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1. PRELIMINARIES, NORMALIZATION, ¢-LATTICES

1.1. Normal identities, normally presentable varieties

Let 7 be a similarity type and p, g be n-ary terms of type 7. If either none
of them is a variable or both p,q are the same variable, we say that the
identity p(z1,...,2,) = q(x1,...,xy,) is normal.

Let V be a variety of type 7. Let Id(V) and Id 5 (V) denote the sets of all
identities and of all normal identities, respectively, valid in V. The variety
V is called normally presentable if Id(V) = Idn(V), cf. [2-4].

If 1d(V) # Idn(V) then V is called non-normally presentable. If this is
the case then there is a unary term v such that the identity v(z) = x belongs
to Id(V) \Idn (V), see e.g. [3] for details. As usual, for any set ¥ of identities
of type 7, Mod(X) stands for the class of all algebras of type 7 that satisfy
all identities from Y. The following lemma was proved in [3,7,9].
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Lemma 1. If a non-normally presentable variety V is given by a system
Y of identities, i.e., V = Mod(X), and v(x) = = belongs to X, then there
exists a system of normal identities valid in V, ¥y C Idy(V), such that
Yy U{v(z) = x} is equivalent to X, i.e., V = Mod(Xn U {v(z) = z}).

Consequently, w(x) = x is satisfied in V for another unary term w if and only
if the identity v(x) = w(z) belongs to Idx (V). So v is determined uniquely
up to a normal identity valid in V, and it will be called the assigned term of
V, [2].

1.2. Normalization

The normalization of V (called a nilpotent shift of the variety in [2,4,9]) is
the variety N (V) = Mod(Idx(V)). That is, N(V) consists of all T-algebras
which satisfy all normal identities of V. Hence V is a subvariety of N(V),
and V = N(V) holds if and only if the variety V is normally presentable.
The next result is taken from [7].

Proposition 1. Let V be a non-normally presentable variety with an as-
signed term v. Let N = Mod(Zx) be a normally presentable variety with
the system of defining identities = C Idn (V). Then N = N(V) if and only
if all defining identities of V can be proved from the system =xU{v(z) = z}.

The following proposition was proved by I. Mel'nik in [9].

Proposition 2. IfV = Mod(Xy U {v(x) = x}) is a variety of type T with
the set of operation symbols F where ¥ C Idn(V) then the normalization
N(V) is characterized by the identities ¥ n U X, where the set of additional
identities is
EU = {f(mb s wrn) = /U(f(xla s axn))7
flxr, ..z, ) = flo,.. o 0(xy),. .. 2p); fEF, j=1,...,n}.

1.3. Skeleton

Given a non-normally presentable variety V (of type 7) with the assigned
term v, let A € N(V). By a skeleton of A is meant a set SkA = {a €
A; v4(a) = a}, and its elements are called skeletal. Skeletal elements are
exactly the results of term operations. In particular, SkA = {v4(a); a € A}.
The skeleton SkA is clearly a subalgebra of a given algebra A. An algebra
A is decomposed into classes C, = {d € A; v(d) = v(a)}, a € SkA, called
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cells of A in [2]. The decomposition is formed exactly by congruence classes

of the congruence relation ® = {(a,b); t*(a,as,...,a,) = t2(b,az, ..., a,),
t € Ty, az,...,a, € A}. Moreover, the map [a]e — v (a) is an isomorphism
A/P — SKA.

The following lemma was proved in [2].

Lemma 2. If A €V then SkA is the maximal subalgebra of A belonging to
N(V).

1.4. g-lattices as a normalization of lattices
A quasiorder on a set A is a reflexive and transitive binary relation < on A,
and (A; =X) is called a quasiordered set.

It is well-known, that lattices have two faces, i.e., they can be viewed as
algebras and simultaneously as ordered sets. An analogous situation occurs
also for algebras resulting from the normalization of lattices, the so-called g-
lattices. A g-lattice can be introduced by identities, but can be characterized
as well as a lattice-quasiordered set (with suprema and infima for skeletal
elements) endowed with a choice function, [1].

By a g-lattice (see [1]) we mean an algebra A = (A;V, A) with two binary
operations satisfying the following identities:

commutativity:
(Cv:zVvy=yVur, (Cr:zhy=yAm;

associativity:
(AS)y : (xVy)Vz=aV(yVz), (AS)r: (xAy)Az=xA(yAz);

weak absorption:

(WAB)y : zV (zAy) =z Vz, (WAB)A: 2 A (zVy) =xAuz;
weak idempotence:

(WI)y : z2Vy=2aV(yVy), (WDa:zAy=2A(yAy);
equalization:

(EQ): z ANz =2 Va.

