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Abstract

The theory of hyperidentities generalizes the equational theory
of universal algebras and is applicable in several fields of science,
especially in computers sciences (see e.g., [2, 1]). The main tool to
study hyperidentities is the concept of a hypersubstitution. Hypersub-
stitutions of many-sorted algebras were studied in [3]. On the basis of
hypersubstitutions one defines a pair of closure operators which turns
out to be a conjugate pair. The theory of conjugate pairs of addi-
tive closure operators can be applied to characterize solid varieties,
i.e., varieties in which every identity is satisfied as a hyperidentity (see
[4]). The aim of this paper is to apply the theory of conjugate pairs of
additive closure operators to many-sorted algebras.
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1. PRELIMINARIES

Hyperidentities in one-based algebras were considered by many authors
(for references see e.g., [4, 2]). An identity s ~ ¢ is satisfied as a hyper-
identity in the one-based algebra A = (A4;( fZA),e 1) of type 7 if after any
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replacements of the operation symbols occurring in s and ¢ by terms of the
same arity the arising equation is satisfied in A. These replacements can be
described by hypersubstitutions, i.e., mappings from the set of operation
symbols into the set of all terms of type 7. Hypersubstitutions cannot
only be applied to terms or equations but also to algebras. This gives a
pair of additive closure operators which are related to each other by the so-
called conjugate property and which form a conjugate pair of additive closure
operators (see [4]). A variety of one-based algebras is called solid if every
identity is satisfied as a hyperidentity. Characterizations of solid varieties
are based on the theory of conjugate pairs of additive closure operators. For
more background see [4].

In this paper we want to apply the theory of conjugate pairs of additive
closure operators to many-sorted algebras and identities and want to define
hyperidentities and solid varieties of many-sorted algebras.

Many-sorted algebras occur in various branches of mathematics. They
have found their way into computer science through abstract data type
specifications. Many-sorted algebras, varieties and quasivarieties of many-
sorted algebras are the mathematical fundament of approaches to abstract
data types in programming and specification languages. For basic concepts
on many-sorted algebras we refer the reader to [5].

The concept of terms in many-sorted algebras was discussed in [5].
First we want to give a slightly different version of the definitions and results
from [3].

Let I be a non-empty set, let N* := N\ {0} , n € N*, let I* :=J,,», ["
and ¥ C I* x I. Then we define 3, := X N I"*L. For v € ¥ let v(I) denote
the [-th component of v. Let K, be a set of indices with respect to . If
|K4| =1, we will drop the index.

Definition 1.1. Let n € N* and X .= (Xi(n))iej be an I-sorted set
(n) ._

; =
{®i1, .., zin},i € I and let ((fy)r)rek, vex be an indexed set of Y-sorted
operation symbols. Then for each i € I a set W, (i) which is called the set
of all n-ary ¥-terms of sort 7, is inductively defined as follows:

of variables, also called an n-element I-sorted alphabet, with X

() wr()==x"ie1,
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(ii) Wﬁ_l(z) = Wl”(z) U {f’Y(tkﬂ R 7tkn) ’ v = (k1,..., kn;i) € E,tkj €
Wt (k;),1 < j < n},l € N. (Here we inductively assume that the sets
W/ (i) are already defined for all sorts i € I).

Then W, (i) := U2y W/*(i) and we set W (i) := U, ent Wa(i). Let X; =
Upers X™ and X := (X,)icr. Let W(X) := (W(i))ies. The set Wy (X)
is called I-sorted set of all X-terms and its elements are called I-sorted
Y-terms.

For any n € NT i € I we set A,(i) := {(w;i) € ["T |w e ", Im e
Nt, 3aek,, 3501 <j<m)(a(y) =1} Let AG) := U,~; An(4) and
we set A := J;c; A(i).

To define many-sorted hypersubstitutions we need the following super-
position operation for I-sorted X-terms.

