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1. INTRODUCTION

The concept of hyperstructure was first introduced by Marty [4] in 1934 at
the 8th congress of scandinavian Mathematicians and then he established
the definition of hypergroup [2] in 1935 to analyse its properties and applied
them to groups of rational algebraic functions. Also he was motivated to
introduce this structure to study several problems of the non-commutative
algebra. Then several researchers have been working on this new field of
modern algebra and developed it. M. Krasner [1], a great researcher in
this area, introduced the notions of hyperring and hyperfield to use it as
a technical tool in the study of the approximation of valued fields. Later
on it has been developed and generalized by other researchers. Then the
notion of the hypervector spaces was introduced by M. Scafati Tallini [§]
in 1988.

In the definition [16] of hypervector spaces, M. Scafati Tallini has con-
sidered the field as a usual field. In this paper, we have generalized the
definition of hypervector space by considering the field as a hyperfield and
considering the multiplication structure of a vector by a scalar as hyper-
structure like M. Scafati Tallini. We again call it a hypervector space. Then
we have established a few basic properties in this hypervector space and
thereafter the notions of linear combinations, linearly dependence, linearly
independence, Hamel basis, etc. are introduced and several important prop-
erties like deletion theorem, extension theorem etc. are developed.

2. PRELIMINARIES

We quote some definitions and proofs of a few results which will be needed
in the sequel.

Definition 2.1 [5]. A hyperoperation over a non-empty set X is a mapping
of X x X into the set of all non-empty subsets of X.

Definition 2.2 [5]. A non-empty set X with exactly one hyperoperation
'#" is a hypergroupoid.

Let (X, #) be a hypergroupoid. For every point x € X and every
non-empty subset A of X, we define x # A = J . {z # a}.

Definition 2.3 [5]. A hypergroupoid (X , #) is called a semihypergroup if
xH#(y#2) = (x#vy) #z forall z,y,z € X.
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Definition 2.4 [5]. A hypergroupoid (X , #) is called a hypergroup if

(1) z# (v # 2) = (z # y) #=.

(ii) 30 € X such that for every a € X, there is unique element b € X for
which 0 € a#b and 0 € b#a. Here b is denoted by —a.

(iii) For all a,b,c € X if a € b#c, then b € a # (—c).

Result 2.5 [5]. In a hypergroup (X, #), —(—a) = a, Va € X.

Proof. Since 0 € a # (—a) and 0 € (—a) # a,Ya € X i.e 0 € (—a) # a
and 0 € a # (—a), Va € X. Hence —(—a) = a, Ya € X.

Result 2.6 [5]. 0# a = {a}, Va € X, if (X, #) is a commutative hyper-
group.

Proof. Let a € X, then 0 € a # (—a)
= a € 0# (—(—a)) [by Definition 2.4 ]
= a €0 #a

we now show that 0 # a = {a}.

Let be 0#a
= 0 € b# (—a) = (—a) #b
= b= —(—a)
= b=a.

This completes the proof.
Result 2.7 [5]. In a commutative hypergroup (X, #), 0 is unique.
Proof. Let there be another element e € X such that

eca# (—a)e€(—a)#a, Vae X.

= a#e={a}, Va € X.

= 0#e ={0}. Again 0# e = {e}.

Hence e = 0.
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This completes the proof.

Note 2.8. In a hypergroup, if the element 0 is unique, then 0 is called the
zero element of the hypergroup and b is called the additive inverse of a if
0 €a#b and 0 € b #a.

3. HYPERVECTOR SPACE

Definition 3.1. A hyperring is a non-empty set endowed with a hyper-
addition ‘@’ and a multiplication ‘.” such that (X, &) is a commutative
hypergroup and (X ,.) is a semigroup and the multiplication is distributive
with respect of the hyperaddition, both from the left and from the right side
and a.0 = 0.a = 0, Va € X, where 0 is the zero element of the hyperring.

Definition 3.2. A hyperfield is a non-empty set X endowed with a hyper-
addition ‘@’ and a multiplication ‘.’such that

(i) (X, @, .) is a hyperring.

(i) 3 an element 1 € X, called the identity element such that a.1 = a,
Vae X.

(iii) For each non zero element a € X, 3 an element a~' € X such that
-1
a.a =1

(iv) a.b=b.a,Va,be X.

