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Abstract

Generalized hypersubstitutions are mappings from the set of all
fundamental operations into the set of all terms of the same language
do not necessarily preserve the arities. Strong hyperidentities are iden-
tities which are closed under the generalized hypersubstitutions and a
strongly solid variety is a variety which every its identity is a strong
hyperidentity. In this paper we give an example of pre-strongly solid
varieties of commutative semigroups and determine the least and the
greatest pre-strongly solid variety of commutative semigroups.

Keywords and phrases: generalized hypersubstitution, pre-strongly
solid variety, commutative semigroup.

2000 Mathematics Subject Classification: 20M07, 08B15, 08B25.

*Corresponding author.



28 S. PHUAPONG AND S. LEERATANAVALEE

1. INTRODUCTION

Hyperidentities were invented by Aczel, Belousov and Taylor. The notion of
hyperidentities and solid varieties of a given type as well as derived algebras
of given type were invented by E. Graczyniska and D. Schweigert in [3]. An
identity ¢ ~ t* of terms of any type 7 is called a hyperidentity for an algebra
A= (A (fNier) if t =~ ¢ holds identically for every choice of n-ary term
operation to represent m-ary operation symbols occurring in ¢ and t. A
variety which every its identity is a hyperidentity is called solid variety.
Hyperidentities can be characterized more precisely using the concept of a
hypersubstitution which was introduced by K. Denecke, D. Lau, R. Pdschel
and D. Schweigert. A hypersubstitution of type 7 is a mapping o : {f;|i €
I} — W, (X) which assigns to every n;-ary operation symbol f; an n;-ary
term. The set of all hypersubstitutions of type 7 is denoted by Hyp(T).
For every o € Hyp(7) induces a mapping 6 : W,(X) — W,(X) by the
following steps:

(i) &x] := x, for any variable € X, and

(i) o[fi(ti,... . tn,)] == o(fi)(G[t1],...,0tn,]), where 7]t;],1 < j < n; are
already defined.

A binary operation oy, on Hyp(7) is defined by o1 op, 09 := 07 0 o9 for every
01,09 € Hyp(T) where o is the natural composition of mappings. Let o4
be the hypersubstitution where o;4(f;) = fi(x1,...,2n,). It turns out that
(Hyp(7);0p,04q) is @ monoid with o;4 is an identity element.

S. Leeratanavalee and K. Denecke generalized the concepts of hypersub-
stitutions, hyperidentities and solid varieties to generalized hypersubstitu-
tions, strong hyperidentities and strongly solid varieties [4]. A generalized
hypersubstitution of type 7 is a mapping o : {f;|i € I} — W, (X) from
the set of all n;-ary operation symbols into the set of all terms built up
by elements of the alphabet X := {x1,x2,...} and operation symbols from
{fili € I} which does not necessarily preserve the arity.

We denoted the set of all generalized hypersubstitutions of type 7 by
Hype (7). To define a binary operation on Hypg(7), we defined firstly the
concept of generalized superposition of terms S™ : W, (X)™ ! — W, (X)
by the following steps:

for any term t € W, (X),



PRE-STRONGLY SOLID VARIETIES OF COMMUTATIVE SEMIGROUPS 29

(i) if t =25,1 <j < m, then
S™(xj b1, ... ty) ==t

(ii) if t = x;,m < j € IN, then
S™M(xj,t1, .. ty) = Ty,

(iii) if t = fi(s1,...,8n,), then

Sm(t,tl, N ,tm) = fi(Sm(Sl,tl, e ,tm), e ,Sm(sni,tl, e ,tm)).

Then the generalized hypersubstitution ¢ can be extended to a mapping
6 : Wr(X) — W-(X) by the following steps:

(i) o[z] :=2x € X,
(i) olfi(t1,....tn;)] = S™(o(fi),0[t1],...,0[tn,]), for any n;-ary
operation symbol f; where ¢[t;], 1 < j < n; are already defined.