Definition 1.2. Let t € W(i),t; € W(k;) where 1 < j < n,n € N. Then
the superposition operation

Sg: W (i) x W(ky) x -+ x W(ky) — W(i)
for B = (k1,...,kn;i) € A, is defined inductively as follows:
1. If t = z;; € X;, then
1.1 Sg(zij,t1,...,tn) == x4 for i # k; and

1.2 Sﬁ(l'ij,tla coyty) = tj for i = k;.

2. If t = fy(s1,...,8m) € W(i) for v = (i1,...,im;1) € ¥ and s4 €
Wh(ig),1 < ¢ < m,m € N, and if we assume that Sg (sq,t1,...,tn)
with B, =(k1,...,kn;iq) € A are already defined, then Sg(f,(s1,...,5m),
tl, ce ,tn) = f’y(S,Bl(Sl7t17 ce ,tn), e 7Sﬁm(8mat17 ce ,tn)).
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Definition 1.3. Let i € I and ((f,)x)rek,~ex be an indexed set of ¥-
sorted operation symbols. Let X,,(i) := {y € 3, | y(m + 1) = i},m € NT
and let

2(i) = | Sm(i).

m>1

Any mapping
o Ak | ke K,y eX(i)} = W(i),i e,

which preserves arities, is said to be a 3-hypersubstitution of sort i. Let X(i)-
Hyp be the set of all X-hypersubstitutions of sort 7. The I-sorted mapping
o := (0y)ier is called an I-sorted ¥-hypersubstitution. Let ¥-Hyp be the
set of all I-sorted Y-hypersubstitutions. Any I-sorted »-hypersubstitution
o can inductively be extended to an I-sorted mapping ¢ := (6;)icr. The
I-sorted mapping

:Wx(X) - Wx(X)

is defined by the following steps: For each ¢ € I we define

(i) 64[wi;] := x4 for any variable x;; € X;.

(11) &i[f'y(tla s 7tn)] = S’Y(Ui(f’y)7 6'k1 [t1]7 s 76kn [tn])7 where Y= (klu )
kn;i) € ¥ and t, € W(ky),1 < q <n,n €N, assumed that 7y, [ty], are
already defined.

Using the extension 6;, we define (01);0; (02); := (61);°(02);. Then we have
((01); 05 (02);)" = (61); o (62);. Together with the identity mapping (0;q);
the set X(7)-Hyp forms a monoid (see [3]).

Now we want to describe the connection between heterogeneous algebras
and X-terms.

Let A be an I-sorted set. Then A is said to be a Y-algebra if it has the
form

A= (A; (((fv)k)A)keKwEE)
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where ((fy)g)? 1 Agy X -+ x Ag, — A; if vy = (k1, ..., kn;i) € X. Let Alg(X)
be the collection of all Y-algebras. To connect X-terms with X-algebras
we need to consider operations on I-sorted sets. Let A be an I-sorted set,
n € Nt (w;i) € I* x I. Then w is called input sequence on A and i is called
output sort.

Definition 1.4. Let A be an I-sorted set, let w = (k1,...,ky) € [",n €
N* be an input sequence on A. Then we define the g-th n-ary projection

operation
A .
6‘;’ P A, X X Ay, —>Akq,1 <qg<n

of the input sequence w on A by

e‘;’A(al, Cels Q) t= Gy

We denote by
OW(A) i={f | [+ Ap, x -+ x Ay, — A}

the set of all n-ary operations on A with input sequence w and output
sort 1.

In particular we denote by
0%(A) = (0% (A))ier

the I-sorted set of all n-ary operations on A with the same input
sequence w.
Finally we introduce

0(4) = [ J 0*(4)

wel*

as the I-sorted set of all finitary operations on the I-sorted set A.

Definition 1.5. Let A be an I-sorted set and let w = (sq,...,8p),w =
(sll, ceey slm) be input sequences on A. Then the superposition operation
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511 09(4) x O (4) x -+ x O s)(4) — 0D (4)
is defined by

S:)u;i(f7gl7' e 79”) = f[glv te 7gn]7 with

f[gla"'7gn](a17"'7aM) = f(gl(ala"'aam)V”7gn(a17-”7am))

for all (ay,...,am) € Ay x--- X Ay .
1

m

Using these composition operations we may consider a many-sorted algebra,
which satisfies similar identities as clones in the one-sorted case.

Theorem 1.6. Let A be an I-sorted set. Then the many-sorted algebra

(O oers (S5) o rmerer () erncrzn)

(where |w| is the length of the sequence w) satisfies the following identities:

1) 5% <f, S g hts B, S (g b o) )

w

= Sw,,’i(S:,’i(f, G1s---Gn),h1,. .. ,hm) where

"

w=1(81,...,8,) €I, w,:(sll,...,slm)elm, w :(s/{,...,s;)e IP,
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and

fe 0W(A), g e OWsN(A), hye OW S)(A) for 1< j< n,
1<k<m,m,neN.