Definition 3.3. Let (F',@,.) be a hyperfield and (V', #) be an additive
commutative hypergroup. Then V is said to be a hypervector space over the
hyperfield F' if there exist a hyperoperation x : F' x V. — P*(V ) such
that

(i) ax(a#B) Caxa # axf, Va € FandVa,3 € V.
(i) (a@b)xaCCaxa#bxa, Va,be FandVa €eV.
(i) (a.b)*a=ax(bxa), Va,b€ F and Va € V.
(iv) 1lpxa={a} and 0*xa = {0}, Va € V where 1 is the identity

element of F’,0 is the zero element of F' and 0 is the zero vector of V
and P*( V') is the set of all non-empty subsets of V.



A NOTE ON HYPERVECTOR SPACES 79

A hypervector space is called strongly right distributive hypervector space
(respectively, strongly left distributive hypervector space), if eqality holds in
(i) (respectively, in (ii)).

A hypervector space is called a good hypervector space if equality holds
in both (i) and (ii).

Remark 3.4. By a hypervector space V, we mean a hypervector space
(V ,#,%) and by a hyperfield F, we mean a hyperfield (F',®,.).

Remark 3.5. Let V' be a hypervector space over a hyperfield F. Let a , b €
F and o, 8 € V, then by a * a # b 3, we mean (a x o) # (b * [3).

Example 3.6. Let (F', @,.) be an hyperfield and V = F x F. Let us define
a hyperoperation '#’ on V as follows

(al, a2) # (bl, b2) = (aléBbl , ag@bQ) = {(m,y) N~ aléBbl and Yy < ag@bg}.

Then we prove that (V , #) is an additive commutative hypergroup.
Now we define a scalar multiplication * : F' x V. — P*(V') by ax((a1, az2))
= {(a.a1, a.a2)}, where a € F and (a1, ag) € V. Then we easily verify
that

(i) ax((a1, a2) # (b1, b2)) = (a* (a1, az)) # (ax (b1, b2)),
(i) (a®b)* (a1, a2) = (a* (a1, a2)) # (b (a1, az)),
(i) (ab) * (a1, az) = ax (b* (a1, az)),
(iv) 1p#(ar, as) = (a1, az) and 0% (a1, as) = (0, 0) = 6,

for all a,b € F and for all (a;, as), (b1, b2) € V.

Result 3.7. Let (V, # , %) be a hypervector space over a hyperfield
(F,®,.). Then

(i) k+6=1{0},VEk € F,0 being the zero vector of V.

(ii) Let k € F and « € V be such that k x « = {6}, then either k£ =0, or
a=20.

(ili) —a € (—=1p)*a, YV a € V,1p being the identity element of F.
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Proof.
(i) kx0=k=x(0x0),

[ by axiom (iv), we have Oxa =0, Va e V] =(k.0)x0 = 0.6 = 6.
(ii) Let k € F and @ € V be such that k*x a = {6}.
If k=0, then O0x o = 6.

If K #0, then k= € F.
Therefore kxa =60 = k7 'x(kxa)=k"10

= kL k)xa=0= lpxa=0 = a=0.
This completes the proof.
(i) Let a € V, then
(Ip®(—1p))xa C lpxa# (—lp)xa=a# (—1p) * .
Since0 € 1p®(—1p) = 0=0xac(lp® (1)) *
= 0ca#(—1p)xa.

Therefore —a € (—1p)* o, Va € V.

4. HYPERSUBSPACES

Definition 4.1. A subset W of a hypervector space V over a hyperfield F
is called a hypersubspace of V' if W is a hypervector space over F' with the hy-
peroperations of addition and the scalar multiplication defined
on V.

Therefore a subset W of a hypervector space V is a hypersubspace of
V' if and only if the following four properties hold.

() a#tBCW, Vo, 8 € W,
(i) axa C W, YaeWandVa €F,
(iii) W has a zero vector,

)

(iv) each vector of W has an additive inverse.



A NOTE ON HYPERVECTOR SPACES 81

Theorem 4.2. Let V be a hypervector space and W is a subset of V. Then
W is a hypersubspace of V if and only if the following three conditions hold:

(i) W is non-empty.
(i) a#f CW,Va, BeW
(ii) axa CW,Va€e F andVa e W.