We defined a binary operation og on Hypg(7) by 010G 02 := 61002 where o
denotes the usual composition of mappings and 01,09 € Hypg (7). Let 054 be
the hypersubstitution mapping which maps each n;-ary operation symbol f;
to the term f;(z1,...,2p,). It turns out that (Hypg(7);oq, 04q) is a monoid
and the monoid (Hyp(7);oq, 04q) of all arity preserving hypersubstitutions
of type 7 forms a submonoid of (Hypa(7); oq, 0id)-

If M is a submonoid of Hypg(7) then an identity ¢ ~ t is called an
M-strong hyperidentity if 6[t] ~ 6[t'] are identities for every ¢ € M. A
variety V is called M-strongly solid if every identity in it is an M-strong
hyperidentity. In case of M = Hypg(7) we will call a strong hyperidentity
and strongly solid respectively.

2. V-PROPER GENERALIZED HYPERSUBSTITUTIONS AND NORMAL FORMS

In 2007, S. Leeratanavalee and S. Phatchat generalized the concept of V-
proper hypersubstitutions and normal forms of hypersubstitutions intro-
duced by J. Plonka [5] to V-proper generalized hypersubstitutions and nor-
mal forms of generalized hypersubstitutions.
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Definition 2.1 ([5]). Let V be a variety of type 7. A generalized hyper-
substitution o of type 7 is called a V-proper generalized hypersubstitution if
for every identity s &~ ¢ of V, the identity &[s] ~ &[t] also holds in V. We use
P (V) for the set of all V-proper generalized hypersubstitutions of type 7.

Proposition 2.2 ([5]). For any variety V of type 7, (Pa(V);0q,0:4) is a
submonoid of (Hypg(7);0aG,0id)-

Definition 2.3 ([5]). Let V' be a variety of type 7. Two generalized hy-
persubstitutions o1 and oo of type 7 are called a V-generalized equivalent
if o1(f;) =~ o2(f;) are identities in V for all ¢ € I. In this case we write

01 ~vV@G 02.

Theorem 2.4 ([5]). Let V be a variety of algebras of type T,and let 01,09 €
Hypg(7). Then the following statements are equivalent:

(i) o1 ~yg o9.
(ii) For allt € W.(X), the equations 61[t] = 62[t] are identities in V.
(iii) Forall A € V, 01[A] = 02]A] where o[A] = (A; (or(fi)Vicr); k = 1,2.

Proposition 2.5 ([5]). Let V' be a variety of algebras of type 7. Then the
following statements hold:

(i) For all 01,09 € Hypg(7), if 01 ~va o2 then o1 is a V-proper gener-
alized hypersubstitution iff oo is a V -proper generalized hypersubstitu-
tion.

(ii) For all s,t € W (X) and for all 01,09 € Hypa(T), if 01 ~vg o2 then
d1(s] = 61[t] is an identity in V iff 62[s] = G2[t] is an identity in V.

The relation ~y ¢ is an equivalence relation on Hypg(7), but it is not nec-
cessary a congruence relation. We factorize Hypg(7) by ~y¢ and consider
the submonoid P (V') of Hypg(7) is the union of equivalence classes of the
relation ~y . This is also true for a submonoid M of Hypg(r) and the

relation ~VG,

Lemma 2.6 ([5]). Let M be a submonoid of Hypa(T) and let V' be a variety
of type 7. Then the monoid Pg N M is the union of all equivalence classes
of the restricted relation ~va,, -
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Definition 2.7 ([5]). Let M be a monoid of generalized hypersubstitutions
of type 7, and let V' be a variety of type 7. Let ¢ be a choice function which
choosed from M one generalized hypersubstitution from each equivalence
class of the relation ~VGa and let N é\/f (V') be the set of generalized hy-

persubstitutions which are chosen. Thus N, £4 (V) is a set of distinguished
generalized hypersubstitutions from M, which we might call V-normal form
generalized hypersubstitutions. We will say that the variety V is N é\/f (V)-
strongly solid if for every identity s &~ t € IdV and for every generalized
hypersubstitution o € Ndj)‘/[(V), G[s] = a[t] € IdV.

Theorem 2.8 ([5]). Let M be a monoid of generalized hypersubstitutions
of type T and let V' be a variety of type 7. For any choice function ¢,V is
M -strongly solid if and only if V' is Né\/[(V)-strongly solid.

