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Abstract
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1. INTRODUCTION

In 1963, bitopological spaces were introduced by J.C. Kelly [10] as triples
(X, 7, 72) where X is a set and 7 and 79 are topologies defined on X.
After that, a larger number of papers have been written to generalize the
topological concept to a bitopological setting, see for instance, [1, 7] and
[8]. Closure spaces were introduced by E. Cech in [3] and then studied by
many mathematicians, see e.g. [4, 5, 6] and [12]. The concept of biclosure
spaces was introduced and studied in [2]. In 1966, N. Levine [11] intro-
duced semi-open sets and semi-continuous maps in a topological space. If
(X, 7) is a topological space and A C X, then A is semi-open if there ex-
ists G € 7 such that G € A C G where G denotes the closure of G in
(X, 7). The concepts of semi-open sets and semi-continuous maps in clo-
sure spaces were introduced in [9]. In this paper, we introduce semi-open
sets in biclosure spaces and investigate some of their fundamental properties.
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Then we use semi-open sets to define semi-open maps, semi-continuous
maps, semi-irresolute maps and pre-semi-open maps. We obtain certain
properties of semi-openness, semi-continuity, semi-irresoluteness and pre-
semi-openness in biclosure spaces.

2. PRELIMINARIES

In this section, we recall some basic definitions concerning closure spaces
and biclosure spaces.

A map u: P(X) — P(X) defined on the power set P(X) of a set X is
called a closure operator on X and the pair (X, u) is called a closure space
if the following axioms are satisfied:

(A1) ub =0,
(A2) A CuA for every A C X,
(A3) ACB=uACuBforall A;BCX.

A closure operator u on a set X is called idempotentif A C X = uuA = uA.
A subset A C X is closed in the closure space (X,u) if uA = A and it is
open if its complement in X is closed. The empty set and the whole space
are both open and closed.

A closure space (Y,v) is said to be a subspace of (X,u) if Y C X and
vA =uANY for each subset A C Y.
A subset A of a closure space (X, u) is called semi-open if there exists an
open set G in (X,u) such that G C A C uG. A subset A C X is called
semi-closed if its complement is semi-open.

If (X, u) and (Y, v) are closure spaces, then a map f : (X,u) — (Y, v) is
called:

(i) open (respectively, closed) if the image of each open(respectively, closed)
set in (X, u) is open (respectively, closed) in (Y, v).

(ii) continuous if f(uA) C vf(A) for every subset A C X. One can see
that, if f is continuous, then the inverse image under f of each open
set in (Y,v) is open in (X, u).

A biclosure space is a triple (X, u;,u9) where X is a set and uq,uy are two
closure operators on X. A subset A of a biclosure space (X, u1,uz) is called
closed if uyuo A = A. The complement of closed set is called open.
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Let (X, u1,u2) be a biclosure space. A biclosure space (Y, v1,v2) is called a
subspace of (X,uj,uz) if Y C X and v;A = w;ANY for all i € {1,2} and
every subset A of Y.

Let (X, u1,u2) and (Y,v1,v2) be biclosure spaces and let i € {1,2}.
Then a map f: (X, uy,uz) — (Y,v1,v2) is called:

(i) i-open (respectively, i-closed) if the map f : (X, u;) — (Y,v;) is open
(respectively, closed).

(ii) open (respectively, closed) if f is i-open (respectively, i-closed) for all
ie{l,2}.

(iii) biopen (respectively, biclosed) if the map f : (X, u1) — (Y, v2) is open
(respectively, closed).

(iv) i-continuous if the map f : (X,u;) — (Y,v;) is continuous for all
ie{l,2}.

(v) continuous if f is i-continuous for all i € {1,2}.

(vi) bi-continuous if the map f : (X, u;) — (Y, v2) is continuous.

Remark 2.1. Let A be a subset of a biclosure space (X, u1,us2).

(i) A is open in (X, u1,uq) if and only if A is open in both (X, u;) and
(Xv UQ)

(ii) If A is an open set in (X, uq,u2), then ujus(X — A) = uguy (X — A).

The converse of the statement (ii) in Remark 2.1 need not be true as can be
seen from the following example.

Example 2.2. Let X = {1,2,3} and define a closure operator u; on X
by u10 = 0, u1{1} = {1}, v1{2} = {2}, v1{3} = {3}, w1{1,3} = {1,3} and
u1{1,2} = u1{2,3} = u; X = X. Define a closure operator us on X by usl) =
@, Ug{l} = {1,3}, U2{2} = {2}, UQ{S} = {3} and UQ{].,Q} = UQ{l,S} =
u2{2,3} = ua X = X. We can see that ujug(X —{1}) = uour (X —{1}) = X
but {1} is not open in (X, u,uz).
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Proposition 2.3. Let {A,}acs be a collection of open sets in a biclosure
space (X, u1,u2). Then UsegAy is an open set.

Proof. Let A, be open in (X, uy,us) for each o € J, then X — A, is closed
for all @ € J. Since Naeg(X — Ay) € X — A, for all a € J, ujug Naey
(X — An) Cujug(X — A,) for each av € J. But X — A, = wque(X — A,)
for all @ € J, hence ujus Neey (X — A,) € X — A, for each o € J.
Consequently, uiusNaes (X —Aq) € Naes(X—A44) CujusNaes(X—Aq), ie.
UIU2 Naeg (X — Aa) = QQGJ(X — Aa). Thus, QQGJ(X — Aa) =X —Uqes Ao
is closed in (X, uj,u2). Therefore, UyesAq is open. ]

The intersection of two open sets in a biclosure space (X, u1,us2) need not
be an open set as can be seen from Example 2.2 where {1,2} and {1, 3} are
open in (X, u1,u2) but {1,2} N{1,3} is not open.