Proof. If W is a hypersubspace of V', then obviously the conditions (i), (ii)
and (iii) hold.

Conversely, let W be a subset of V such that W satisfies the three
conditions (i), (ii) and (iii).

To proof that W is a hypersubspace of V. it is enough to prove that (1)
W has a zero vector. (2) Each vector in W has an additive inverse. Since
W is non-empty, let « € W. Now 0 € F', therefore by the condition (iii) we
get 0xa C W = 0 € W. Therefore W has a zero vector. Again, since
—1p € F, therefore (—1p) *xa C W = —a € W. Hence each vector in W
has an additive inverse.

Theorem 4.3. W be a hypersubspace of a hypervector space V if and only
if (1) W is non-empty. (ii) axa #bx C W, Va,be F andV a, 3 € W.

Proof. If W is a hypersubspace of V', then obviously W satisfies the con-
ditions (i) and (ii). Conversely, let W satisfy the conditions (i) and (ii).

Since 1p € F, let o, € W, then by (ii) lpxa # lpx8 C W =
a# f C W Let a € F and o, f € V, since 0 € F, therefore by (ii)
axa#0x CW = axa#0 CW = axa CW [because (W, #) is
a commutative hypergroup|. Hence W is a hypersubspace of V.

Example 4.4. Let (F', @, .) be a hyperfield and V = F' x F.

Then (V', # , %) is a hypervector space, where the hyperoperations
'#' and '« are defined by (ai,a2) # (b1,b2) = (a1 ® b1 , az & by) =
{(z,y) : € a1 ®b; and y € ag @ by} and a * (a1,a2) = {(a.a1,a.a2)},
V (a1,a2) , (bi,b2) € Vand Va € F.

Let W = F x {0} C V. We now show that W is a hypersubspace of V,
since # = (0,0) € W. Now let a = (a1,0) , 8 = (b1,0) € W and a,b € F.
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Then
axaFbxf

= ax(a,0) # b (by,0)

— {(a.a1,0.0)} # {(b.b1,b.0)}

= {(a.a1,0)} # {(b-b1,0)}

— (a.a1 ®bby, 0®0)

= (a.a1 D b.by , 0) C W [because a.a; @ b.by C F.

Theorem 4.5. The intersection of two hypersubspaces of a hypervector
space V' over a hyperfield F' is again a hypersubspace of V.

Proof. Obvious.

Theorem 4.6. The intersection of any family of hypersubspaces of a hyper-
vector space V over a hyperfield F is again a hypersubspace of V.

Proof. Obvious.

In the above example, we take W; = F x {0} C V and Wy = {0} x F' C
V. Then by the same procedure of the above example, we can prove that W
and Ws are hypersubspaces of V.

Let (a,0) € Wi and (0,b) € Wa.

Then (a,0) # (0,b) = (a®0, 00 b) = (a, b).
But {(a,b)} is not a subset of Wy U Wj.
Therefore W7 U Wy is not a hypersubspace of V.

Note 4.7. The union of two hypersubspaces of a hypervector space V' is not
necessarily a hypersubspace of V.

Theorem 4.8. Let W1 and Wy be two hyperspaces of a hypervector space
V. Then we prove that Wi # Wy = U{a # 5, a € W1, p € Wy} isa
hypersubspace of V.

Proof. Since § € Wy and 0 € Wy. Then {0 # 0} C Wy # Wy = {0} C
Wy # Wy = 0 € Wy # Ws, therefore Wy # W5 is non-empty.
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Let o, € W1 # W5, Then Jaq,a9 € Wy and (1,82 € Wy such that

a € oy # 61 and B € as # Ps. Let a, b € F. Now
axa#bxf C ax (a1 # P1) # b* (a2 # B2)

C (axai #axPr)# (bxag # bx fa)

=axa; # (ax P # bxag) # bx [P

=axa; # (bxag #axpP1) # bx [P

=(axay #bxag) # (ax 1 # bx )

C Wi # Was.

N

Hence Wy # W5 is a hypersubspace of V.

Definition 4.9. If W; and W5 are two hypersubspaces of a hypervector
space V, then the hypersubspace W1 # Wj is called the hyperlinear sum or
linear sum of the hyperspaces Wp and Ws.