Of course, all these identities are normal identities of lattices.
A g-lattice A is bounded if there exist elements 0 and 1 of A such that
aN0=0and aV1l=1 for each a € A.
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Evidently, a g-lattice is a lattice if and only if it satisfies the idempotency
rVx=u,le., if Aisequal to its skeleton.

The proof of the following proposition can be found in [1].
Proposition 3. Let A= (A;V,A) be a g-lattice. Define
x=y iff Vy=yVy (ff zAhy=xAx).
Then =< is a quasioreder on A such that
(o) for all x,y € A there exists z € A such that
(i) zy =2
(ii) if w € A such that x,y < w then z < w,
the element z will be called a g-supremum of x,y.
(B) for all x,y € A there exists t € A such that
(i) t = wy;
(i) if u € A such that u < x,y then u < t,
the element t will be called a q-infimum of x,y.

Conversely, let (A; <) be a quasiordered set satisfying the conditions () and
(8). Define xV y = z where z is a q-supremum of x,y and x Ny =t where
t is a g-infimum of x,y. Then (A;V,N) is a q-lattice.

A quasiordered set (A; <) satisfying () where z V y denote g-supremum of
x,y is called a join-q-semilattice.

2. NORMALIZATION OF BASIC ALGEBRAS

A basic algebra (see [6]) is an algebra A = (A4; &, —,0) of type (2,1,0) satis-
fying the identities
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BA1l
BA2

( ) @0 =ux;

(BA2)

(BA3) —(-zdy)dy=-(-ydz)®xr (Lukasiewicz axiom);
(BA4)

(BAS5)

-z =2z (double negation);

BA4) —(-(=(rz@y)Dy) @ 2)d (z®2) =0;
BA5 0@ x=-0=2x® 0.

Clearly, also the (normal) identities ==z = 2 & 0 and ———z = -z hold in
every basic algebra.

Remark 1. The axiom (BA5) can be derived from the remaining axioms
(BA1)-(BA4), see [8]. On the other hand, for our purposes, it will be more
convenient to compute with the axiom (BA5) also.

Let us note that basic algebras serve as a tool for some investigations of
nonclassical logics (including MV-algebras, orthomodular lattices and their
generalizations).

The basic algebras form a variety BA which is not normally presentable,
with v(z) = 2 @ 0 as the assigned term (or equivalently, v(z) = ——z).
According to Proposition 1, the normalization N(BA) has a basis consisting
of the following normal identities:

(N1)  —(zoy)dy=-(-y o) d;
(N2)  —(=(-zey oy @2 (z®2) =0
(N3) 0&0=0;
(N4) ——z=zxd0;
(N5) z@y=(x®0)Dy;
(N6) z@y=z@ (y®O0);
(N7) ¢ -0=-0;
(N8) =0z = —0;
(N9) (z@y)®0=x1Y;
(N10) ===z = -z
(N11)  —(z®0) = —z;
(N12)

2 @ 0= —x;
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Thus N(BA) = Mod(Idy(BA)) = Mod({(N1) — (N12)}). We are going to
show that this axiom system can be reduced.

Lemma 3. The following identities holds in N(BA):
(1) =—x=0® z;
(2) ~z®x=-0.
Proof. (1):
-z = (=) = (- @ 0) = (- @ 0)

=(280)80=~(00z)Pr=-"0dr=08x.

Lemma 4. The following implications hold:
N4) and (N3) imply =—0 = 0;

N11) and (N12) imply —x &0 = —(z & 0);
N4) and (N11) imply (N10);

N10) and (N4) imply (N11), (N12).

Proof. The first two cases are obvious. Prove (iii): (N4) and (N11) yield
———x = =(x ® 0) = —z. To prove (iv), suppose (N10) and (N4) then -z =
—(=—z) = =(z & 0), and similarly, ~z = ~=(-z) = ~z & 0. ]

So N(BA) = Mod({(N1) — (N10)}). Since v(z) = = & 0, the skeleton of a
basic algebra M = (M;®,-,0) is SkM ={a ® 0; a € M}.