Proposition 2.4. If {A,}acs is a collection of subsets in a biclosure space
(X, u1,uz2), then uruz Naeg Aa C Nacsuruz Ay -

By Example 2.2, ujus{1,2} Nujus{1,3} is not contained in ujug({1,2} N
{1,3}), i.e. the inclusion of Proposition 2.4 cannot be replaced by equality
in general.

Proposition 2.5. If {A,}acs is a collection of closed subsets in a biclosure
space (X, uy,us), then uius Nacg Aa = NacjuiusAy.

Proof. Let A, be closed in (X,uy,us) for all « € J. Then X — A, is
open and A, = ujugA, for each o € J. By Proposition 2.3, Upes(X — Aq)
is open. But Uues(X — Ay) = X — NaesAa, hence NpesA, is closed in
(X, u1,ug). Therefore, ujus Nocs Ao = NaciAa = NacsuiuzAqy. [ |

The converse of Proposition 2.5 is not true in general as shown in the fol-
lowing example.

Example 2.6. Let X = {1,2,3} and define a closure operator u; on X
by w1 = 0, uwi{2} = wi{3} = wi{2,3} = {2,3} and w1 {1} = wi{1,2} =
u1{1,3} = u1 X = X. Define a closure operator us on X by us® = 0, ug{1} =
uo{2} = u2{1,2} = {1,2} and u2{3} = u2{1,3} = u2{2,3} = wX = X. It
is easy to see that ujue({1,2} N{1,3}) = wjua{l, 2} Nujua{1,3} but neither
{1,2} nor {1,3} is closed in (X, u1,uz).
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Proposition 2.7. Let (X, uy,us) be a biclosure space. If G is a subset of
X, then uyusG — G has no nonempty open subset of (X, u1,uz).

Proof. Let G be a subset of X and H be a nonempty open subset of
(X, u1,u9) such that H C ujusG—G. Since H is nonempty, thereisx € H C
ujueG — G, i.e. © ¢ X — H. Thus, ujusG is not contained in X — H. Since
H C ujusG—G, G C ugjueG—H C X—H. Tt follows that uyusG C ujug(X—
H). But H is open in (X, uq,u2), ujus(X — H) = X — H. Consequently,
uiusG € X — H, which is a contradiction. Therefore, ujusG — G contains
no nonempty open set of (X, uy,usz). [ |

Remark 2.8. The following statement is equivalent to Proposition 2.7:
Let (X, u1,u2) be a biclosure space and G be a subset of X. If H is an
open subset of (X, uy,us) with H C ujusG — G, then H is an empty set.
Moreover, if the subset H is an open subset of (X, u1) but not open in
(X, u2), then H need not be empty. And if the subset H is an open subset
of (X, uz) but not open in (X, u1), then H need not be empty. By Example
2.6, {2} is a subset of X such that {1} and {3} are nonempty subsets of
ujug{2} — {2}. We can see that {1} is open in (X,u;) but not open in
(X,u2), and {3} is an open subset of (X, us) but not open in (X, uy).

Proposition 2.9. If (Y,v1,v9) is a biclosure subspace of (X, uy,us), then
for every open subset G of (X, u1,u2), GNY is an open set in (Y,v1,v2).

Proof. Let G be an open set in (X, u1,u2). By Remark 2.1 (i), G is open
in both (X, u1) and (X, uz). Thus, v;(Y — (GNY)) =u; (Y —(GNY))NY C
u(X—G)NY = (X—-G)NY =Y —(GNY) for each i € {1,2}. Consequently,
G NY is open in both (Y,v1) and (Y,vy). Therefore, GNY is open in
(Y, 01,7}2). |

Remark 2.10. By Proposition 2.9, if E C Y and £ = GNY for some open
subset G of (X, uj,uz), then E is an open set in (Y, v1,v2). The converse is
not true as can be seen from the following example.

Example 2.11. Let X = {1,2,3} and define a closure operator u; on
X by U1® = wv ul{l} = {173}7 U1{2} = ul{zvg} = {273}7 U1{3} = {3}
and u1{1,2} = u1{1,3} = w1 X = X. Define a closure operator us on X by
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ugd = 0, uo{l} = {1,2}, wef{2} = {2,3}, ua{3} = {3} and wx{1,2} =
u2{1,3} = u2{2,3} = upX = X. Thus, there are only three open subset
of (X,u1,ug), namely 0, {1,2} and X. Let Y = {1,2} and (Y,v1,v2) be a
biclosure subspace of (X, u1,us). Then v10 = 0, v1{1} = {1}, v1{2} = {2},
vY =Y, v = 0, v2{2} = {2} and vo{l} = v2Y =Y. We can see that
{1} is an open subset of (Y, v1,v2) but there is no any open subset G of
(X, u1,u2) such that {1} =GNY.

Proposition 2.12. Let (X, uq,us2), (Y,v1,v2) and (Z,wy,ws) be biclosure
spaces, let f : (X7u17u2) - (Y7U177)2) and g: (Y,’Ul,UQ) - (Z7w17w2) be
maps.

(i) If f is 1-open and g is biopen, then go f is biopen.

(ii) If f is biopen and g is 2-open, then g o f is biopen.

Proof.
(i) Let G be an open set in (X, u;1). Since f is 1-open, f(G) is open in
(Y,v1). As g is biopen, g(f(G)) = g o f(G) is open in (Z,wsy). Thus,
g o f is biopen.

(ii) Let G be an open set in (X, uy). Since f is biopen, f(G) is open in
(Y,v2). And since g is 2-open, ¢g(f(G)) = g o f(G) is open in (Z,ws).
Thus, g o f is biopen.

|

The composition of two biopen maps need not be a biopen map as can be
seen from the following example.