If Wy N Wy = {0} then Wy # W is called the direct sum of the hyper-
subspaces W7 and Ws.

Theorem 4.10. The hypersubspace W1 # Ws is the smallest hypersubspace
of V' containing the hypersubspaces W1 and Ws.

Proof. Let W be a hypersubspace of V' such that W; C W and Wy C
W. Let v € Wy # Wy, then 3 o € Wi and 8 € W5 such that v € a # (.
Since W7 C W and Wy C W. Therefore o , 5 € W. Again since W is a
hypersubspace of V.

Therefore a # 5 C W = v W.
Hence Wy # Wy C W
This completes the proof.

If V is a strongly left distributive hypervector space over a hyperfield F', then
it can be easily prove that W = U{a * o, a € F'} forms a hypersubspace of
V', where o € V. This hypersubspace is said to be generated by the vector «
and « is said to be a generator of the hypersubspace W. This hypersubspace
is usually denoted by HL(«).
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Then from the previous theorem it can be easily proved that if o, 8 € V,
then the set W =U{a*xa # bx 3, a, b € F} is a hypersubspace of V. This
hypersubspace is called the hyperlinear span of the vectors a and 3, it is
usually denoted by HL(«, ).

Theorem 4.11. Let V be a strongly left distributive hypervector space over
the hyperfield F' and aq, a9, ..., an € V. Then

W=U{agxa1 #asxas #...#ap*xay /a1 ,a2,..., a, € F}

is a hypersubspace of V. In fact W is the smallest hypersubspace of V
containing oy, , ..., 0.

Proof. Since F' is non-empty, therefore W is non-empty. Let wq,ws € W.
Then 3 aq,a90,...,a,, b1,bo,...,b, € F such that

wy Eay*xq) F ag kag H# ... H an *an

and
wo € by x aq # by kg F# ... H# by *

therefore

wi#Hwy C (a1 *x arfag * ao# ... F#ay * apn)F(by * an#be * agft ... #by % )
or  wiHws C (a1 x a1 #by x aq)#(ag * ag#bg x a)# . .. #(an *x an#by, * ay)
or wi #wy C (a1 ®by) *x oy # (a2 @ ba) xag # ... #(an ® by) * .

Therefore wi # wy C W.
Next let w € W and a € F.
Then J aq,as,..., a, € F such that
wE a1 ¥ 1 # as ko F ... H ap * ap.
Therefore a xw C ax* (ay * a1 # ag x ag # ... F# ap x o)
Cax(agxaq) #ax(ag*xag) #...4 ax*(an * ay)

= (a.a1) *x a1 # (a.a3) x ag # ... #(a.an) x o, CW.
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Therefore axw C W, Vae FandVw € W.

Hence W is a hypersubspace of V.

Next, since 0,1 € F. Let i € {1,2,3,...,n}.

Therefore

Oxay #O0xag#...# 0k 1 # 1o #0xap1 #...#0xa, CW

= O0H#HOH#.. . #O0H# o, #0...#0 CW
= o EW [AsOH#0 = {0and 0 # o; = o #60 = «],
therefore a; € W [ for all i =1,2,...,n.

Let P be a hypersubspace of V containing oy, s ,..., Q.

Let « € W, then d a4, as,...,a, € F such that
a € a1 ko] HFarxas #H...H#apxa, CP.

Therefore c € P= W C P.

Hence W is the smallest hyperspace of V containing a1, as, ..., ay.

Note 4.12. The linear combination of a null vector is the set {6}.

5. LINEAR DEPENDENCE AND LINEAR INDEPENDENCE

Definition 5.1. Let V' be a hypervector space over a hyperfield F and
S ={ai,a9,...,a,} be a finite subset of V. Then S is said to be linearly
dependent if there exist the scalars aj,as,..., a, € F(not all zero) such
that 0 € a1 x a1 # ag *xag #...# ay * Q.

Otherwise S is said to be linearly independent. i.e, if S is linearly
independent and 0 € a1 *x a1 # ag * o F ... F ap * Q.

Thena; =ay=...=a, =0

Definition 5.2. Let V be a hypervector space over a hyperfield F' and
S C V. Then S is said to be linearly dependent if S contains a finite subset
which is linearly dependent. Otherwise S is linearly independent.
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Result 5.3. Any singleton set of non-null vector of a hypervector space V
is linearly independent.

