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Abstract

Let N be a set of natural numbers and Z be a set of integers. Let
M2(Z) denotes the set of all 2x2 matrices with integer entries.

We give necessary and suficient conditions for solvability of the
matrix negative Pell equation

(P) X2 − dY 2 = −I with d ∈ N

for nonsingular X, Y belonging to M2(Z) and his generalization

(Pn)

n
∑

i=1

X2

i − d

n
∑

i=1

Y 2

i = −I with d ∈ N

for nonsingular Xi, Yi ∈ M2(Z), i = 1, ..., n.
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1. Introduction

Let N be a set of natural numbers and Z be a set of integers. Let M2(Z)

denotes the set of all 2x2 matrices with integer entries.

We consider the matrix negative Pell equation X 2 − dY 2 = −I with

d ∈ N for nonsingular X,Y belonging to M2(Z) as an analogue of the

classical Diophantine equation

(?) x2 − dy2 = −1

called negative Pell’s equation. In 2000 A. Grytczuk, F. Luca and M.

Wójtowicz [7] showed that the equation (? ) has a solution in integers x,

y if and only if there exist a primitive Pythagorean triple (A,B,C) (ie.

A,B,C are positive integers such that A2 + B2 = C2 and gcd(A,B) = 1)

and natural numbers a, b such that d = a2 + b2 and |aA − bB| = 1. In [9]

we give an explicit form of the criterion for the solvability in integers x, y of

the negative Pell equation (? ), where d ≡ 1(mod 4).

We also study the generalization of the matrix negative Pell equation

n
∑

i=1

X2
i − d

n
∑

i=1

Y 2
i = −I

with d ∈ N for nonsingular Xi, Yi ∈ M2(Z), i = 1, ..., n.

Some generalizations of the classical Diophantine equations to matrix

equations were studied by a number of autors; see [1, 2, 3, 4, 5, 8, 10, 11,

12, 13, 14]. The results presented in this paper extend that list a little.
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2. Basic lemma

Lemma 1 ([6]) . Let

A = A(x) =

(

a(x) b(x)

c(x) d(x)

)

be the matrix with a = a(x), b = b(x), c = c(x), d = d(x) which are non-zero

and real-valued functions defined on the interval J = (x1, x2) ⊂ R, where

R is the set of real numbers, and let det A(x) 6= 0 on J. Let us define the

numbers r, s, un (n = 0, 1, ...) by formulas:

r = r(x) = a(x) + d(x) = TrA(x)

s = s(x) = −det A(x)

u0 = r, u1 = ru0 + s

un(x) = run−1(x) + sun−2(x) for n ≥ 2.

Then for every natural number n ≥ 2 we have

(

a(x) b(x)

c(x) d(x)

)n

=

(

a(x)un−2(x) + vn−2(x) b(x)un−2(x)

c(x)un−2(x) d(x)un−2(x) + vn−2(x)

)

where

vn−2(x) = s(x)un−3(x), u−1(x) = 1 for x ∈ J.



38 A. Grytczuk and I. Kurzyd lo

3. Result

Theorem 1. Let

Xi =

(

ai bi

ci di

)

, Yi =

(

ei fi

gi hi

)

be nonsingular integral matrices, i = 1, ..., n.

The equation

(Pn)
n
∑

i=1

X2
i
− d

n
∑

i=1

Y 2
i

= −I with d ∈ N

is satisfied if and only if

(1)

n
∑

i=1

(TrXi)
2 − d

n
∑

i=1

(TrYi)
2 = 2

(

n
∑

i=1

det Xi − d

n
∑

i=1

det Yi − 1

)

,

and

(2)

n
∑

i=1

biTrXi − d

n
∑

i=1

fiTrYi = 0

n
∑

i=1

ciTri − d

n
∑

i=1

giTrYi = 0.

Proof. Suppose that the equation (Pn) holds. Set

ri = TrXi, r′i = TrYi, si = −det Xi, s′i = −det Yi, i = 1, ..., n,
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and

B =
n
∑

i=1

X2
i
− d

n
∑

i=1

Y 2
i

.

Then from Lemma 1 we obtain

B =

n
∑

i=1

(

airi + si biri

ciri diri + si

)

− d

n
∑

i=1

(

eir
′

i
+ s′

i
fir

′

i

gir
′

i hir
′

i
+ s′

i

)

=

















n
∑

i=1

(airi + si) − d

n
∑

i=1

(eir
′

i
+ s′

i
)

n
∑

i=1

biri − d

n
∑

i=1

fir
′

i

n
∑

i=1

ciri − d

n
∑

i=1

gir
′

i

n
∑

i=1

(diri + si) − d

n
∑

i=1

(hir
′

i
+ s′

i
)

















=

(

−1 0
0 −1

)

.