3. PRE-STRONGLY SOLID VARIETIES OF SEMIGROUPS

The concept of pre-solid varieties was introduced by K. Denecke and S.L.
Wismath [2]. In 2007, S. Leeratanavalee and S. Phatchat generalized the
concept of pre-solid varieties to pre-strongly solid varieties [5]. Firstly, we
recall the definitions of a pre-generalized hypersubstitution and a pre-strong
hyperidentity. Let us fix a type 7 = (2). So we have only one binary
operation symbol, say f. From now on, the generalized hypersubstitution o
which maps f to the term t is denoted by oy.

Definition 3.1. A generalized hypersubstitution o € Hypg(2) is called a
pre-generalized hypersubstitution if o € Hypg(2) \ {04,, 0z, } where o,, and
04, denoted the generalized hypersubstitutions which map f to x; and to
T9, respectively. We denote the set of all pre-generalized hypersubstitutions
of type 7 = (2) by Preg(2).

The reason to delete the generalized hypersubstitutions o, and o, from
Hypc(2) is if we apply the generalized hypersubstitution o,, or o,, on the
both sides of the commutative law z1x9 =~ z9x; we obtain the equation
1 =~ xo which satisfied only in a one-element semigroup.

Definition 3.2. An identity ¢ ~ t is called a pre-strong hyperidentity in a
variety V if 6[t] = 6[t'] € IdV for all ¢ € Preg(2).

A variety V is called a pre-strongly solid variety if every identity in V is
a pre-strong hyperidentity of V.
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For a class K of algebras of type 7 and for a set ) of identities of this type
we fix the following notations:

IdK - the set of all identies of K,

HIdK - the set of all hyperidenties of K,

Hpye IdK - the set of all pre-strong hyperidenties of K,

Mod)  ={A € Alg(7)|A satisfies) |} - the variety defined by >,

HMod) = {A € Alg(7)|A hypersatisfies) |} - the hyperequa-
tional class defined by >,

Hpre,Mod ) = {A € Alg(T)|A pre-strong hypersatisfies) |} - the
pre-strong hyperequational class defined by >_.

Proposition 3.3 ([5]). Preg(2) is a submonoid of Hypg(2).

Remark 3.4 ([5]). Every strongly solid variety of semigroups is a pre-
strongly solid variety.

Remark 3.5 ([5]). Every pre-strongly solid variety of semigroups is a pre-
solid variety of semigroups.

Lemma 3.6 ([5]). The variety Z := Mod{xixo ~ x3x4} is the least non-
trivial pre-strongly solid variety of semigroups.

Theorem 3.7 ([5]). The greatest non-trivial pre-strongly solid variety of
semigroups which is not strongly solid is Z := Mod{x1xs ~ x324}.

Theorem 3.8 ([5]). The variety Viig := Mod{(z172)x3 ~ 1 (2223), 320 &
xlx% R T1X9, T1ToT3T4 R T1T3X2X4} 18 the greatest pre-strongly solid variety
of semigroups.

4. PRE-STRONGLY SOLID VARIETIES OF COMMUTATIVE SEMIGROUPS

Firstly, we recall the definition of a generalized hypersubstitution of type
T is a mapping o : {f;|li € [} — W, (X) from the set of all n;-ary opera-
tion symbols into the set of all terms built up by elements of the alphabet
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X := {x1,x9,...} and operation symbols from {f;|¢ € I} which does not
necessarily preserve the arity. We denote the set of all generalized hyper-
substitutions of type 7 by Hypg (7). A generalized superposition of terms
S™ W (X)™H — W, (X) is defined by the following steps:

for any term t € W, (X),
(i) if t =25,1 < j < m, then

Sm(,Ij,tl, N ,tm) = tj,

(ii) if t = 25,m < j € IN, then

Sm(wj,tl, e 7tm) = .Z'j,

(iii) if t = fi(s1,...,5n,), then

Sm(t,tl, . ,tm) = fi(Sm(Sl,tl, . ,tm), L. ,Sm(sni,tl, L. ,tm)).

For every o € Hypg(7) induces a mapping ¢ : W (X) — W,(X) by the
following steps:

(i) 6[z] ==z € X,

(ii) olfi(t1,... tn;)] := S™(co(fi),0[t1],..,0[tn,]), for any n;-ary opera-
tion symbol f; where 6[t;], 1 < j < n; are already defined.

In this section, we give an example of pre-strongly solid varieties of commu-
tative semigroups and then determine the least and the greatest pre-strongly
solid variety of commuutative semigroups.