Proof. Let a be a non-null vector of a hypervector space V. If possible let
0 € axa for some a € F. We now show that a = 0. If @ # 0, then a~! € F.

Now, since 0 €axa=a"'%0 Ca !*(axa)
=0cal*(axa)[Asal+0=0]
=0¢c(ata)*xa
=s60clp*xa
= 6 € {a} = a = 0, which is a contradiction.

Hence a = 0. This completes the proof.

Result 5.4. Any set of vectors containing the null vector is always linearly
dependent.

Proof. Obvious.

Definition 5.5. Let V' be a hypervector space over a hyperfield F. Then the
vector o € V is said to be a linear combination of the vectors ay, s, ..., a, €
V' if there exist aq,as9,...,a, € F such that

QEarxay Faykag #H ... #an*a,.

Theorem 5.6. Let V' be a hypervector space over a hyperfield F' and S =
{a1,a9,...,a,} be a subset of V. Then S is linearly dependent if and only
if at least one of S' can be expressed as a linear combination of the remaining
other members of S.

Proof. Let S is linearly dependent. Then there exist aj, as, ..., a, (not all
zero) € F' such that

(i) 0caxal #as*xag #...4# ap * oy,

since # is commutative. Therefore without loss of generality we assume that
a1 # 0. Then a;! € F. Therefore from (i) we get
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a;'x 0 Cartx(arxar #agxag # .. H#H an xay)
= {0} € {ay" # (arxon) } # {oy % (azxan) } # .. # {a; "+ (anxon) }
=(a;.a1) * a1 # (a7 haz) x ag # ... # (a7 .an) * an
=lp*ar # (a7'a2) xas # ... # (a7 'an) *
—ay # (a7 az) %o # ... # (a7 .an) * an
=a1 # ((a7tag) * ao # ... # (a7 .an) * o).

Then 3 an element 3 € (a; ".ag) * ag #...# (a7 .an) * oy, such that 6 €
o #P=0#ar
This implies that oy = —f3. So ay € (—1F) * 5. Therefore

a1 € (=1p)* B C (=1p) * (a7 "az) x az #... # (a7 ".an) * a)
C (—1p)% (a7 az) %az) # ... # (= 15) (a7 ) %)
= ((—=1p).(a7 " a2))*a2) #... 4 ((=1p).(a7 .an)) *an)
=(—a;las) xan #...# (—aylan) xay
e ar € (—ajlag)kas # ... # (—a7 .an)*an = a1 € HL(as,a9,...,ap).

This completes the proof of the necessary part of the theorem.
Converse part.

Without loss of generality we assume that o1 € Hl(ag,as,...,ay).
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Then 3 a9, as,...,a, € F such that

a1 Eaox o Fazkxag F#...H ap * ap

= —a1H# a1 C —ag HagxagsFagxag H ... H a, *ay
=0€—ay#HayxayFagxazH#...#apxa, [as € —a; # aq]
= e (—1p)*xag #Fasxay #HFazxag #...# ap*xay
=0€caxa; #ay*xag #...# ap *x oy, where a; = —1p(# 0).

Therefore the set S = {a1,a9,...,a,} is linearly dependent.

Theorem 5.7. The non-zero vectors ai,qo,...,qy, of a hypervector space
are linearly dependent if and only if one of them, say «;, is a linear combi-
nation of the previous vectors, i.e q; € a1 * a1 # ag*x Qo F ... F a;_1* a1,
for some ay,a9,...,0;_1 € F.

Proof. First we suppose that ag,ase, ..., a, are linearly dependent. Then
we get a set of scalars aj, as, ..., a,(not all zero) € F such that
(i) Dearxay #Fasxag #...%# ay, *ap

Let k be the largest integer such that ay # 0, here we see that k #1.