Therefore

n
∑

i=1

(airi + si) − d

n
∑

i=1

(eir
′

i
+ s′

i
) = −1

n
∑

i=1

(diri + si) − d

n
∑

i=1

(hir
′

i
+ s′

i
) = −1

n
∑

i=1

biri − d

n
∑

i=1

fir
′

i
= 0

n
∑

i=1

ciri − d

n
∑

i=1

gir
′

i = 0.
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Now we have

TrB =
n
∑

i=1

[(airi + si) + (diri + si)] − d

n
∑

i=1

[(eir
′

i
+ s′

i
) + (hir

′

i
+ s′

i
)]

=

n
∑

i=1

TrX2
i − d

n
∑

i=1

TrY 2
i

=
n
∑

i=1

(

(

λ
(1)
i

)2
+
(

λ
(2)
i

)2
)

− d

n
∑

i=1

(

(

λ
′(1)
i

)2
+
(

λ
′(2)
i

)2
)

,

where λ
(1)
i

, λ
(2)
i

are the characteristic roots of Xi, λ
′(1)
i

, λ
′(2)
i

are the char-

acteristic roots of Yi, i = 1, ..., n. On the other hand TrB = −2 and

consequently we have

(TrXi)
2 =

(

λ
(1)
i

+ λ
(2)
i

)2
, (TrYi)

2 =
(

λ
′(1)
i

+ λ
′(2)
i

)2
, i = 1, ..., n,

and

n
∑

i=1

(TrXi)
2 − d

n
∑

i=1

(TrYi)
2 = 2

(

n
∑

i=1

λ
(1)
i

λ
(2)
i

− d

n
∑

i=1

λ
′(1)
i

λ
′(2)
i

− 1

)

,

and this impies that (1).

Conversely, assume that (1) and (2) are true. Then it is easy to see that

the equation (Pn) is satisfied, and the proof of Theorem 2 is finished.

4. Corollaries

Now consider the equation

nX2 − nd1Y
2 = −I,

where X,Y are nonsingular integral matrices, and d1, n ∈ N.
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Let

X =

(

a b

c d

)

, Y =

(

e f

g h

)

.

Then from (1) we obtain

(3) n (TrX)2 − d1n (TrY )2 = 2 (n det X − d1n det Y − 1) .

From (2) we have

(4) bTrX − d1fTrY = 0, cT rX − d1gTrY = 0.

Hence, from Theorem 1 we get the following corollary:

Corollary 1. Let

X =

(

a b

c d

)

, Y =

(

e f

g h

)

be nonsingular integral matrices.

The equation

nX2 − nd1Y
2 = −I with d1, n ∈ N

has a solution if and only if

n (TrX)2 − d1n (TrY )2 = 2 (n det X − d1n det Y − 1)

and

bTrX − d1fTrY = 0, cT rX − d1gTrY = 0.

From Corollary 1 when n = 1 we get
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Corollary 2. Let be satisfied the assumptions of Corollary 1. The equation

(5) X2 − d1Y
2 = −I, where d1 ∈ N

has a solution if and only if

(TrX)2 − d1(TrY )2 = 2(det X − d1 det Y − 1) .

and

bTrX − d1fTrY = 0, cT rX − d1gTrY = 0 .

Let

X =

(

a b

b a

)

, Y =

(

e f

f e

)

be integral nonsingular matrices.

Then from (4) we have

ab − d1ef = 0,

and for n=1 from (3) we get

4a2 − 4d1e
2 = 2(det X − d1 det Y − 1).

Hence we obtain the following corollary:

Corollary 3. Let

X =

(

a b

b a

)

, Y =

(

e f

f e

)

be integral nonsingular matrices. The equation (5) holds if and only if

det X − d1 det Y − 1 = 2(a2 − d1e
2)

and

ab − d1ef = 0.
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Example 1. Let b, a = db − 1 be non-zero integers and d ∈ N.

Let

X =

(

0 1

a 0

)

, Y =

(

0 1

b 0

)

.

It easy to see that the conditions (1) and (2) are satisfied.

We have

X2 − dY 2 =

(

a 0
0 a

)

− d

(

b 0
0 b

)

=

(

db − 1 0

0 db − 1

)

− d

(

b 0

0 b

)

=

(

−1 0

0 −1

)

.

Example 2. Let x, y be non-zero integers and d ∈ N.

We consider the following matrices:

(6) X =

(

0 1

x2 0

)

, Y =

(

0 1

y2 0

)

.

We have

X2 − dY 2 =

(

x2 0

0 x2

)

− d

(

y2 0

0 y2

)

=

(

x2 − dy2 0

0 x2 − dy2

)

.

It is easy to see that from the result given in the paper [7] we can generate

infinitely many matrices of the form (6) satisfying the matrix negative Pell

equation (P).



44 A. Grytczuk and I. Kurzyd lo

Acknowledgments

We would like to thank the Referee for his valuable remarks and commends

for the improvement of our paper.

References

[1] Z. Cao and A. Grytczuk, Fermat’s type equations in the set of 2x2 integral

matrices, Tsukuba J. Math. 22 (1998), 637–643.

[2] R.Z. Domiaty, Solutions of x4 + y4 = z4 in 2x2 integral matrices, Amer.
Math. Monthly (1966) 73, 631.

[3] A. Grytczuk, Fermat’s equation in the set of matrices and special functions,
Studia Univ. Babes-Bolyai, Mathematica 4 (1997), 49–55.

[4] A. Grytczuk, On a conjecture about the equation Amx + Amy = Amz, Acta
Acad. Paed. Agriensis, Sectio Math. 25 (1998), 61–70.

[5] A. Grytczuk and J. Grytczuk, Ljunggren’s trinomials and matrix equation

Ax + Ay = Az, Tsukuba J. Math. 2 (2002), 229–235.

[6] A. Grytczuk and K. Grytczuk, Functional recurences, 115–121 in: Appli-
cations of Fibonacci Numbers, Ed. E. Bergum et als, by Kluwer Academic
Publishers 1990.
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