It is known (see e.g. [6]) that basic algebras form bounded lattices with
respect to the natural order defined by x < y if and only if ~z &y = =0
where xVy = = (-z®y)®y and x Ay = —(—zV —y). An analogous statement
can be proved for their normalizations:
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Theorem 1. Let A = (A;®,—,0) € N(BA). Define x <y if and only if
-z @y = —0. Then (A; =) is a bounded g-lattice with 0 < x < =0 for each
re€AandaxVy=-(-xdy) dy and z Ny = —(—zV —y).

Proof. Obviously,
-z @y = —0. Then,

is reflexive by Lemma 3(2). Let z <X vy, ie.,

=1
by (N2), we have

-

~(—(z DY) DY) ®2)®(-r D 2)

Il
J

(2.1)

(N
(
(w(0y) ®2)® (-xzd=2)
(
(

(4®2) @ (w2

Assume x <y and y < z. Then =y @ z = =0, and, by (2.1)
“(y®z) @ (r®z) =08 (z®2)

=0® (-z®z)=—(-2®2)

=(z@®2)®0=-z®z2,

so that z < z. Hence = is really a quasiorder on A. We have 0 < z since
=0 @ x = =0, and also x < =0 since —a & -0 = —0.
Let x <y, i.e.,, 7z @y = —=0. Then, by (2.1),

0= (@)@ (w®2)
hence —y @ z < -z @ z. This also entails
r=Yy = Y=,

Further, ~—y = 0@y X x &y, whence -y ® (x dy) = 0, ie, y [z D y.
Due to this fact, =(—mz @ y) ®y = —(—y ® x) ® x is a common upper bound
of z,y. Assume that z,y < z. Then -z @y < —x § y, whence

ﬁ(ﬁxeay)@yjﬁ(ﬁz@y)@y:ﬁ(ﬁyegz)@z:ﬂﬁo@z:—‘—"z'

Since =0 = =2z @ z = 7——z ® 2, we have ==z < z. Using transitivity, we
conclude ~(—z ®y) Py < 2. Weput zVy=—(-zdy) Dy.

Analogously we can show that x A y = =(—z V —y) is a lower bound of
{z,y} such that z < =(—zV —y) for any other lower bound of {z,y}. Hence,
(A;V,A) is a g-lattice (see e.g. [1] for details). |
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Example 1. Let us consider the algebra A = (A4;®,—,0) € N(BA), where
A ={0,0',a,d’,b,1}, and whose operations @& and — are given by the fol-
lowing tables

&|10 0 a o b 1
0]0 0 a a b 1
010 0 a a b 1 w|00’aa/bl
ala a 1 1 b 1
dla o 1 1 b 1 ﬂx‘llaabo
bl{b b a a 1 1
1({1 1 1 1 1 1

Note that e.g. o’ ®0 # a/, =—a’ # da/. By Theorem 1, we can assign to
A a bounded g-lattice @ = (A4;V,A), where x Vy = —=(-z @ y) &y and
x ANy = —(—xzV-y) for all z,y € A. The tables for operations V and A in Q
are as follows

vVIio 0 a d b 1 A0 0O a d b 1
010 0 a a b 1 0j]0 0 0 0 0 O
00 0 a a b 1 0|0 0 0 0 0 0
ala a a a 1 1 al0 0 a a 0 a
adla a a a 1 1 a0 0 a a 0 a
b|lb b 1 1 b 1 b0 0 0 0 b
1{1 1 1 1 1 1 110 0 a a b 1
One can easily draw the diagram of Q in Figure 1.
1
a b
0 o

Figure 1
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Remark that 1 = =0 is the greatest element of Q, but 0 is not the least
element of Q, since 0 < 0’ and also 0/ < 0.

The Hasse diagram of the skeleton of Q is depicted in Figure 2; of course
it is a basic algebra.

1=-0
0=-1
Figure 2

3. @-LATTICES WITH SECTIONALLY ANTITONE MAPPINGS

As usual, under an involution on a set A we mean a map P : A — A such
that aPP = a for all a € A.

Given a quasiordered set (A; <), amap P : A — A is called antitone if
the implication « < y = yP < 2P holds.

Let £ = (L;V,A,1) be a g-lattice with the greatest idempotent 1 (i.e.,
1 =1V1), and let < denote the induced quasiorder on L. Remember that
the skeleton SkL = {x € L; z V x = z} is a lattice. By an interval in £ we
understand here the set [a,b] = {x € L; a < 2 < b}, and under an interval
in the skeleton the intersection Skla,b] = SkL N [a, b] provided a,b € SkL.