If £ = 1, then we see that a; = 6, which contradicts the fact that
Q1,Qo,...,q, are non-zero vectors. Since k be the largest integer such that
ar, # 0, it follows that a; = 0 for all i,k < ¢ < n. Hence (i) reduces to the
following form

0€arxay #askag #...# ap * ag

= o € (—a,;l.al) x aq # (—a,;l.ag) xag #.. . H# (—a;l.ak_l) * g1,

[By the procedure of the proof of the Theorem 5.6] conversely, we sup-
pose that a; € a1 * a1 # ao * as #...# a;_1 * a;_1, for some scalars
ai,as,...,a;_1 € F.
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Therefore the set {aq,as,...,q;—1,0;} of vectors is linearly dependent.
So {a1,a2,..., 01,0, Qit1,...,0,} of vectors is also linearly dependent.
This completes the proof.

Theorem 5.8 (Deletion Theorem). Let V' be a strongly left distributive
hypervector space over the hyperfield F' and V be generated by a linearly

dependent set {a1,aq,...,an} CV. Then V can also be generated by a suit-
able proper subset of {aq,a,...,an}.

Proof. Since V is generated by ag,qs,...,q,, therefore we have V =
HL(a1,00,...,ap).

Again, since {a1,a9,...,a,} is linearly dependent. It follows that one
of the vectors aq, s, . .., ay, say «;, can be expressed as a linear combination
of the remaining others.

Then we get the scalars c1,ca,...,¢i—1,Cit1,.-.,¢cn € F such that

; Ecrxar ok H. H 1R H# Cia1 x a1 F. . FEen k.
We now show that
HL(oq, 0, ..y i1, Qg 1y ooy ap) =HL(Q1, 0y 0oy @1, Qy Qg 1y ooy Q).
It is obvious that
HL(oq, 00, . .. -1, Qg1 ..oy ) € HL(ap, 0, ..oy, ..o a) = V.
Let a € V, then there exist the scalars aq,ao,...,a, such that

aEar*xa1FaskxaF ... Ha;xq;H ... Fay *ay,

= acaxaHFarxaH#H ... HFa1xai1Fa;*(crxoagFHea ko ...
HCim1 ok Q1 FCig1 * Qg1 FE oo FECp ok Q) FEQir1 * Qi1 F . FEap *
= a€arxag Fagxag# ... #aj_1xai—1 # (a;.c1) %1 # (a;.co) ko # ... #
(ai-cio1)*ai 19t (ai-civ1) ¥ i1 # . FE(ai-cn) ko) F a1 x i1 FF - FFanx oy
= a € (a1 Daj.c1)xar# (a2 D aj.ca) * o ... #(ai—1© a;.c;i 1) * ;17

(aj41 ® a;.Ciq1) * i1 F# .. #(an ® a;5.cp) * ap.
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Hence o € HL(avq, 2, ..+, 1, Qi 1y - - -5 Q).
Therefore V =HL(aq, a2, ..., 01,011, .,0p).
This completes the proof.

Theorem 5.9. If S = {ay,q9,...,a,} is a linearly independent set of
generators of a hypervector space V', then no proper subset of S can be a
spanning set of V.

Proof. Obvious.

Theorem 5.10. Suppose {a1, o, ...,a,} generates a hypervector space V.
If {B1,B2,...,Bm} is linearly independent, then m< n and V is generated

by a set of the form {B1, 52, -, Bm,s Qiys Qigy ooy G}

Proof. Obvious.

6. DBASIS OR HAMEL BASIS

Definition 6.1 Let V be a hypervector space over the hyperfield F' and S
be a subset of V. S is said to be a basis, or Hamel basis if

(i) S is linearly independent.

(ii) Every elements of V can be expressed as a finite linear combination
of a few elements of S.

If S is a basis of the hypervector space V' and S is finite, then the hypervector
space V is said to be a finite dimensional hypervector space and the number
of elements in S is called the dimension of the hypervector space V. Usually
the dimension of V' is denoted by dim(V).

Again if S is infinite Set, then V is said to be an infinite dimensional
hypervector space.

Theorem 6.2. If S = {a1,q9,...,a,} is a basis of a finite dimensional
strongly left distributive hypervector space V over a hyperfield F, then every
non-null vector a € V has a unique representation.