Theorem 4.1. The variety Vi := Mod{(x1x2)x3 ~ x1(x2x3), v172 = ToX1,
2270 & xlx% N 1T, 0 R x%} s a pre-strongly solid variety of commutative

Semigroups.

Proof. To show that the variety V) is a pre-strongly solid variety of com-
mutative semigroups, we have to show that every identity satisfied in Vj is
a pre-strong hyperidentity of V;. By using Theorem 2.8 , we can restrict
our checking to the following pre-generalized hypersubstitutions o; where
te {$Z$J|Z,] € N}U{$Z$J$k| 1#£j# kZ}U{$ll$l2$lk| kyit,...,i € NJkE > 3,
and all of i1, ..., 7 are distinct}.
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If we apply 04,23 4,7 € N on the both sides of the associative law we have the following table.

Using the associative law, the commutative law and identities z3ry ~ 7123 ~ z179, 27 ~ 73 we

sides are equal.

If we apply 04,4,; 1, j € N on the both sides of the commutative law we have the following tal

i,j €N O, [(v172) 73] = O, [T1(2223)] =
S%(wixj, S*(zizj, 21, 22), 73) | S*(wimy, 21, S* (2124, T2, 3))
1=75=1 T1T1T1T] T1T
1= 1,j =2 T1T2X3 T1T2X3
1=1,7>2 T1T5T; T1T;j
) :j =2 33 r3x3x3T3
1=2,7>2 T3 T3TTf
1,5 > 2 Tixj TiZj

1,7 €N 6332.333. [IL‘lfL‘Q] = SQ(l'ixj,xl,xQ) 5'%% [1'21'1] = SQ(IL‘il'j,l'z,l'l)
1=75=1 T1T1 ToT2
1=1,7=2 T1T2 ToTq
1=1,7>2 T1%; T
) :j =2 o2 11
1=2,7>2 T2Z; T2%j
1,7 > 2 TiZj TiT

34

Using the associative law, the commutative law and identities z3ry ~ 7123 ~ 7179, 27 ~ 73 we

sides are equal.



If we apply 04,4,; ,j € N on the both sides of the identity 2?2 =~ 13 we have the follc

1,] € N 6%‘@7 [1‘11‘1] = SQ(xixj,xl,xl) &mimj [.%'2.%’2] = S2(xz~x]~
1= ] =1 11 ToX2
1= 1,j =2 11 oI
1=1,7>2 T1T;4 T j
) :j =2 11 T2
1=2,7>2 T1T;4 Toxj
1,5 > 2 TiTj TiTj

Using the associative law, the commutative law and identities x%xg ~ xlx% N TT

sides are equal.

If we apply 04,z;; 4,j € N on the both sides of the identity 1229 &~ 1173 ~ 21

table.
i,j €N Oya; [(T171)22] = Oy [T1(T2T2)] =
Sz(xixj, Sz(.%'i.%'j, I, 1‘1), 1‘2) Sz(xixj, 1, Sz(.%'i.%'j, 9, 1‘2))
1= ] =1 L1117 11
= 1,j =2 L1192 T1X2X9
1=1,7>2 T1T5T; T1%;
1=7= Tox2 T2X2X2X2
1=2,7>2 T2 To2X; T
1,5 > 2 TiTj TiTj




S. PHUAPONG AND S. LEERATANAVALEE

36

Using the associative law, the commutative law and identities m%xQ 2 3:13:% ~ xlmz,m% =~ a:% we

sides are equal.
If we apply 044,25 ¢ # J # k € N on the both sides of the associative law we have the follow:

ivja keN a'xixjxk[($l$2)l‘3] = a'xixjxk [l‘l (1'21'3)] =

SQ(xixja:k, Sz(mixjxk, x1,22),x3) SQ(mixjxk, x1, SQ(xia:ja:k, X9, T3)

1=1,=2,k>2 T1X2LLL3TE T1T9X3LL T
i=1,5,k>2 T1TjTRT Ty, T1T;T),
1=2,5,k>2 T3T T T3TTRT; T,

1,7,k >2 TiTj T TiT T,
2 2 2 2

Using the associative law, the commutative law and identities x
sides are equal.
If we apply 04,2;4,; © # J # k € N on the both sides of the commutative law we have the follc

11’2 ~ 1'11'2 ~ $1$2,$1 =~ $2 WE

1,5,k eN Oz oy, [T172] = 52(1'1'1‘]'1‘].3,1'1,1'2) Oz oy [T271] = 52(l'il'jl‘k,$2,l"
1=1,7=2k>2 T1T9Lk ToX1Tk
i=1,5,k>2 T1TjT) LT T,
1=2,5,k>2 T Ty LT T,
1,7,k > 2 TiTj T TiT;Th,

Using the associative law, the commutative law and identities z3ry ~ 7123 ~ 7179, 27 ~ 73 we
sides are equal.