Example 2.13. Let X =Y = Z = {1,2} and define a closure operator u;
on X by w10 = 0, u1{2} = {2}, and u1{1} = 1 X = X. Define a closure
operator ug on X by usf) = 0 and us{l} = u2{2} = ueX = X. Define a
closure operator v1 on Y by v1) = 0, v1{1} = {1} and v; {2} = Y =Y
and define a closure operator ve on Y by vel) = (), vo{1} = {1}, vo{2} = {2}
and v2Y =Y. Define a closure operator wy on Z by w10 = 0 and wi{1} =
w1{2} = w1Z = Z and define a closure operator wy on Z by wsd = 0,
wo{l} = {1} and wy{2} = weZ = Z. Let [ : (X,uj,u2) — (Y,v1,v2) and
g: (Y,v1,v9) — (Z, w1, ws) be identity maps. We can see that f and g are
biopen. But go f is not biopen because {1} is open in (X, u1) but go f({1})
is not open in (Z,ws).
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Proposition 2.14. Let (X, u1,us2), (Y,v1,v2) and (Z,wy,ws) be biclosure
spaces and let f: (X, uy,uz) — (Y,v1,v2) and g : (Y,v1,v2) — (Z, w1, ws)
be maps.

(i) If go f is biopen and f is a 1-continuous surjection, then g is biopen.
(il) If go f is biopen and g is a 2-continuous injection, then f is biopen.

Proof.

(i) Let H be an open set in (Y,v1). Since f is 1-continuous, f~'(H) is
open in (X,u;). But go f is biopen, hence g o f(f~'(H)) is open in
(Z,ws). As f is a surjection, g o f(f~1(H)) = g(H). Therefore, g is
biopen.

(ii) Let G be an open set in (X,u;). Since g o f is biopen, g o f(G) is
open in (Z,ws). But g is 2-continuous, hence g~ !(g o f(G)) is open in
(Y,v2). As g is an injection, g~ (g o f(G)) = f(G). Therefore, f is
biopen. [ |

Proposition 2.15. Let (X, u1,uz) and (Y, v1,va) be biclosure spaces and let
f (X up,ug) — (Y,v1,v2) be a map. If f is open, then f(G) is open in
(Y,v1,v9) for every open subset G of (X, uy,us).

Proof. Let G be an open subset of (X, uj,u2). By Remark 2.1 (i), G is
open in both (X,u;) and (X, u3). Since f is open, f is both 1-open and 2-
open. Hence, f(G) is open in both (Y,v;) and (Y, v2). Consequently, f(G)
is open in (Y, v1,v2) by Remark 2.1 (i). ]

The converse of Proposition 2.15 is not true in general as can be seen from
the following example.

Example 2.16. Let X = {1,2} =Y and define a closure operator u; on X
by w1 = 0, u1{2} = {2} and u1{1} = u3 X = X. Define a closure operator
uz on X by usl = 0 and ug{1} = uz{2} = usX = X. Define a closure
operator v1 on Y by v10) = 0 and v1{1} = v1{2} = 1Y = Y and define a
closure operator vy on Y by vof) = 0, vo{l} = {1} and ve{2} = vY =Y.
Let f: (X,u1,u2) — (Y,v1,v2) be an identity map. It is easy to see that
f(G) is open in (Y, v1,vs) for every open subset G of (X, uy,us). But f is
not 1-open because f({1}) is not open in (Y, v1) while {1} is open in (X, u1).
Consequently, f is not open.
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Proposition 2.17. Let (X, u1,uz) and (Y, v1,va) be biclosure spaces and let
f (X, ui,uz) — (Y,v1,v2) be a map. If f is continuous, then f~1(H) is
open in (X, uy,uz) for every open subset H of (Y,v1,v2).

Proof. Let H be an open subset of (Y, v1,v2). By Remark 2.1 (i), H is open
in both (Y, v1) and (Y, v2). Since f is continuous, f is both 1-continuous and
2-continuous. It follows that f~!(H) is open in both (X,u1) and (X, us).
Therefore, f~1(H) is open in (X, u1,us) by Remark 2.1 (i). ]

The converse of Proposition 2.17 need not be true in general as can be seen
from the following example.

Example 2.18. In Example 2.16, f~1(H) is open in (X,u1,uz) for every
open subset H of (Y,v1,v2). But the map f is not 2-continuous because
f71{2} is not open in (X, us) while {2} is open in (Y,v5). Consequently, f
is not continuous.

Definition 2.19. A map [ : (X, u1,u2) — (Y, v1,v2), where (X, u1,us) and
(Y,v1,v9) are biclosure spaces, is called a homeomorphism if f is bijective,
continuous and open.

Proposition 2.20. Let (X, uy,usz) and (Y,v1,vs) be biclosure spaces and let
f(X,up,ug) — (Y,v1,v2) be a map. If f is a bijective continuous map,
then the following statements are equivalent:

(i) f is a homeomorphism,
(ii) f is a closed map,

(iii) f is an open map.

Proof. (i) — (ii) Since f is a homeomorphism, i.e. f is open and bijective.
It follows that f is both l-open and 2-open. Let ¢ € {1,2} and let F; be
a closed subset of (X, u;). Then f(X — F;) =Y — f(F;) is open in (Y, v;).
Hence, f(F;) is closed in (Y,v;). Thus, f is both 1l-closed and 2-closed.
Therefore, f is closed.

(ii)—(iii) Let ¢ € {1,2} and let G; be an open subset of (X, u;). Then
X —Gj isclosed in (X, u;). By the assumption, f is both closed and bijective.
It follows that f is both 1-closed and 2-closed. Consequently, f(X — G;) =
Y — f(G;) is closed in (Y,v;). Hence, f(G;) is open in (Y,v;). Thus, f is
both 1-open and 2-open. Therefore, f is open.

(iii)—(i) By the assumption, f is a homeomorphism. [
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3. SEMI-OPEN SETS IN BICLOSURE SPACES

In this section, we introduce a new type of open sets in biclosure spaces and
study some of their properties.

Definition 3.1. A subset A of a biclosure space (X, u1,us) is called semi-
open, if there exists an open subset G of (X, u1) such that G C A C uyG.
The complement of a semi-open set in X is called semi-closed.