2) S:,’Sj <e]“-2’A,gl,...,gn) =g; where w=(s1,...,8,) € I",w €™,

and

g; € O )(A), 1< j <n,m,neN*.

3) Sﬁ‘j’i<f, eT’A, . ,e%’A) = f where f € OWY(A), we I",n € Nt.

The proofs are similar to the proofs of the corresponding propositions for
Y-terms (see [3]).

2. I-SORTED IDENTITIES AND MODEL CLASSES

Definition 2.1. Let n € NT and X(™ be an n-element I-sorted alphabet
and let A be an I-sorted set. Let A € Alg(X) be a ¥-algebra, and ¢ €
Wy (i),i € I. Let f := (fi)icr, where f; : Xi(") — A; is an I-sorted evaluation
mapping of variables from X by elements in A. Each mapping f; can
be extended in a canonical way to a mapping f; : W,(i) — A;. Then
A AX" A; is defined by

tA(f) == fi(t) for all f e AX™,

where f; is the extension of the evaluation mapping f; : Xi(") — A;. The
operation ¢4 is called the n-ary Y-term operation on A induced by the n-ary
d-term t of sort i. We have xéq = e?j’A, 1 < ¢ <n, where w = (ki,...,kp),

since for f € AX ™ we have
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xﬁzq(f) = fkq (I‘qu)

= frg(Thyq)

w,A(

= €q al)"'7aq—17fkq(xqu)7aq+17"'aan)

for all a; € Ay, such that j € {1,...,¢—1,¢+1,...,n}.

Let W4(i) be the set of all -term operations on A induced by the %-terms
of sort i. We set W (X) := (W4(4))ies and call it the I-sorted set of Y-term

operations on A induced by the Y-terms.

Definition 2.2. Let t € W(i), t; € W(k;) where 1 < j <n,n € N. Then
the superposition operation

SAWAG) x WAky) x -+ x WA(ky) — WA(D)

where a = (k1,...,kp;1) € A, is inductively defined in the following way:

1) Ift = Tij € X;, then

1.1) s4 <:13;‘},t“14, e ,t;ﬁ) = 1‘;‘}- for i # k; and

1.2) sS4

«

<a;g‘;,t“4, e ,tf) = t;“ for i = k;.
If t = fy(s1,...,5m) € W(i) where v = (i1,...,im;1) € X, 54 €
Wiig),1 < ¢ < m,m € N and assume that Sﬁq(s;ﬁ,tf‘,...,tﬁ),
where ag = (k1,...,kn;iq) € A, are already defined, then
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S&L‘ ((f«,(éj, .. ,sm))A7 tfl, o ,t;il)

- ff(sg(sf,tf,...,tﬁ),...,sgm@g,tf\,...,tg)).

Example 2.3. Let T = {1,2}, X®@ = (XP),c;, © = {(1,2:1), (2, 1;2)}.
Let A be a Y-algebra and let t = f(1 2.1)(f(1,2;1)(T11, ¥21), f(2,152) (22, 711)) €
W(l), t1 € W(Q), and ty € W(l) Then

Sé,1;1) <tAti4té4> = Sé,m) ((f(1,2;1)(f(1,2;1) (711, 221), f(2,1;2) (222, wll)))Atft§4>
= fl20) (Sé,l;l)((f(l,Q;l) (211, $21))Ati4té4>a
St 22 ((f(2,1;2) (w22, 211)) ", 41, t?))
- f(fllv?;l) (f(ﬁt,?;l) <S(g,1;1) <xi4l’ tf’ tf‘) ’ Sévl;Q) (wé‘l’ tf’ téﬁt))’
f(é,lﬂ) (Sélﬂ) (‘73542’ t, tf) ’ Sé,1;1) (xﬁ’ i té‘t)»

= f(f1l,2;1) (f(’il,2;1) <x'141, tf‘) ) f(é,1;2) <x5427 95'141> ) .

Proposition 2.4. Let A be a X-algebra and f,(t1,...,t,) € Wy (i) where
v ="(i1,...,in,1) €3, tg € Wy(ig),1 <qg<n,n eN. Then

<f7<t1,...,tn))A:ff(tf,...,tﬁ).