Proof. Since S is a basis of V and «a € V, there exist a,as,...,a, € F
such that

(i) a€arxay # ag kg #H ... H# ap * .
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If possible let ac € by xaq # boxao # ... # b, *ay,, for some by, bsy,...,b, € F.
Therefore

—a € (—lpxa) C (—1p)*x(brxay #boxag #...# by xay)
= —a € ((—1p)x(bixa1)) # ((—1p) * (baxaa))# ... # ((—1p) * (by x )
= ((=1p).b1) x o1 # ((—1p).b2) * co# ... # ((—1F).by) * o,

= (=by) ka1 # (=bo) x ot ... # (=bn) * ay.
Therefore
(i) —a € (=by) *ar # (—bo) % ot ... 3 (=by) * aun.
From (i) and (i) we get
a#t—aCapxay #as*ag #...#Ha, * ap
#(=b1) xag # (=bo) x ag# ... # (=byp) x ay
Therefore
geca#—aC (ar®(=b))xar # (a2®(=b2))*ag # ... #(an®(—bn)) * .
Since {a1, g, . ..,an} is a basis of V and
0€(a1®(=b1))*xay # (ag ® (=b2)) xao # ... #(an ® (=by)) * .

Then 0 € a; ® (—b;), for all i = 1,2,...,n. Again (F, @) is commutative.
Therefore

a; = —(=b;), for alli=1,2,...,n ie a;=b; for all i=1,2,... n.

This completes the proof.
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Theorem 6.3 (Extension Theorem). A linearly independent set of vectors
in a finite dimension hypervector space V over a hyperfield F is either a
basis, or it can be extended to a basis of V.

Proof. Let S = {ai,as,...,a,} be a linearly independent set of vectors
in V.

Now HL(S) being a smallest hypersubspace of V' containing S. It
therefore follows that HL(S) C V.

If HL(S) =V, then S is a basis of V.

If HL(.S) is a proper hypersubspace of V, we show that S can be extended
to a basis of V.

Let a € V\ HL(S) and S1 = {a1,a9,...,a,,a}. Now we consider the
following relation:

(i) Oeccixar #eoxag#....#cy*a, # cxa,

for some cq,¢o,...,cy,c € F. We now claim that ¢ = 0.
If ¢# 0, then ¢! € F.

Therefore

L Cetu(cr oy #eakan #. ... Hep*an #cxa)

= fc(cle)xar # (che)xag#.... #(chen) xan # (¢ le)xa
= fe(cle)xar # (cle)xag #... #(c en) xan # 1p x
= 0e(c o) xar # (cle)xag #... #(c en) x an # a.

Then 38 € (¢ lier) *ar # (¢ leg) *ag #.... #(c t.cp) * ay, such that
bepHa=a#B=>a=—-F € (—1p=*p).

Therefore

a € (=1p) = ((cher) xon # (c7ea) xan ... FH(c7en) * )
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=Sac(—cle)sar #(—cle)xan#.... #(—ctey) xay
= Qac HL(OCl,OéQ, . ,Ocn)

i.e a € HL(S), which is contradiction, since o € V' \ HL(S).

Hence we see that ¢ = 0.

Substituting ¢ = 0 in (i) we get

Oecr*xay Hcoxas #....H#cpxa, # 0xa
>0ccixayHcaxagH.... FHepxa, #0
S0ccixay Fcaxag ... FHcy *xay,

=c1=c=...=c¢, =0, as aj,qs,...,q, are linearly independent.

Thus we observe that Sy is linearly independent.

If HL(S1) =V, then S; is a basis of V and the theorem is proved.

If HL(S)) is a proper subspace of V| then again we can take a vector
B €V \ HL(S1) and proceed as before.

Since V is a finite dimensional hypervector space, after a finite number
of steps we come to a finite set of linearly independent vectors which gener-
ate the hypervector space V.

This completes the proof.

Theorem 6.4. If {aq, a9, ...,a,} is a mazimal linearly independent subset
of a hypervector space V, then {aq,aq,...,an} is a basis of V.

Proof. Obvious.

Theorem 6.5. Let U and W be two finite dimensional hypersubspace of
a strongly left distributive hypervector space V' over the hyperfield F, then
U # W is also a finite dimensional hypersubspace of V' and

dim(U # W) = dim(U) + dim(W) — dim(U N W).
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Proof. Here we see that U N W is a hypersubspace of both U
and W. So U N W 1is a finite dimensional hypersubspace of V. Let
dim(UNW) =r, dim(U) = m and dim(WW)=n. then we have r < m,n.

Again let {1, ag,...,a;} be a basis of UNW.