Clearly, if (X, u1,u2) is a biclosure space and A is open (respectively, closed)
in (X, uy), then A is semi-open (respectively, semi-closed) in (X, w1, u2). The
converse is not true as can be seen from the following example.

Example 3.2. Let X = {1,2,3} and define a closure operator u; on X by
wi =0, ur {1} = w1 {3} = w1{1,3} = {1,3}, u1{2} = {2,3} and w1 {1,2} =
u1{2,3} = w1 X = X. Define a closure operator us on X by usf) = 0,
u2{3} = {3} and wo{l} = uo{2} = ua{l,2} = ua{1,3},u2{2,3} = ue X =
X. It follows that {2,3} is semi-open in (X, u;,us) but {2,3} is open in
neither (X, u1) nor (X, us). Moreover, {1} is semi-closed in (X, u1,us) but
{1} is closed in neither (X, u;) nor (X, us).

Proposition 3.3. Let (X, u1,u2) be a biclosure space and let A C X. Then
A is semi-closed if and only if there exists a closed subset F of (X, u1) such
that X —ug(X — F) CACF.

Proof. Let A be semi-closed in (X, u1,u3). Then there exists an open set
G in (X, u;) such that G € X — A C usG. Thus, there exists a closed subset
F of (X,u;) such that G = X — Fand X — F C X — A C us(X — F).
Therefore, X —uy(X — F) C ACF.

Conversely, by the assumption, there is a closed subset F' of (X, u;)
such that X — ug(X — F) C A C F. Thus, there exists an open set G in
(X,up) such that ' = X — G and X —usG C A C X — G. It follows that
G C X — A C usG. Therefore, A is semi-closed in (X, u1,usz). [ ]

Proposition 3.4. Let {Ay}acs be a collection of semi-open sets in a biclo-
sure space (X, u1,u2). Then UscgAqy is a semi-open set in (X, uy,us).

Proof. Let A, be semi-open in (X, uj,uz) for all a € J. Hence, for each
a € J, we have an open set G, in (X,u;) such that G, C Ay C uaG,.
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Thus, UaciGa € UacsAa € UaejusGe. Since G, C UqegGy for each
a € J, usGy C ug Ugeg Gy, for all a € J. Thus, UycjusGa C ug Ugeg Ga.
Consequently, Uae 7Go € UnegAa C ug Upes Go. As Gy, is open in (X, uq)
for all & € J, ug Naeg (X — Go) Cul(X — Go) = X — G, for each a € J.
Thus, u1 Naes (X — Go) € Nacg (X — Gy). Tt follows that Nees (X — Gy)
is closed in (X,u1), i.e. UaesGq is open in (X, u;). Therefore, UyesAq is
semi-open in (X, uq, usg). [

If {Aq}aes is a collection of semi-open sets in a biclosure space (X, u1,us),
then NgesA, need not be a semi-open set in (X, w1, us) as shown in the
following example.

Example 3.5. In the biclosure space (X, u1,us) from Example 2.2, we can
see that {1,2} and {1, 3} are semi-open but {1,2} N {1, 3} is not semi-open.

Proposition 3.6. Let {Ay}acs be a collection of semi-closed sets in a bi-
closure space (X, u1,u2). Then NacyAqy is semi-closed.

Proof. Clearly, the complement of NyejAy is Uges(X — A,). Since A,
is semi-closed in (X, uj,ug) for each a € J, X — A, is semi-open for all
a € J. But Uyes(X — A,) is a semi-open set by Proposition 3.4. Therefore,
NacAq is semi-closed in (X, u,u2). ]

If {An}aes is a collection of semi-closed sets in a biclosure space (X, u1, us),
then UgejAn need not be a semi-closed set as shown in the following exam-
ple.

Example 3.7. In the biclosure space (X, u1,us) from Example 2.2, we can
see that {2} and {3} are semi-closed but {2} U {3} is not semi-closed.

Proposition 3.8. Let (X, u1,uz) be a biclosure space and ug be idempotent.
If A is semi-open in (X, u1,us) and A C B C ugA, then B is semi-open.

Proof. Let A be semi-open in (X, u1,us). Then there exists an open set
G in (X,u;) such that G € A C usG, hence ugA C ugusG. Since ug is
idempotent, us A C usG. Thus, G C A C B C ugA C uoG. Therefore, B is
semi-open. ]

Proposition 3.9. Let (Y,v1,v2) be a biclosure subspace of (X, u1,u2) and
ACY. If A is semi-open in (X, u1,us2), then A is semi-open in (Y,v1,v9).
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Proof. Let A be semi-open in (X, uj,uz). Then there exists an open set G
in (X, uy) such that G C A C usG. Tt follows that ANY C usGNY. But
A=ANY,hence GCA=ANY CusGNY = vG. Since G is open in
(X,ul), ’Ul(Y—G) = ul(Y—G)ﬂY - ul(X—G)ﬂY = (X—G)ﬂY =Y-G.
Thus, Y — G is closed in (Y,v1), i.e. G is open in (Y,v1). Therefore, A is
semi-open in (Y, vy, v9). [ |

The converse of Proposition 3.9 need not be true as can be seen from the
following example.

Example 3.10. In the biclosure spaces (X, u1,u2) and (Y, vq,v9) from Ex-
ample 2.11, we can see that {2} C Y and {2} is semi-open in (Y, v1,v3) but
{2} is not semi-open in (X, u1,us).

Definition 3.11. Let (X, u;,u9) and (Y, v1,v2) be biclosure spaces. A map
f (X,ug,u2) — (Y,v1,v9) is called semi-open (respectively, semi-closed)
if f(A) is semi-open (respectively, semi-closed) in (Y, v1,vy) for every open
(respectively, closed) subset A of (X, u1,us).

Clearly, if f is open (respectively, closed), then f is semi-open (respec-
tively, semi-closed). The converse need not be true in general as can be seen
from the following example.