Proof. Let f € AX (n), then
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(Fr(treent)) () = At 1)

Lemma 2.5. Let A be a X-algebra. Fort € W (i), t; € W(k;), 1 < j <
n,n € N we have:

Sﬁ(t““,t{‘,...,tﬁ) = <Sa(t,t1,...,tn))A
where a = (ky, ..., kn;1) € A.

Proof. We will give a proof by induction on the complexity of the
d-term t.

1) Ift = Tij € X;, then

1.1) for i # kj,

S&“(t““,tf,...,t;j‘) - sA(mg,tf,...,t;;t)

67

— LA
_:L‘ij

(Sargtrnitn))”

1.2) and for i = k;
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S&“(tA,tf,...,t;j‘) :SA< 4ot ...,t;;‘)

67

_ 1A
&

A
Sa l'w,tl, . 7tn)>

=
(Sa tt, ..t ))A.

2) Ift = fy(s1,...,8m) € W(i), where v = (i1,...,im;%) € ¥ and s4 €
W(iq),1 < qg<m,m €N, and if we assume that the equations

A
Sa <s;14,t14,...,t;j‘) = <Saq(sq,t1,...,tn)> ,

where ay = (k1,....kniig) € A, are satisfied, then for f € AX" we
have

S&“(tA,tf,...,t;j‘) (f)

sg*((f,y(sl,...,sm))f‘,tf, )
= (A (Gt (D sa (st ) ()
_ ff((sal(sl,tl,...,tn))A(f),...,<5am(sm,t1,...,tn))“4(f))

:f;“(ﬁi@al(sl,tl,...,tn)),...,ﬁm<5am(sm,t1,...,tn)))
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:ﬁ-(ﬁ,(Sal(sl,tl,...,tn),...,Sam(sm,tl,...,tn)))
_ <f,y<5a1(sl,t1,...,tn),...,Sam(sm,th---,tn)))A(f)
= <Sa<f,y(sl,...,Sm),h,---,tn))A(f)

_ <Sa<t,t1,...,tn))A(f)- =

Now we can define equations and identities.

Definition 2.6. A Y-equation of sort 7 in X is a pair (s;,t;) of elements
from W(i),i € I. Such pairs are more commonly written as s; =; t;. The
Y-equation s; =2 t; is said to be a X-identity of sort i in the X-algebra A if
sg‘l = t;“, that is, if the Y-term operations induced by s; and t;, respectively,
on the Y-algebra A are equal.

In this case we also say that the Y-equation s; =2; t; is satisfied or
modelled by the -algebra A, and write A |=; s; ~; t;. If the Y-equation
8; =2; t; is satisfied by every X-algebra A of a class K of ¥-algebras, we write
Ky i s; =; t;. For a set F(i) of equations of sort i we write A |=; F(i) if
A ):2 s; ~=; t; for all (Si,ti) € F(Z)

Example 2.7. Let I = {1,2}, X := (XZ.(z))ig be a 2-element I-sorted
alphabet, and ¥ = {(1,1;1),(2,1;1)}. Let V = (4; f(‘; 1,1),!}‘?{ 1,1)) where

f(g 1:1) f(‘{ 1:1) correspond to o, 4, respectively, and A := (V,R) is the uni-
verse of a real vector space. Then the Y-equation

f) <3321, faa) (@, 5512))

~1 fa,1) (f(2,1;1)($21,9611)7f(2,1;1)(9521,$12)) € W(1)?
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is a Y-identity of sort 1 in V, that is,
VEr feon) <$21,f(1,1;1)(9€11,$12)>
~1 f(1,1;1) (f(2,1;1)(9€21,$11)7f(2,1;1)(9521,$12)>

. 2
since for f € AX ® we have

f(2,1;1)(leaf(1,1;1)(33117$12) 1(f(211 Ta1, 111)(951175512)))
f(211 < 2(221), 7< 11;1)(9611,9612)))
= f(211 < 2(z21) f(111 <f1(3311) fl(l‘lz)))
(

= oy (Fowon), £ 1y (Frlann), fr(on2) ) )
and
Faa (Fox @, 20, S (@, 212)) (1)
= fi(fain (forn@aan), forn (@)
= R (A (Fean o) A(fean @)
= Py (o) (o), Fi@n), S8 1y (Folwan). fier2)))

= Py (P (Folw20), Fi@1n), 8 vy (fol@an)s fi(@12))) ).
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Therefore,

(oo st 29))”

— (f(1,1;1) <f2,1;1(l‘217 z11), fz1) (221, x12)) )v'

Now we extend the usual Galois-connection between identities and algebras
to the many-sorted case.