If we apply 04,4,2,; @ # j # k € N on the both sides of the identity 2? ~ 22 we have

1,7, keN 6%@7@@ [1‘11‘1] = SQ(xixjxk, X1, .%'1) 6%@7@@ [1‘21‘2] =52
1=1,7=2k>2 T1X2T) Lo
1=1,5,k>2 T1TjT ToT i
1=2,5,k>2 ToT T T1T
1,7,k >2 TiTTh, T T4

Using the associative law, the commutative law and identities x%xg ~ xlx% N TT
sides are equal.

If we apply 04;4,2,; ¢ # J # k € N on the both sides of the identity 30 A
following table.

1,7,k €N

5'xixjxk [(561561)562] =
52(xixjxk,

Sz(xixjxk, T1,21),T2)

a'xixjxk [.Il(fEQfEQ)] =
52(55@'5Ej$k, T,

SQ(xixjxk, 9, .%'2))

Ozix

SQ(xi

1= 1,j = 2, k>2 T1X1 T T2k T1Lo2T2L Tk
1= 1,j, k>2 1T TRT ;T T12;5Tk

1= 2,j, k>2 T2 Ty, T2X ;LT Tk
1,7,k >2 TiT T, Tix T

Using the associative law, the commutative law and identities z
sides are equal.

2

12 ~ .%'1.%'% ~ T1T
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If we apply o; where t = x;, 2;,...7;, and k,i1,...,4; € N,k > 3 on the both
sides of the associative law we have &;[(x122)z3] = S?(t, S%(t, 21, 22), 73)
and 6¢[xq (wox3)] = S?(t, 21, S?(L, x2, 23)).

(i) If there exists a unique n € {1, ..., k} such that i,, = 1 and i, > 2 for
all m # n, then

O’t[(wlwg)wg] =Ty Ly 1 Ly oLy L1LGy g o+ Ly Ly g -+ Ly -

&t[xl (1‘2.%'3)] = 1‘2‘1 ...winflwlxinﬂ 1‘% .

(i1) If there exists a unique n € {1, ..., k} such that ¢, = 2 and ,, > 2 for
all m # n, then

5'15 [($1$2)$3] = Tjq - Lijpy_4 $3$in+1 <Ly, -
5'15 [ml ($2$3)] = Tjy oLy _1 Ly Ly _q $3$in+1 <Ly, xinJrl <Ly, -
(iii) If there exists a unique n € {1, ..., k} such that i,, = 1 and there exists

a unique [ € {1,...,k} such that i; = 2, i,, > 2 for all m # n # [ and
n <[, then

G¢[(x1w2) 3]

=gy Ly Ly - Ly T1T4,, 1 ...wilflxgxilﬂ oL Ly 4y ...xilflacgwil“ Ly

o¢[r1(z273)]

= T4y L, 1 L1T4;_1 Ly ...xin71$2$in+l ...$il71$3$il+1 <Ly, xilﬂ <Ly, -

(iv) If i, > 2 for all m € {1,2,...,k}, then
5’t[($1$2)$3] = Tjy.--Ljy, -
oz (zox3)] = i, ... x, -

2 2

Using the associative law, the commutative law and identities z{z2 ~ 125 =~

T179, 3 ~ 75 we have both sides are equal.
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If we apply o, where t = x;,%;,...7;, and k,i1,...,7; € N,k > 3 on the
both sides of the commutative law we have 64[z129] = S%(t,71,22) and
5’t[$2$1] == 52(7f,$2,$1).