Example 3.12. Let X = {1,2} =Y and define a closure operator u; on X
by w1 = 0, u1{1} = {1} and u1{2} = u; X = X. Define a closure operator
ug on X by usl = 0, ug{1} = {1}, u2{2} = {2} and usX = X. Define a
closure operator v; on Y by v10 = 0, v1{1} = {1} and v1{2} = v;Y =Y and
define a closure operator vg on Y by val) = () and va{1} = v2{2} = v2Y =Y.
Let f: (X,u1,u2) — (Y,v1,v2) be an identity map. It is easy to see that
f is semi-open but not open because f({2}) is not open in (Y, v1,vs) while
{2} is open in (X, u1,u2). Moreover, we can see that f is semi-closed but
not closed because f({1}) is not closed in (Y, v1,v9) while {1} is closed in
(X, uy, UQ).

Proposition 3.13. Let (X, u1,u2), (Y,v1,v2) and (Z,wy,ws) be biclosure
spaces. Let f : (X7u17u2) - (Y7U17U2) andg : (Y,’U]_,’UQ) - (Z7w17w2) be
maps. Then go f is semi-open if f is open and g is semi-open.

Proof. Let G be an open subset of (X,uy,us) and let f be open. By
Proposition 2.15, f(G) is open in (Y, v1,v2). As g is semi-open, g(f(G)) =
g o f(G) is semi-open in (Z, w1, wsy). Therefore, g o f is semi-open. [ |
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Proposition 3.14. Let (X, u1,u2), (Y,v1,v2) and (Z,wy,ws) be biclosure
spaces. Let f : (X u1,uz) — (Y,v1,v2) and g : (Y,v1,v2) — (Z,w1,w2)
be maps. If go f is semi-open and f is a continuous surjection, then g is
Semi-open.

Proof. Let H be an open set in (Y,v1,v2) and let f be continuous. By
Proposition 2.17, f~'(H) is open in (X, u,us). Since go f is semi-open,
go f(f~Y(H)) is semi-open in (Z,wi,ws). But f is a surjection, hence
go f(f~Y(H)) = g(H). Thus, g(H) is semi-open in (Z,wy,ws). Therefore,
g is semi-open. [ |

4. SEMI-CONTINUOUS MAPS IN BICLOSURE SPACES

In this section, we study the concept of semi-continuous maps obtained by
using semi-open sets.

Definition 4.1. Let (X, u1,u2) and (Y, v1,v2) be biclosure spaces. A map
f (X ug,u2) — (Y,v1,v2) is called semi-continuous if f~1(G) is a semi-
open subset of (X, u1,us) for every open subset G of (Y, v1,v3).

Clearly, if f is continuous, then f is semi-continuous. The converse need
not be true as can be seen from the following example.

Example 4.2. Let X = {1,2} =Y and define a closure operator u; on X
by w1 = 0, u1{1} = {1}, u1{2} = u1 X = X. Define a closure operator us
on X by ugf) = 0 and ug{1} = u2{2} = ue X = X. Define a closure operator
vy on Y by 110 = 0, vi{1} = {1}, v1{2} = {2}, 1Y = Y and define a
closure operator vy on Y by vof) = 0, vo{1} = {1} and ve{2} = vY =Y.
Let f: (X,u1,u2) — (Y,v1,v2) be an identity map. It is easy to see that
f is semi-continuous but not continuous because f~1({2}) is not open in
(X, u1,uz) while {2} is open in (Y, v1,v3).

Proposition 4.3. Let (X, u1,u2) and (Y,v1,v3) be biclosure spaces. A map
f (X ug,us) — (Y,v1,v2) is semi-continuous if and only if f~Y(F) is a
semi-closed subset of (X, u1,ug) for every closed subset F' of (Y,v1,v2).

Proposition 4.4. Let (X, ui,us), (Y,v1,v2) and (Z,w1,ws3) be biclosure
spaces and let f : (X, uj,uz) — (Y,v1,v2) and g : (Y,v1,v2) — (Z,w1,ws)
be maps. If g is continuous and f is semi-continuous, then g o f is semi-
continuous.
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Proof. Let H be an open subset of (Z,w;,ws) and let g be continuous.
By Proposition 2.17, g~!(H) is open in (Y, v1,v2). As f is semi-continuous,
g ' (H)) = (go f)~'(H) is semi-open in (X, uy,us). Therefore, g o f is
semi-continuous. [ |

Definition 4.5. A biclosure space (X, u1,uz) is said to be a Ts-space if
every semi-open set in (X, u1,uz) is open in (X, u1,us). Clearly, the closure
space (X, u,u2) in Example 3.12 is a Ts-space.

Proposition 4.6. Let (X, ui,u2) and (Z,wy,ws) be biclosure spaces and
(Y,v1,v92) be a Ts-space and let f: (X, uy,uz) — (Y,v1,v2) and g : (Y,v1,v2)
— (Z,wy,wa) be maps. If f and g are semi-continuous, then g o f is semi-
continuous.

Proof. Let H be open in (Z,wy,ws). Since g is semi-continuous, g~ (H)
is semi-open in (Y,v1,v2). But (Y,vy,vs) is a Ts-space, hence g~ '(H) is
open in (Y, vy, ve). As f is semi-continuous, f~1(g71(H)) = (go f)"}(H) is
semi-open in (X, uj,ug). Therefore, g o f is semi-continuous. [ |

Proposition 4.7. Let (X, ui,us), (Y,v1,v2) and (Z,w1,ws3) be biclosure
spaces, and let f: (X,ui,uz) — (Y,v1,v2) and g : (Y,v1,v2) — (Z, w1, w2)
be maps.

(i) If f is a semi-open surjection and go f is continuous, then g is semi-
continuous.

(ii) If g is a semi-continuous injection and g o f is open, then f is semi-
open.

(iii) If g is an open injection and go f is semi-continuous, then f is semi-
continuous.