Let Ko C Alg(X) and L(i) € W (i)2. Then a mapping
$(i)-Id : P(Alg(S)) — P<W(z')2>
is defined by
S(i)-1dKo = { (sists) € W(0)* | (VA € Ko)(A b= 5i ~i 1)}
and a mapping X(i)-Mod : P(W (i)?) — P(Alg(X)) is defined by
Y(i)-ModL(i) := {A € Alg(2) | (V(si,ti) € L(7))(A [=i si =i ti) }.
In the next propositions, we will show that these two mappings satisfy the
Galois-connection properties.
Proposition 2.8. Leti € I and let Ko, K1, Ko C Alg(X). Then

(1) K, C Ky = %(i)-IdK, C $(i)-IdK,

(2) Ko C S(i)-ModS(i)-IdKy.
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Proof.

(1) Assume that K7 C Ky and let s; =~; t; € 3(i)-IdK3. Then for all
A € Ko, we have A |=; s; ~; t;. Because of K1 C K, we obtain
A =i s = t, for all A € K. This means that s; ~; t; € X(i)-IdK,
and then X (i)-IdKo C X(i)-1dK;.

(2) Let A € Ky. Then A |=; X(i)-1dK(, means that A € X(i)-ModX(i)-
IdKy and then Ky C X(i)-Mod%(i)-1d K.

Proposition 2.9. Let L(i), L1(i), L2(i) € W (i)? be subsets of the set of all
Y-equations of sort i € I. Then

(1) L1(i) € La(i) = X(i)-ModLa (i) C 3(i)-ModLs (i),

(2) L(i) C S(i)-Id%(i)-ModL(i).

Proof.

(1) Assume that Li(i) C Lo(i) and let A € 3(i)-ModLy (7). Then A
s; =y t; for all s; ~; t; € La(i), but we have Li(i) C Ly(i), so that
A i si =i t; for all s; ~; t; € L1(3). It follows that A € X(i)-ModL1 (i)
and then X (i)-ModLy (i) C X(i)-ModL1 (7).

(2) Let s; =; t; € L(i). Then we have 3(i)-ModL(i) =; s; =; t;, that is
8; ~2; t; € 3(i)-1dX(i)-ModL(i) and then L(i) C X(i)-Id%(i)-ModL(i).

From both propositions, we have that (X(i)-Mod,¥(i)-Id) is a Galois
connection between Alg(¥) and W (i)? with respect to the relation

= { (A (s0.)) € Alg() x W) | A b si it .
The fixed points with respect to the closure operator X(i)-Mod>(i)-1d are

called X-varieties of sort 7 and the fixed points with respect to the closure
operator X(i)-IdX(i)-Mod are called ¥-equational theories of sort i.
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3. APPLICATION OF X-HYPERSUBSTITUTIONS

Now we apply X-hypersubstitutions to many-sorted algebras and to many-
sorted equations.

Definition 3.1. Let A be an I-sorted set, let A := (A; (((fy)k)A)keK%weE)
be a Y-algebra and let o € X-Hyp. Then we define the X-algebra

o) = (4 (@((5)00)

keKwyeE@’),ie]) '

This X-algebra is called the X-algebra derived from A and o, for short
derived X-algebra.

For illustration we consider the following example.

Example 3.2. Let I = {1,2}, ¥ = {(1,2,1),(2,1,2)}, K21 = {1,2},

A= (A1,4A2), A= ((A1, A2); (fa21)1)™ ((fa2))2)™ f(;,172))- Let o =
(01,02) € X-Hyp. Then we have

o(A)

= (4122 (a1((2a) - (a1azn)2) ™ (o2feaz) ).

Theorem 3.3. Let A be an I-sorted set and A = (4A; ((f1)k) ek, vex)
be a X-algebra. Let o € X-Hyp and t € W(i),i € I. Then t“zA) =

(Gt

Proof. We will give a proof by induction on the complexity of the
d-term t.

NIft = xy; € X; where 1 < j < n,n € N, then for f € AX™
we have
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A (f) =2 ()
= fi(xij)
= rA(f)
= (@ilei)A(f)
= @:[DA).