(i) If there exists a unique n € {1,..., k} such that i,, = 1 and 4, > 2 for
all m # n, then
&t[xlxg] =Ty L L1Ljpyyq -+ Ly, -

O’t[{L'Q.’L'l] =Ty L 1 L2Tjpy 4 -+ Ly, -

(ii) If there exists a unique n € {1, ..., k} such that i, = 2 and ,, > 2 for
all m # n, then

O¢l12] = T4 T, T2T4 Ty -

O¢lwom1] = T4y ooy T1 T4y - Ty -

(iii) If there exists a unique n € {1, ..., k} such that i,, = 1 and there exists
a unique [ € {1,...,k} such that i; = 2, i,, > 2 for all m # n # [ and
n < I, then

Ge[T122] = T4y Ty T1TG Ty T2y Ty

Ot[rom1] = @4y 2i,_ ToTG, Ty BT T

(iv) If i, > 2 for all m € {1,2,...,k}, then

5’t[$1$2] = Tjy.--Tjy, -

Gtlroxt) = 4, ..y

2 2

Using the associative law, the commutative law and identities z{z2 ~ 125 =~

T179, 3 ~ 75 we have both sides are equal.
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If we apply o, where t = x;,%;,...7;, and k,i1,...,7; € N,k > 3 on the
both sides of the identity 2 ~ x3 we have &;[r121] = S?(t,x1,71) and
5’t[$2$2] == 52(7f,$2,$2).

(i) If there exists a unique n € {1, ..., k} such that i,, = 1 and i, > 2 for
all m # n, then
&t[xlxl] =Ty L T1Ljpyyq -+ Ly, -

¢ [.’L’Q.’L’Q] =Ty L 1 L2Tjp, 4 -+ Ly, -

(i1) If there exists a unique n € {1, ..., k} such that i, = 2 and ¢, > 2 for
all m # n, then

Oile11] = T4y o Ty BTy Ty -

O¢|woma] = T4 .., T2T4, g - Ty -

(iii) If there exists a unique n € {1, ..., k} such that i,, = 1 and there exists
a unique [ € {1,...,k} such that i; = 2, i,, > 2 for all m # n # [ and
n <[, then

Ge[r121] = T4y Ty TIT Ty TGy Ty

Ot[rowa] = @4y .24, ToTG, g Ty BTy Ty

(iv) If i, > 2 for all m € {1,2,...,k}, then

5’t[$1$1] = Tjy.--Tjy, -

Gtlxoxs) = T4, ... i, .

2 2

Using the associative law, the commutative law and identities z{ze ~ 125 =~

T179, 3 ~ 75 we have both sides are equal.



PRE-STRONGLY SOLID VARIETIES OF COMMUTATIVE SEMIGROUPS 41

If we apply o, where t = x;,%;,...7;, and k,i1,...,7; € N,k > 3 on the
both sides of the identity z3ry ~ x123 ~ z179 we have 6;[(w171)xa] =
S2(t, S%(t, 1, 1), v2) and 642y (zow2)] = S(t, x1, S%(t, 1, 22)) and &4z 2]
= S%(t, 21, 12).

(i) If there exists a unique n € {1,...,k} such that i,, = 1 and i,, > 2 for
all m # n, then

5’t[($1$1)$2] = Ljq - Lijy_1Ljq ...$Z’n71$1$in+1 ...,Il'kxinJrl <Ly, -
5’t[$1($2$2)] = ,Il'l...$in71$1$in+1...$ik.

O’t[.%'l.%'g] =4y L T1Ljpy g -+ Ly, -

(ii) If there exists a unique n € {1, ..., k} such that ¢, = 2 and ¢, > 2 for
all m # n, then

5'15 [($1$1)$2] = Tjq--Lijp_4 $2$in+1 <Ly, -
Ol (T2m2)] = T4y ooy Ty o, TR Ty Ty - Ty -
5'15 [$1$2] = Tjq - Lipy_4 $2$in+1 <Ly, -
(iii) If there exists a unique n € {1, ..., k} such that i,, = 1 and there exists

a unique [ € {1,...,k} such that i; = 2, i,, > 2 for all m # n # [ and
n <[, then

Ge[(z121)22)]

= Tjy Ly Liy - Ly, L1L4,, 4 ...xilflaclwil“ e Ly g ...wilflxgxilﬂ <Ly
CAESNCPER)]
:1‘2‘1 ...xinflxlxililxil ...xinflxgwinﬂ ...xilflacgwil“ ...wikxilﬂ xlk .