Proof.
(i) Let H be an open subset of (Z, w1, ws) and let g o f be continuous.
By Proposition 2.17, (g o f)~'(H) is open in (X,u1,us). Since f is
a semi-open map, f((go f)~'(H)) = f(f~'(¢”'(H))) is semi-open
in (Y,v1,v2). But f is a surjection, thus f(f~'(¢'(H))) = ¢ '(H).
Therefore, g is semi-continuous.

(ii) Let G be an open subset of (X, u1,u2) and let go f be open. By Propo-
sition 2.15, go f(G) is open in (Z, w7, ws). Since g is semi-continuous,
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g (g o f(@)) is semi-open in (Y,vy,vs). But g is an injection, hence
g 1 (go f(G)) = f(G). Therefore, f is semi-open.

(iii) Let H be an open subset of (Y, v1,v2) and let g is open. By Proposition
2.15, g(H) is open in (Z,wy,ws). Since g o f is semi-continuous, (g o
)~ Y(g(H)) is semi-open in (X, u1,us). But g is an injection, it follows
that (g o f)~'(9(H)) = f~' (97" (9(H))) = f~'(H). Therefore, f is

semi-continuous. u

5. SEMI-IRRESOLUTE MAPS IN BICLOSURE SPACES

In this section, we introduce semi-irresolute maps in biclosure spaces ob-
tained by using semi-open sets. We then study some of their basic proper-
ties.

Definition 5.1. Let (X, uq,u2) and (Y,v1,v2) be biclosure spaces. A map
I (X, up,up) — (Y,v1,v9) is called semi-irresolute if f~1(G) is semi-open
in (X, uq,ug) for every semi-open set G in (Y, v1,v3).

It is easy to show that the composition of two semi-irresolute maps of biclo-
sure spaces is again a semi-irresolute map.

Remark 5.2. If amap f : (X, uy,us) — (Y, v1,v2) is semi-irresolute, then f
is semi-continuous. The converse need not be true as shown in the following
example.

Example 5.3. Let X = {1,2} = Y and define a closure operator u; on
X by w1 = 0 and ui1{1} = u1{2} = 1 X = X. Define a closure operator
uz on X by usl = 0 and uz{l} = u2{2} = ueX = X. Define a closure
operator v on Y by v = 0, vi{1} = {1}, v1{2} = 1Y =Y and define
a closure operator vy on Y by vell = 0 and va{l} = va{2} = vV =Y.
Let f: (X,u1,u2) — (Y,v1,v2) be an identity map. It is easy to see that
there are only two open sets in (Y, v1,v2), namely () and Y, and their inverse
images are semi-open in (X, uj,u2). Thus, f is semi-continuous. But f is
not semi-irresolute because f~({2}) is not semi-open in (X,u1,us) while
{2} is semi-open in (Y, v1,v3).

Proposition 5.4. Let (X, uy,uz) and (Y,v1,v2) be biclosure spaces and let
f (X up,ug) — (Y,v1,v2) be a map. Then f is semi-irresolute if and
only if f~1(B) is semi-closed in (X,ur,us), whenever B is semi-closed in
(Y, U1,’U2).
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Proposition 5.5. Let (X, uj,uz) and (Y,v1,v2) be biclosure spaces and let
f (X ur,uz) — (Y,v1,v2) be an open, semi-irresolute and surjective map.
Then (Y,v1,v2) is a Ts-space if (X, u1,u2) is a Ts-space.

Proof. Let (X,u1,u2) be a Ts-space and let B be a semi-open subset of
(Y,v1,v2). Since f is semi-irresolute, f~1(B) is semi-open in (X,u1,uz).
As (X, uy,up) is a Ty-space, f~1(B) is open in (X, u1,u2). Since f is open,
f(f~1(B)) is open in (Y,v1,v2) by Proposition 2.15. But f is a surjection,
hence f(f~'(B)) = B. Thus, B is open in (Y, v1,v2). Therefore, (Y,v1,v2)
is a Ts-space. ]

Proposition 5.6. Let (X, uj,ug), (Y,v1,v2) and (Z,w1,w3) be biclosure
spaces, and let f: (X, uy,uz) — (Y,v1,v2) and g : (Y,v1,v2) — (Z, w1, ws)
be maps. If f is semi-irresolute and g is semi-continuous, then g o f is
Ssemi-continuous.

Proposition 5.7. Let (X, u1,uz) and (Y,v1,v2) be biclosure spaces and let
f(X,ui,u2) — (Y,v1,v2) be a bijective map.

(i) If f is 1-continuous and f~" is 2-continuous, then f is semi-irresolute.

(ii) If f is 2-continuous and f ' is 1-continuous, then f~1 is semi-irresolute.

Proof.

(i) Let B be semi-open in (Y, v1,v2). Then there exists an open subset H
of (Y,v1) such that H C B C voH. Since f~! is 2-continuous, f~! :
(Y,v9) — (X,ug) is continuous. Thus, f~1(ve(H)) C uaf 1(H), i.e.
f7YH) C f~YB) Cusf ' (H). As f is 1-continuous, f : (X,u1) —
(Y,v1) is continuous, hence f~!(H) is open in (X, u1). Consequently,
f~1(B) is semi-open in (X, uy,us). Therefore, f is semi-irresolute.

(ii) Let A be semi-open in (X, u1,us). Then there exists an open set G
of (X,u;) such that G € A C upG. Since f is 2-continuous, f :
(X,u2) — (Y,v9) is continuous. Thus, f(usG) C vaf(G), i.e. f(G) C
f(A) Cuaf(G). But f~1is 1-continuous, hence f =1 : (Y, v1) — (X, u1)
is continuous. Since f(G) is the inverse image of G under =1, f(G)
is open in (Y,v1) . Consequently, f(A) is semi-open in (Y, v1,v2). But
f(A) is the inverse image of A under f~!, thus f~! is semi-irresolute.

|
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6. PRE-SEMI-OPEN MAPS IN BICLOSURE SPACES

In this section, we introduce pre-semi-open maps obtained by using semi-
open sets. We study some of their properties.