2)If t = fy(s1,...,5m) € W(i) where v = (i;,...,im;1) € X,54 € W(ig),

1 < g <m,m € N and assume that SZ(A) ][4 are satisfied, then

for f € AX"™ we have

= 62'(1[8(1

EAF) = (fy (51, 5m) 7N (F)
= Filfy(51,- - 5m))
= FT OV (Fa(s1), s Finn(5m)
= TSV ()
= 0i( )@ (514 (F)s - G 54 (F)

= gi(fﬁ/)A(a‘il [Sl]A, N [Sm]A)(f)

= SMai(f)A G0 514 - G [5m) ) (f)
= (Sy(0i(fy), 60, [81]s -+, G [8m]))A(f) by Lemma 2.5

= (Gilfy(s1, - sm)DA(S)

= (G [th(f)- "
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Lemma 3.4. Let A € Alg(X), 01,09 € -Hyp. Then we have

>02(A) = (((02)i o; (Ul)i)(ffy))A,

((e0i()
for~veX(i),iel.
Proof. By Theorem 3.3, we have

(@0:t5))™™ = (@ilenit)])”

_ <((52)i o (01)i)(f’7)>A

= (tto2io1 (00)(1) ™

Let 01,09 be elements in X-Hyp. Then we set 01 ¢ 09 := ((01); 9; (02)i)ier-

Lemma 3.5. Let A be an I-sorted set, let A= (A; (((fy)k)A)kemeeg) be
a Y-algebra, and 01,09 € X-Hyp. Then we have

o1(02(A)) = (020 01)(A).

Proof. By Lemma 3.4, we have

o1(02(A)) = (A; (((Ul)i((fy)k)cfz(f\)>

keKwreE@‘),ieI)

_ (A; (((@2): 01 (@) (S )e)*)

kEK'y»’YEZ(i),iGI>

= (020 01)(A).
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Theorem 3.6. Let A be an I-sorted set, A := (A; (((fa)r)™)kek. aes),
and o;q € X-Hyp. Then we have

O'id(A) =A.

Proof. We will show that ((0;q)i(fa)r)? = f2 for all k € Kq,a € 2.
Assume that a = (ky,...,ky;i) € ¥ and w = (k1,...,ky,) € I"™. Then

(0iaiti)) " = (Falerar,- - oan,m)”

— fA[( LA A
- fa (xkjl"" ’xknn>
7A 7A
:fo“f(ef Ot >
= fA
P

Definition 3.7. A Y-algebra A is said to hypersatisfy the Y-identity s; ~; t;
of sort i € I, if for every Y-hypersubstitution of sort i, i.e., o; € X(i)-Hyp,
the X-identity d;[s;] =; 6;[t;] holds in A.

In this case we say that the X-identity s; ~; t; of sort ¢ is satisfied

as a Y-hyperidentity of sort 7 in A and write A |=; s; =; t;, that is
X—hyp

A ):z s; ~,; t; = Vo, € Z(i)-Hyp (.A ):2 5’2[82] ~; 5’2[&])
Y—hyp

Let us consider the following example.

Example 3.8. Let I={1,2}, X® :=(X®),c; and let ©={(1, 1; 1), (2,2;2)}.
Let B; := (Bj; 0;) be bands. Then f(i7,~7i)(xij, xij) = x;; are hyperidentities in
B;,i € I. Let B := (B;0) be a double band, where B := (B;)ier, © := (0;)ier-
Then f; ;) (%ij, ©ij) ~; xij are X-hyperidentities of sort 7 in B.
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Let Ko C Alg(X) be a set of Y-algebras, and let L(i) C W (i)? be a set of
Y-equations of sort . Then we define a mapping

HY(i)-1d : P(Alg(E)) — P(W(z')2)

HS(i)-1dKo = { (s1,1:) € W(i)*| (vA € o) (A i s t) )

and a mapping HY(i)-Mod : P(W(i)?) — P(Alg(X)) by

HY(i)-ModL(i) := {A c Alg(E)‘(V(si,ti) e L(i)) (A s A ti) }

Z-hyp

We get that (HX(i)-Mod, HX(i)-Id) is also a Galois connection between
Alg(%) and W (i)? with respect to the relation

Ei = {(A (si10) € Alg(D) X WA i st}

X—hyp X—hyp

Definition 3.9. Let Ky C Alg(X) be a subclass of Y-algebras and let
L(i) € W(i)? be a set of Y-equations of sort 7. Then we set

X EO sy m t] i= {6ulsi] =i 64lti] | 04 € (3)-Hyp}

and

X7 AA] == {0(A) | o € S-Hyp}.
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We define two operators

WEO (W) - P(W(0)?)

by
XEOL@) = | X7 00~ t]
sirziti€L(1)
and
XA P(Alg(R)) — P(Alg(R))
by

XK = XA
AeKp

Proposition 3.10. Let L(i), L (i) C W (i)? be sets of X-equations of sort
i €1 with k =1,2. Then

(i) L(i) S x> PO[L@),
(it) L1(i) C La(i) = x> PO[L1(0)] € x" PO [La(0)],
(i) xZPOIL(D)] = x> PO FOIL(D)]).