Ge[T120] = T4y Ty T1TG Ty T2y Ty
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(iv) If i, > 2 for all m € {1,2,...,k}, then
5’t[($1$1)$2] = Tjy.--Tjy, -
otz (zoxa)] = i, ..., -

Gtlr12) = T4, ..y

Using the associative law, the commutative law and identities 232y ~ z173 ~
T1T9, TT A x% we have both sides are equal. [ |

Theorem 4.2. The variety Z := Mod{x1xo ~ x314} is the least pre-
strongly solid variety of commutative semigroups.

Theorem 4.3. The variety Vo := Mod{(x122)x3 ~ x1(x2x3), v122 = Tox1,
T1Tows & wix3} is the greatest pre-strongly solid variety of commutative
Semigroups.

Proof. The greatest pre-strongly solid variety of commutative semigroups
is the class of all commutative semigroups for which the associative law and
the commutative law are satisfied as pre-strong hyperidentities, i.e the class
HpreMod{(z122)x3 = x1(x223), x122 & x2x1}. Applying 04,20, Oz12:) Oaizn
(i > 2) € Preg on the associative law, 0,4, gives (z122)r3 ~ 1(T273),
Oxya; Bives wle R T1%4, Og;z, BiVes xfx ~ x;x. If we substitute for x; a new
variable xo, then we have the identities xlx% = T2, x%xl ~ woxy. That
means z3rs & 1175 ~ 1179 €1A(HpregMod{(z122)73 ~ x1(2273), 1172 ~
xox1}). Applying 04,44, 04,2, (0 > 2) on the commutative law, 0., gives
T1T R ToT1, Opq; gives x;21 ~ z;we. Then z;z129 & ;2220 & T2, SO
T;T1T9 & T;xo. If we substitute x; by z1, 1 by z9 and x5 by z3. Then we
have z1zox3 = x123. Thus Hpre,Mod{(z122)x3 ~ x1(z223), 2122 &= 2221}
satisfies all identities of Vi, i.e Hppe ,Mod{(z122)xz3 ~ x1(x223),x1202 ~
x9x1} C Va. To prove the converse inclusion we have to check the associative
law , the commutative law and the rectangular law, i.e. x1x9x3 & x123 using
all pre-generalized hypersubstitutions. We can restrict our checking to the
following pre-generalized hypersubstitutions o4, (4,j € N).
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If we apply 04,2;; ,j € N on the both sides of the associative law we have
the following table.

i,j €N O, [(T122) 73] = O, [T1(2223)] =
S2(a;ixj,52(xixj,x1,x2),x3) S2(xixj,x1,52(xixj,x2,x3))
1=35=1 T1X1L121 171
1= 1,j =2 T1T2X3 T1T2X3
1=7=2 r3x3 T3T3T3T3
1= 1,j > 2 T1X;52; T1T ;4
1 =2,7>2 T3Tj T3T;T
1,7 > 2 TiTj LT

Using the associative law, the commutative law and the identity zizox3 =~
x1x3 we have both sides are equal.

If we apply 04,4,; 7,7 € N on the both sides of the commutative law we
have the following table.

1,] € N a-CCiCCj [xl.’L'g] = 52(xixj,x1,x2) &xixj [3:23:1] = S2(xixj,x2,x1)
1=35=1 T1T1 ToTo
1= 1,j =2 Tr1T2 ToX1
1=7=2 ToTo T1T1
1=1,7>2 T12; T2Zj
1 =2,7>2 T2T T1T;
1,7 > 2 TiT LT

Using the associative law, the commutative law and the identity zizox3 =~
x1x3 we have both sides are equal.
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If we apply 04,43 4,7 € N on the both sides of the identity z1x9x3 ~ z125 we have the following t

i,j €N Ouiz;[(T172) 23] = SQ(IEil'j,Sz(l'iij,5131,:132),1'3) Oz [T123] = SQ(Z'Z'IL‘j,SL‘l,S
1= ] =1 L1111 11
1= 1,j =2 T1T2X3 13
1= ] =2 r3x3 r3x3
1=1,7>2 T1T5T; T1T;
1=2,7>2 I3T; T3
ij>2 2 .

Using the associative law, the commutative law and the identity x1z9x3 ~ 123 we have both side
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