Definition 6.1. Let (X, uq,u2) and (Y, v1,v2) be biclosure spaces. A map
f (X ur,u2) — (Y,v1,v9) is called pre-semi-open (respectively, pre-semi-
closed) if f(A) is a semi-open (respectively, semi-closed) subset of (Y, vy, v3)
for every semi-open (respectively, semi-closed) subset A of (X, uy,us).

It is easy to show that the composition of two pre-semi-open maps in
biclosure spaces is again a pre-semi-open map.

Clearly, if a map f : (X,u1,u2) — (Y,v1,v9) is pre-semi-open, then
f is semi-open. The converse need not be true as shown in the following
example.

Example 6.2. In Example 2.16, the map f is semi-open but f is not pre-
semi-open because {1} is semi-open in (X, u1,u2) but f({1}) is not semi-
open in (Y, v1,v3).

Proposition 6.3. Let (X, uy,uz) and (Y,v1,v2) be biclosure spaces and let
f (X, ui,ue) — (Y,v1,v2) be a map. Then the following statements are
equivalent:

(i) f is pre-semi-open

(i) If B C Y and C is a semi-closed subset of (X,ui,u2) such that
f~Y(B) € C, then B C E and f~YE) C C for some semi-closed
subset E of (Y, v1,v2).

Proof. (i)— (ii) Let B be a subset of Y and let C' be a semi-closed subset
of (X, u1,us) such that f~1(B) C C. Then f(X — C) is a semi-open subset
of (Y,v1,v2). Put E=Y — f(X — C). Then E is semi-closed in (Y, v1,v2)
and X —C C X — fYB) = f~%Y — B). Hence, f(X —C) C f(f 1Y —
B)CY—B. Thus, Y — (Y —B) C Y — f(X — C), ie. B C E and
FUE) = [~ f(X~C) =X~ [ (X~ C) CX— (X~ C)=C.
Therefore, E is a semi-closed subset of (Y,v1,v2) such that B C E and
FiE e

(ii))— (i) Let A be a semi-open subset of (X, u;,uz). Then X — A is
semi-closed in (X, uy,uz) and f~HY — f(A) = X — fH(f(A) C X - A
where Y — f(A) is a subset of Y. By the assumption, there is a semi-closed
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subset E of (Y,v1,v2) such that Y — f(A) € E and f~1(E) C X — A.
Hence, Y —E C f(A) and A C X — f~Y(E). It follows that Y — E C f(A) C
fX—fYE)=f(fY—-E)CY—E,ie f(A)=Y — E. Thus, f(A

is semi-open in (Y, v1,vs). Therefore, f is pre-semi-open. [

Proposition 6.4. Let (X, uy,uz) and (Y,v1,v2) be biclosure spaces and let
f (X up,ug) — (Y,v1,v2) be a map. If f is pre-semi-open, then for every
y €Y and every semi-closed subset C of (X,u1,us) such that f~*({y}) C
C, there exists a semi-closed subset E of (Y,v1,v3) such that y € E and
FE e,

Proof. Let y € Y and let C' be a semi-closed subset of (X, u,uz2) such
that f~1({y}) € C. Since {y} C Y, there exists a semi-closed subset E of
(Y,v1,v2) such that y € E and f~1(FE) C C by Proposition 6.3. ]

The converse of the previous statement is not true in general as can be seen
from the following example.

Example 6.5. Let X = {1,2,3} =Y and define a closure operator u; on
X by wi =0, u1{1} = w1{2} = w1{1,2} = {1,2} and u1{3} = w1{1,3} =
u1{2,3} = w3 X = X. Define a closure operator us on X by usf) = 0,
u2{3} = {3} and ua{l} = ua{2} = uo{1,2} = ua{l,3} = u2{2,3} = ua X =
X. Define a closure operator v1 on Y by v10 = 0, v1{1} = {1}, v1{2} = {2},
v1{3} = n{1,2} = v1{1,3} = v11{2,3} = 1Y = Y and define a closure
operator vy on Y by vel) = 0 and vo{l} = v2{2} = v2{3} = v2{1,2} =
vo{1,3} = v2{2,3} = vY =Y. Let f : (X,u1,us) — (Y,v1,v2) be an
identity map. Then there are only three semi-closed subsets of (X, u1,us),
namely (J, {1,2} and X. Moreover, we can see that there are only four semi-
closed subsets of (Y, v1,vz), namely 0, {1}, {2} and Y. Then for every y € Y
and every semi-closed subset C of (X, u1,us) such that f=1({y}) C C, there
exists a semi-closed subset E of (Y, v1,v2) such that y € E and f~}(E) C C.
But f is not pre-semi-open because {3} is semi-open in (X, u1,uz2) but f({3})
is not semi-open in (Y, vy, v).

Proposition 6.6. Let (X, uj,uz) and (Y,v1,v2) be biclosure spaces and let
f (X, ui,ue) — (Y,v1,v2) be a map. Then the following statements are

equivalent:

(i) f is pre-semi-closed.
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(i) If D CY and A is a semi-open subset of (X, u1,us) such that f~1(D) C
A, then D C M and f~Y(M) C A for some semi-open subset M of
(Y) U1, UQ)'

(iii) Ify € Y and A is a semi-open subset of (X, uy,us) such that f~*({y}) C
A, theny € M and f~Y(M) C A for some semi-open subset M of
(Y, v1,v2).

Proof. (i) — (ii) The proof is a minor modification of the proof (i)—(ii)
in Proposition 6.3.

(ii)— (iii) Let y € Y and A be a semi-open subset of (X, u;,u2) such
that f~1({y}) € A. By (ii), put D = {y}. Then there exists a semi-open
subset M of (Y, v, vs) such that y € M and f~1(M) C A.