Proof.

(i) Let s; ~; t; € L(i). Then since s; = (diq)i[s:] and t; = (74q)i[ti],
we have (6i9)i[si] = si ~i t; = (65q)i[t:] € x> FO[L(i)] and then
L(i) € xZFOL(i)].

(ii) Assume that Li(i) C Lo(i) and let &[s;] ~; 6[t;] € x> FD[L1(3)].
Then s; ~; t; € Ll(i) but Ll(i) C Lg(i), so that s; ~; t; € Lg(i)
and 6;[s;] ~; 64t:] € xZ E@O[Ly(3)]. We have x> FO[L,(7)] C x> FW®

[L2(2)].
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(i) By (i) we have x> FO[L()] C x> FONSPOLG). Tet 61fsi] =,
Gilti] € x*EO [P =EO[L(:)]]. Then s; ~; t; € x> FO[L(:)], and there
exists p; € X(i)-Hyp and u; ~; v; € L(i) such that s; = p;[u;] and
t; = pi[v;], and we have

Gilsi] = 6i[pi[uil]
= (6i0 pi) [wi
= (04 03 pi)"[ud]

= S\Z[ul], where \; = 0; 0; p; € 3(i)-Hyp,

and

= (0 04 pi)[vi]
= S\Z[UZ]

Then we set

Nilui] = Gilsi] ~i 6ilti] = Aifvi] € XPEOIL()],

and then
XETEOREEO L)) € X FO[L)).
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Proposition 3.11. Let Ko, K1, Ky, C Alg(X) be classes of 3-algebras.
Then

(1) KO - XE_A[KO];
(i) K1 C Ko = x*4[K1] € x*4[Kq,

(iil) X A[Ko] = xZ A F Kol

Proof.

(i) Let A € Kp. Then since A = 044(A) € x“ 4[K], we have Ky C
XA K.

(ii) Assume that K1 C Ky and let 0(A) € x* 4[K;]. Then A € K;
by our assumption that A € K, with o(A) € x* 4[K3], and then
XZ A[Kl] CXE A[K2]

(iii) B i), we have x“ A4[Ko] € x> 4[x> 4[Ko]]. We will show that
x> A[xz‘A[KoH C X" A[Ko]. Let a(A) € x* *[x* *[Ko]]. Then
A € x* 4[Ky], and there exists p € X-Hyp and B € Ky such that
A= p( ). We have

= (poo)(B)

= A(B), where A = poo € X-Hyp.

Thus we have o(A) = A\(B) € x> 4[Kj] and then x>~ A[x*~4[Ko]] C
XE_A[KO]-
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Lemma 3.12. Let A € Alg(X) be a S-algebra, let s; ~; t; € W(i)? be a
Y-equation of sort i € I, and o € X-Hyp. Then

Proof. We obtain

O’(A) i s~y t; <= S;‘

The next theorem needs the concept of a conjugate pair of additive closure
operators (see [4]).

Theorem 3.13. The pair (XE_A, XE_E(i)) s a conjugate pair of completely
additive closure operators of sort i with respect to the relation |=;.

Proof. By Definition 3.9, Propositions 3.10-3.11, and Lemma 3.12. [ |

Now we may apply the theory of conjugate pairs of additive closure operators
(see e.g., [4]) and obtain the following propositions:

Lemma 3.14 ([4]). For all Ko C Alg(X) and for all L(i) C W(i)? the
following properties hold:

(1) HX(i)-ModL(i) = ¥(i)-Modx>F®[L(1)],
(i) HX(i)-ModL(i) C ¥(i)-ModL(i),

(iil) x¥A[HX(i)-ModL(i)] = HX(i)-ModL(i),
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(iv) x> FO[S(4)-IdHX(i)-ModL(i)] = L(i)-IdH X (i)-ModL(3),
(v) HX(i)-ModHX(i)-IdKy = X(i)-Mod% (i)-Idx> 4Ky, and
HY.(i)-IdKq = %(i)-Idx>™4[Ko),

HY(i)-1dKy C X(i)-1dK,

(iit) xZPO[H(i)-1dKo) = HX(i)-1dK,,

XA () -Mod HY(i)-1dK o] = 2(i)-Mod HX(i)-1d Ky,

HY(i)-IdHX(i)-ModL(i) = %(i)-Id%(i)-Modx >~ EF@[L()].