For example, [0,a] = {0,0’,a,a’} and Sk[0,a] = {0,a} for the g-lattice
of Example 1 (see Figure 1).

Remark 2. For any p € L, let an antitone involution ? : z — P x € SkL,
be given on the interval Sk[p V p,1]. The mapping ? with p € L can be
extended to a mapping on the whole interval [p,1] in a natural way as
follows. For x € [p,1] we define zP := (z V x)PYP. Note that in general,
x +— P is not an involution on [p,1] but only on Sk[p V p,1]. Indeed,
PP = ((x V)PPV (z V x)PVP)PVP = ((x V 2)PVP)PVP = x V& € SkL, however
aPP # x for x ¢ SkL.
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Lemma 5. Let L = (L;V,A,1) be a g-lattice with 1 = 1V 1. For any
p € L, let an antitone mapping P : x — aP, be given on the interval [pV p, 1]
such that its restriction to Sk[p V p,1] is an involution. For x,y € L, let us

introduce a binary operation xoy := (xVy)YYY. Then the following identities
hold:

(1) zox=1,z0l=1;

(2) lo(zoy) =zoy;

(3) (roy)oy=(yox)ox (quasi-commutativity);
(4) (zoy)oy)oz)o(zoz)=1;

(5) zo((zoy)oy) =1
Moreover,

(6) if zVyVz=2zVz then ((xoy)oy)oz=1;

(7) if zVy=yVy then (yoz)o(roz)=1L.
Proof. Indeed, rox = (xV2)*™* =1, 201 = (zv 1)V = 11 = 1,
lo(zoy) =1o(zVyyv = 1V (zVy)Vv)Evn”” — 1@V — 5oy
Further, (zoy)oy = ((zVy)¥Y¥Vy)¥Y¥. Here (zVy)¥Y¥Vy = (zVy)¥"¥ since
(xVy)¥V¥ = yVy =y, therefore ((zVy)"Y¥Vy)¥Y¥ = zVy, and (3) follows.

To prove (4), we compute (((zoy)oy)oz)o(zoz) = ((xVy)oz)o(zvoz)=
(((IE V y) V Z)ZVZ v (.CL' V; Z)z\/z)(x\/z)z\/zv(xvz)z\/z _ ((IE Vi Z)ZVZ)(Z‘VZ)ZVZ —1

(5): wo((woy)oy) =z0(Vy) = (V (2 Vy)EVIVE) = (zvy)™w =1
(6): (woy)oy)oz=(wVy)oz=((xVy) V) = (zv ) =1
(

7): (yoz)o(zroz)=((yVz)Y*V(zV Z)ZVZ)(sz)ZVZv(x\/Z)ZVz _
((x \Vi Z)z\/z)(m\/z)zw —1

Lemma 6. Let (A;0,1) be an algebra of type (2,0) satisfying the identities
(1), (2) and (4). Then the relation =< introduced by

x =y if and only if zoy=1

is a quasiorder on A and for all x € A, we have x < 1. Moreover, oy =1
if and only if tVy=yVy.
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Proof. By (1), = is reflexive. For transitivity, let © < y, y < z, that is,
xoy=yoz=1. Then by (4), (1) and (2), 1 = (((xoy)oy)oz)o(roz) =
(loy)oz)o(zxoz)=(yoz)o(xoz)=1lo(zroz)=xo0z, sothat z < z.
Clearly, x o1 =1 gets x < 1 for all z € A.

Further, if t Vy = yVy then 1 = (y Vy)¥"% = (z Vy)¥"% = zoy.
Conversely, if zoy = 1 then 1 = (z V y)¥Y¥ which immediately yields that
rVy=yVuy. ]

The quasiorder = given by x < y < x oy = 1 will be called the induced
quasiorder of (A;o,1).

Theorem 2. Let A = (A;0,1) be an algebra satisfying the identities (1)—
(7). Then (A; =) is a join-q-semilattice in which 'V y = (x oy) oy for all
x,y € A. For each p € A, the interval [pV p, 1] is a g-lattice with an antitone
mapping

a+—a’ =aop, a€lpVp,l].

Proof.For x,y € A, xo((xoy)oy) =1,yo((yox)ox) =yo((xoy)oy) =1
holds by (5) and (3), hence (zoy)oy is an upper bound of z,y. The element
(roy)oy is an idempotent with respect to V since ((xoy)oy)V ((zoy)oy) =
(@oy)oy)o((xoy)oy))e((woy)oy)=1o((xoy)oy) = (zoy)oy (by
(1) and (2)).