Since {a1,as,...,a,} is a linearly independent set of vectors in U and
r <m = dim(U), then it follows that either {ai,aq,...,a,} is a basis of U
or it can be extended to a basis for U.

Let {1, a9,...,00,01,82,. .., Bm—r} be a basis for U.

By similar arguments we can suppose that {a1,a9,..., 0, 71,72, Yn-r}
is a basis of W.

Let S = {a1,a0,...,00, 81,82, -, By Y1572 « « - s Yn—r - We now show
that S is a basis of U # W.

First we consider the following relation

0 € a1 *x a1 FHas x aoFt ... Hay * o F# by * B1 # by * B

#--'#bmfr*ﬁmfr#cl*'yl#02*72 #---#Cnfr*'ynfn

(i)

for some a1, as,...,a;,b1,b0,...,bp_r,C1,C2,...,Cn_yp € F.

Then

da € a1 xaq # as x o F#...4# ar x Qp

F#Ho1xB1 #FboxBo# ... H by * B

(if)

So Oca#cixmFeaxr#H. .. H# Chr*nr
Then 3B € cyxy1 #F coxyo # ... H Cnr * Vs

So 0 € a# 6=p0F#a, as # is commutative.
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= -—a=p
(iii)
= —acca*xn HF ek H#Fonr kI
= (=1p)* (—a) C (=1p) *x(coxm # caxy2 #.. . F# Cnr ¥ Vnr)
= —(—Oé) S ((—11:‘).61) * Y1 # ((—1F.62)
(iv)

* Y2 # . # ((=1p).cp—p) * Yn—r

=Sa€(—c1)xm # (=) *xy2 #...# (—Coyp) * Vn—r

From (ii) and (iv) we see that « € UNW.
Since « € UNW and {a1,ag,...,a;} is a basis of U N W, we have

(v) acdixay # doxas #...# d *ap,

for some dy,ds,...,d, € F.

Therefore from (iii) and (v) we get

a#(—a) Cdixay #dyxag #...#d,

 Qup FFC1 %Y1 FE Co * Yot .o o FF Cneyp * Y—r
=0cd xay #doxas #...#d,

xQp ForxyL FHCoxYo o Cpr ¥ Yy
=>di=dy=...=d,=ci1=cy=...=cp_r =0,

as {061,042,. < Qo Y1, Y25 - - alyn*T}
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is a linearly independent set of vectors.

Then the relation (i) reduces to the following

0€a*xay # ag*xas #...4 a,
*ar#bl*ﬁl#b2*ﬂ2 #---#bm—r*/@m—r
Sa=a3=...=a,=by=by=...=bp_, =0,

as {051,052" e ’057"517B27 te ’5m77‘}

is a linearly independent set of vectors.
Thus S is a linearly independent set of vectors V.
We now show that S generates U # W.
Let a € U # W.
Then we have « € 8 # =, for some § € U and for some v € W.
Since f € U and {a1,9,...,0p, 51,52, -, Bm—r} is & basis of U.

Therefore

B € ayxay # ax*x o # ... FF ar ¥ ap FF by x 1 # ba * By

#...%# by * By, for some ay,as,...,ar,b1,b9,...,bp_ € F.

Again since v € W and {aq, 2, ..., Qp, 71,72, - -y, Yn—r} 1S & basis of W.
Therefore

YECI ko F ok F.. . F ok Fdyxy1H do x Yo

#...# dy_p * Yoy, for some ci,co,...,¢r,dy,da, ..., dy_ € F.

Now «a € B # ~.
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Therefore

a € a1 x a1#Fag * Qo ... Fay * apfEby * Br#fba * Bodt .. Fby ¥ By
#FaxarFoxaHf.  ForaFdirnHFdrrn o HFdirsmr
= ac(ar®c)xar # (a2 ®co) xaz #...# (ar D cp) x o # b1
* D1 # baxPo At H oy * Py # di k1 F dox V2 # o F D kY.
This shows that every vector of U # W can be expressed as a linear combi-
nation of the vectors of S. Hence S is a basis of U # W, which proves that
U # W is a finite dimensional hypervector space of V.
Now

dim(U # W) = |S]

=r+m-r+n-—r

=m+n-—r

= dim(U) 4 dim(W) — dim(U N W).

This completes the proof.
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