(iii)—(i) Let C be a semi-closed subset of (X, u1,us). Then X — C is
semi-open in (X,u1,uz) and f~1(Y — f(C)) = X — f~}(f(C)) € X — C.
Let y€Y — f(C) CY and put A= X — C. Then f~1({y}) C X - C = A.
By (iii), there exists a semi-open subset M, of (Y,v;,v2) such that y € M,
and f71Y(M,) C A=X-C,ie. CC X — f1(M,). Hence, f(C) C
FX=f7H(My)) = f(f~ (Y =M,)) CY—M,. Thus,y € M, CY —f(C) for
ally € Y — f(C). It follows that Y — f(C) = Uyey _f(c)My. By Proposition
3.4, Uyey_y(c)My is semi-open in (Y,v1,v2). Consequently, f(C) is semi-
closed in (Y, v1,v9). Therefore, f is pre-semi-closed. [

Proposition 6.7. Let (X, ui,us), (Y,v1,v2) and (Z,w1,ws3) be biclosure
spaces and let f : (X, ui,uz) — (Y,v1,v2) and g : (Y,v1,v2) — (Z,w1,ws)
be maps.

(i) If f is a semi-irresolute surjection and g o f is pre-semi-open, then g
1S pre-semai-open.

(i1) If g is a semi-irresolute injection and go f is pre-semi-open, then f is
pre-semi-open.

(iii) If f is a pre-semi-open surjection and g o f is semi-irresolute, then g
18 semi-irresolute.

(iv) If g is a pre-semi-open injection and go f is semi-irresolute, then f is
semi-irresolute.



SEMI-OPEN SETS IN BICLOSURE SPACES 199

Proof. (i) Let B be semi-open in (Y,v1,v2). Since f is semi-irresolute,
f~Y(B) is semi-open in (X, u1,us). But go f is pre-semi-open and f is sur-
jective, hence g o f(f~1(B)) = g(B) is semi-open in (Z,wy,ws). Therefore,
g is pre-semi-open.

The proofs of (ii)-(iv) are minor modifications of that of (i) ]

Proposition 6.8. Let (X, uy,uz) and (Y,v1,v2) be biclosure spaces and let
f i (Xyu,ug) — (Y,v1,v2) be a continuous, pre-semi-open and injective
map. Then (X, u1,uz) is a Ts-space if (Y, v1,v2) is a Ts-space.

Proof. Let (Y,v1,v2) be a Ts-space and let A be a semi-open subset of
(X,u1,ug). Since f is pre-semi-open, f(A) is semi-open in (Y, v;,v9). But
(Y, v1,v9) is a Ts-space, hence f(A) is open in (Y, v1,v2). As f is continuous,
f~Y(f(A)) is open in (X,u1,uz2) by Proposition 2.17. Since f is injective,
f~Y(f(A)) = A. Thus, A is open in (X,uy,uz) Therefore, (X,u,us) is a
Ts-space. [ |

Proposition 6.9. Let (X, uj,uz) and (Y,v1,v2) be biclosure spaces and let
f (X ug,uz) — (Y,v1,v2) is a l-open and 2-continuous map, then f is
pre-semi-open.

Proof. Let A be semi-open in (X, u1,u2). Then there exists an open subset
G of (X,up) such that G € A C wuyG. Consequently, f(G) C f(A) C
f(u2@G). Since f is 2-continuous, f : (X, u2) — (Y, v2) is continuous. Hence,
fue@)) C vaf(G), ie. f(G) C f(A) C vaf(G). But f is l-open, thus
f (X u1) — (Y,v1) is open. It follows that f(G) is open in (Y,v1). Thus,
f(A) is a semi-open set in (Y, v1,v9). Therefore, f is pre-semi-open. [

Definition 6.10. A map f : (X,ui,u2) — (Y,v1,v2), where (X, uy,us2)
and (Y, v1,v9) are biclosure spaces, is called a semi-homeomorphism if f is
bijective, semi-irresolute and pre-semi-open.

It is easy to show that the composition of two semi-homeomorphisms of
biclosure spaces is again a semi-homeomorphism.

Remark 6.11. The concepts of a homeomorphism and a semi-homeomorp-
hism are independent as can be seen from two following examples.

Example 6.12. In Example 3.12, the map f is a semi-homeomorphism but
f is not open. Consequently, f is not a homeomorphism.
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Example 6.13. Let X = {1,2,3} =Y and define a closure operator u; on
X by w1 = 0, u1{2} = w1{3} = u1{2,3} = {2,3} and u1 {1} = w1 {1,2} =
u1{1,3} = u1 X = X. Define a closure operator us on X by usf) = 0, us{1} =
{1,3} and we{2} = wo{3} = ua{l,2} = u2{1,3} = u2{2,3} = weX = X.
Define a closure operator v; on Y by v10) = 0, v1{2} = v1{3} = v1{2,3} =
{2,3} and v1{1} = 11{1,2} = v1{1,3} = v1Y =Y. Define a closure operator
ve on Y by vad = () and ve{l} = v2{2} = v2{3} = ve{1,2} = v2{1,3} =
v2{2,3} =Y =Y. Let f: (X,u1,u2) — (Y,v1,v2) be the identity map.
Then f is a homeomorphism but f is not semi-irresolute because f ~1({1,2})
is not semi-open in (X, u1,u2) while {1,2} is semi-open in (Y, v1,v2), i.e. f
is not semi-homeomorphism.

Proposition 6.14. Let (X, uy,usz) and (Y,v1,vs) be biclosure spaces and let
f (X ur,ug) — (Y,v1,v2) be a bijective map. Then f is pre-semi-open if
and only if f is pre-semi-closed.

As a direct consequence of Proposition 6.14, we have:

Proposition 6.15. Let (X,u1,u2) and (Y,v1,v2) be biclosure spaces and
let f: (X,ui,u2) — (Y,v1,v2) be a bijective semi-irresolute map, then the
following statements are equivalent:

(i) f is a semi-homeomorphism,
(ii) f is a pre-semi-closed map,

(iii) f is a pre-semi-open map.
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