4. J-SORTED SOLID Y-VARIETIES

Definition 4.1. Let Ky C Alg(X) be a subclass of ¥-algebras. Then K|
is called a solid model class of sort ¢ or a solid Y-variety of sort 7 if every
Y-identity of sort i is satisfied as a X-hyperidentity of sort i:

Ky i X(i)-IdKp.
X—hyp

Ky is called an I-sorted solid model class if every Y-identity of sort ¢ is
satisfied as a Y-hyperidentity of sort ¢ for all ¢ € I, that is,

Ky i X(i)-IdKy for all i € I.
Y—hyp

L(7) is said to be a ¥-equational theory of sort ¢ if there exists a class of
Y-algebras Ky such that L(i) = X(i)-IdKy. Then we set L := (L(i))er-
This I-sorted set is called I-sorted Y-equational theory.
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Using the propositions of Lemma 3.14 one obtains the following characteri-
zation of solid Y-varieties of sort 7 and solid Y-equational theories of sort 4

(see e.g., [4]).

Theorem 4.2 ([4]). Let Ky be a X-variety of sort i. Then the following
properties are equivalent:

() Ko = HE())-ModHS(i)-1dKy,
(i) x*[Ko] = Ko,
(iii) $(i)-IdKo = HE(i)-IdKo,

(iv) = FPO[S(i)-IdKy] = %(i)-IdKy.

Theorem 4.3 ([4]). Let L(i) be a X-equational theory of sort i. Then the
following properties are equivalent:

(i) L(i) = HS(i)-IdH(i)-ModL(i),
(i) ¥ FOIL)] = L(i),
(ifi) $(i)-ModL(i) = HY(i)-ModL(i),

(iv) x“~A[2(i)-ModL(i)] = 2(i)-ModL(i).

5. I-SORTED COMPLETE LATTICES

Let H(i) be the class of all fixed points with respect to the closure operator
Y (i)-ModX(i)-1d:

H(i) == {Ko C Alg(S) | Ko = £()-ModS(i)-IdKy},
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that is, H(¢) is the class of all ¥-varieties of sort i. Then H(i) forms a
complete lattice of Y-varieties of sort i. Let Hy(i) be the class of all fixed
points with respect to the closure operator HX(i)-ModH X (i)-1d:

Hy(i) == {Ko C Alg(S) | Ko = HS(i)-ModHY.(i)-IdK, },

that is, Hy(7) is the class of all solid ¥-varieties of sort i. Then Hy(i) forms
a complete lattice of solid X-varieties of sort ¢ and Hy(7) is a complete sub-
lattice of H(i). We set H := (H(7))ier and Hy = (Hy(i))ier- H is called
an I-sorted complete lattice. Hy is called an I-sorted complete sublattice
of H, since for every i € I,Hy(i) is a complete sublattice of H(i). Dually

Let L(i) be the class of all fixed points with respect to the closure
operator X(i)-IdX(i)-Mod:

L(i) := {L(i) C W(@)? | L(i) = £(i)-1d%(i)-ModL(i)},

that is, £(7) is the class of all ¥-equational theories of sort . Then £(7) forms
a complete lattice of Y-equational theories of sort i. Let Ly(i) be the class
of all fixed points with respect to the closure operator HX(i)-IdH % (i)-M od:

Ly(i) == {LG) CW(@@)? | L(i) = HS(i)-IdH(i)-ModL (i)},

that is, Ly(7) is the class of all solid X-equational theories of sort i. Then
Ly(i) forms a complete lattice of solid ¥-equational theories of sort i and
Ly(i) is a complete sublattice of L£(i). We set £ := (L(i))ier and Ly :=
(Ly(i))ier- L is called an I-sorted complete lattice. Ly is called an I-sorted
complete sublattice of £, since for every i € I, Ly(i) is a complete sublattice

of L(1).
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