Let z be an idempotent such that x < z, ¥y < 2. Then, according to
(6), (roy)oy)oz=1thatis (roy)oy =< 2z, and (zoy) oy is the least
idempotent above the elements = and y and hence (zoy)oy is a g-supremum
of z,y, i.e., x Vy. For any element a € [pV p, 1], the map a — a? =aopis
antitone, because, by (7), z <y = yoz <z oz For a,b € [pV p,1] define
aNb= (aPVbP)P. Obviously, a Ab is a g-infimum of a, b thus, by Proposition
3, ([pVop,1];V,A) is a g-lattice. [

Theorem 3. Let A = (A;®,-,0) € N(BA). Define zoy := -z Dy
and 1 = =0. Further, let V, A\ are defined as in Theorem 1. Then L(A) =
(A;V,A,0,1,0) is a bounded q-lattice with sectionally antitone mappings
such that their restrictions to Sk[p V p,1] are involutions where for each
p€ A andx € [pVp,1] we define xP =z o p.

Proof. Let us prove that the mapping ? : [p V p,1] — [p V p,1] where
z— P =~z @ p, p € A, is antitone. Indeed, if x < y then —x > -y,
hence 2P = —x @ p = ~y®p=yP for all z,y € [pVp,1]. If z,y € [p,1] and
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yVy=zVzx =xthen ~z®p=—-(yVy)dp = -y®p since N(BA) satisfies
all normal identities of BA. [

Theorem 4. Let L = (L;V,A,0,0,1) be a bounded q-lattice with sectionally
antitone mappings such that their restrictions to Sk[pV p, 1] are involutions.

Define —x := x00 and xPDy := (x00)oy. Then A(L) = (L;®,—,0) € N(BA).
Proof. We shall verify the axioms (N1)-(N10).
(N1): =(mz@y)@y=(roy)oy=(yox)ox=—(-yPx)dux;

(
(N2): ~(=(=(z@y)@y)@2)B(z®2) = =(=((2V0)*VOVy)B2)@((z00)0z) =
(zVO)VOVvy) Vv 2)*Veo ((xV0)VOV 2)*V2 =1=000 = —0;

(
£ 0B 0=(000)00=100=0;

(N3)
(N4): =2 = (x00)00=z®0;
(N5): (z®0)Dy=((x00)00)Dy=2Dy;
(N6): 2@ (y@0)=2® ((yo0)o0) =2z Dy;
(N7): 0@z=(000)@z=1®z=(10c0)cz=00z=1;
(N8): 2@ 0=2®(000)=2z®1=(r00)ol=1=000 = —0;
(N9): (z@y)@0=((zDy)o0)o0=2dy;
)

: ﬁﬁﬁl’:((ﬁOO)OO)OO:QZOO:—mI}

Theorem 5. Let A = (A;0,1) be an algebra satisfying (1)—(7) where xVy =
(xoy)oy. Letp € A with lop = p and define —pz = xop, xPpy := (xop)oy.
Then the algebra ([p,1]; &p, —p, p) belongs to N(BA).

Proof. Let z,y,z € [p,1]. Clearly, =, and &, are well-defined operations
on the interval [p,1], since p < ~z@p=zopand p 2y X ~(-xDp) Dy =
(x op) oy. We check the axioms (N1)-(N10).

(N1): =p(mpr ©py) @py = ((((xop)op)oy)op)op)oy = (zoy)oy =
(yox)ox= (((((yop)op)ox)op)op)ox=—,(=py Bpx) Dy ;

(N2): =p(=p(—p(z ©p y) Bp y) Bp 2) Bp (xBp 2) = ((xop)oy)oy)o
z)op)op)o((zop)oz)=((((xop)Vy)oz)Vp)o((zop)oz)=1;
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[1]
2]

N3): p@pp=(pop)op=1lop=rp;
N4): ==,z = (xop)op=x&pp;
N5): (z @pp) Bpy = ((xop)op) Bpy =z Dpy;
N6): @, (y®pp) =x®p ((yop)op) =z By y;
N7): —pp®pz = (pop)Ppx = 1@,z = (lop)ox = poxr =1 = pop = —,p;
N8): z@®p pp=2@, (pop)=2&,1=(zop)ol=1=pop=—yp;
N9): (z@py) Bpp= ((xBpy)op)op =1z Dpy;
)t mpppr = ((zop)op)op=zo0p=—pz.
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