPsn41 OF Ty, = @5n41, and

An) =~v(n—1)Ti(n) +d6(n—1)

= 18(25 + 1)°n? — 36(2s + 1)*n + 2(355% + 355 + 9)

U(n) = (v(n = DTi(n) +d(n — 1))(a(n)Ti(n + 1) + B(n))
+9(n = 1)(v(n)Ti(n+1) +d(n))
= 6(2s + 1)(2n — 1)(324(2s + 1) 'n" — 648(25 + 1)"n?
+18(25 + 1) (6852 + 685 + 19)n? + 18(2s + 1) (452 + 45 — 1)n
— (140s* + 280s° + 190> + 50s + 3))

and

B(n) =~(n)Ti(n+1) +d(n)
= 18(2s + 1)2n2 —2s(s+1).

In this section we shall show the explicit forms for those of e2/5. If s > 1 is

odd, the continued fraction expansion of e?/* is given by
6k —5)s —1 6k —1)s—1
62/8 = [1; %a (12k - 6)3’ %, 1a 1 ]1210 :

Let p,,/qn be the n-th convergent of this continued fraction expansion.
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Theorem 3. Forn=1,2,... we have

3n—2 k

-2\ s
Psn—4 = ,Z3n+/€ 2< i )W’

3n—1

Ds5n—3 = !Z (Bn+k—1)! < k 1) <§>k,
3n—1
!z?w( e
B 1 3 3 b 1)l 3n\ /s\k
p5n—1mkz_o(n+ - )<k>(§> )

3n k
p5n: Z3n+k < >(g) )
k=0
and

n 2 3n—2\ sF
3n k—2 -
J5n—4 = 3n— Gn—2)! ;;) Bn+k— 2)'< k )W’

3n—1

d5n—3 = ﬁ kzz;) (_1)3n—k—1(3n Lk 1)!<3nk— 1) <§>k 7

s = g a0 -0 (3)'
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Note that the forms of g¢5,_2 and g¢5,_1 are interchanged to that of
Psn—2 and ps,—1 in addition to the minus signs for every second term.
Let p}/q; be the n-th convergent of the continued fraction of

e? =[7;3k —1,1,1,3k,12k + 6 |32,. Then, for n > 0 we have

Ez ::pn+2
QZ Qn+2’
where p,,/q, is the n-th convergent of the continued fraction of /5 men-

tioned above.

7. PROOF OF THEOREM 1

We shall prove Theorem 1 by induction. The basic recurrence relation p,, =
apPn—1 + Pn—2 (n > 0) is used repeatedly. The proofs of other theorems
are also done by induction in similar manners and omitted. The first initial
values match the result because py = 0, p1 = 1 and py = (a + 2b)v. Suppose
that the identities hold for ps,_1 and pso,. Since

(a+ (2n+ 1)b) (nz_;k__l 1) (n +2ch_ 1) (a+b(n—k+1))
= ("5 b k),
we have
n (=0 (T e
u(a+ (2n+1)b (et e
( ) <2(k -+ 1> i—n—gl)"‘l
B n+k
T
i=n—k+1

_ <”2*];’“> ( nﬁl (a+bz’)) (o).

i=n—k+2
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Together with

and
o — 1 2n m 2n+1
(a+ (2n +1)b) <2n B 1> 21;]2:(@ + bi) = <2n> g (a+bi),
we obtain

P2nt1 = u(a+ (2n + 1)b) pan + p2n—1

_ i (“;f) ( n+Hk+1 (a+ bz’)) ().

i=n—k+2

Next, suppose that the identities hold for ps, and poj,41. Since

(a+ (2n + 2)b) (n;;:]j + <;;rk1> (a+b(n—k+1))

B n+k+1
S\ 2%k +1

)(a—!—b(n—!—k‘-i—Q)),

we have

n+k+1
v(a+ (2n + 2)b) (n;};k) < H (a + bz)) (uv)*

i=n—k+2

" ntk+1
Nk kL
+<2k+1>< H (a—i—bz))uv

i=n—k+1
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Together with

(a+ (20 +2)b) @Z) Zﬁl(a 1 bi) = @Z ! i) IT (a+bi).

we obtain

Pant2 = v(a+ (2n + 2)b)pany1 + Pon

n n+k+2
n+k+1>< h )k ket
:E (a+bi) | u ™.
k_0< 2% + 1

i=n—k+2

The proof for the identities of ¢’s are similarly done and omitted.

1]

2]
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