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Abstract

Fuzzy ideals of pseudo MV-algebras are investigated. The homo-
morphic properties of fuzzy prime ideals are given. A one-to-one cor-
respondence between the set of maximal ideals and the set of fuzzy
maximal ideals p satisfying p(0) =1 and p(1) = 0 is obtained.
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1. INTRODUCTION

The study of pseudo MV -algebras was initiated by G. Georgescu and
A. Torgulescu in [5] and [6], and independently by J. Rachunek in [9] (there
they are called generalized MV -algebras or, in short, GMV-algebras) as a
non-commutative generalization of MV -algebras which were introduced by
C.C. Chang in [1]. The concept of a fuzzy set was introduced by L.A. Zadeh
in [10]. Since then these ideas have been applied to other algebraic structures
such as semigroups, groups, rings, ideals, modules, vector spaces and topolo-
gies. In [8] Y.B. Jun and A. Walendziak applied the concept of a fuzzy set
to pseudo MV -algebras. They introduced the notions of a fuzzy ideal and
a fuzzy implicative ideal in a pseudo MV -algebra, gave characterizations of
them and provided conditions for a fuzzy set to be a fuzzy ideal and a fuzzy
implicative ideal. Recently, the author in [3] and [4] defined, investigated and
characterized fuzzy prime and fuzzy maximal ideals of pseudo MV -algebras.
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In the paper we conduct further investigations of these ideals in Section 3.
We provide the homomorphic properties of fuzzy prime ideals. A one-to-one
correspondence between the set of maximal ideals of a pseudo MV -algebra
A and the set of fuzzy maximal ideals p of A such that p(0) = 1 and
(1) = 0 is established. For the convenience of the reader, in Section 2 we
give the necessary material needed in sequel, thus making our exposition
self-contained.

2. PRELIMINARIES

Let A= (A,®,”,~,0,1) be an algebra of type (2,1,1,0,0). For any z,y €
A, set -y = (y~ @27 ). We consider that the operation - has priority
to the operation @, i.e., we will write x @ y - z instead of @ (y - z). The
algebra A is called a pseudo MV-algebra if for any z,y,z € A the following
conditions are satisfied:

(Al) z(y®2)=(zdy) D 2,

(A2) 290=0z ==,

(A3) z@l=1¢z=1,

(Ad) 1~ =0,1" =0,

(A5) (@~ ®y )" =@~ ®y™),

(A6) z@z~ y=ydy~-z=x-y dy=y-x_ dux,
(A7) z-(z”@y)=(aYy7) vy,

(A8) (z7)~ =u.

If the addition @ is commutative, then both unary operations ~ and ~
coincide and A is an MV -algebra.

Throughout this paper A will denote a pseudo MV-algebra. For any
re€Aand n=0,1,2,... we put

0Or = Oand (n+ 1)z =nzx &z,

2° = land 2" =2" - 2.
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Proposition 2.1 (Georgescu and Iorgulescu [6]). The following properties
hold for any x € A:

We define
r<yiffz ®y=1.

Proposition 2.2 (Georgescu and Iorgulescu [6]). The following properties
hold for any a,x,y € A:

(a) ifx <y, thena®z < ady,
(b) ifz <y, thenx ®a<yda.

As it is shown in [6], (A, <) is a lattice in which the join z V y and the meet
x Ay of any two elements x and y are given by:

rVy = zdx"y=x-y Dy,

tANy = z-(z-Oy)=(oy") y.
Definition 2.3. A subset I of A is called an ideal of A if it satisfies:
(I1) 0 eI,
(I12) ifz,y € I, thenzdy € I,

(I3) fx e l,ye Aand y < z, then y € I.
Denote by J (A) the set of all ideals of A.
Remark 2.4. Let I € J(A). f xz,y € I, then x - y,x Ay, zVy € I.

Definition 2.5. Let I be a proper ideal of A (i.e., I # A). Then
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(a) I is called prime if, for all I1,Is € J(A), I = I; N I, implies [ = I; or
I=1I.

(b) I is called maximal iff whenever J is an ideal such that I C J C A,
then either J =1 or J = A.

Denote by M (A) the set of all maximal ideals of A.

Definition 2.6. The order of an element x € A is the least n such that
nx = 1 if such n exists, and ord(x) = co otherwise.

Remark 2.7. It is easy to see that for any z € A, ord(z~) = ord(z"™).

Theorem 2.8. Let x € A. Then ord(z) = oo if and only if x € I for some
proper ideal I of A.

Proof. Let ©+ € A. If x belongs to a proper ideal of A, then clearly
ord(z) = oco. Now, assume that ord(z) = oco. Let I be the set of all
elements y such that y < nz for some n € N. Then z € I and [ is a proper
ideal of A. [

Definition 2.9. Let A and B be pseudo MV-algebras. A function f :
A — B is a homomorphism if and only if it satisfies, for each z,y € A, the
following conditions:

(H1) f(0)=0,

H2) fleoy)=f(=)ef(y),
H3) f@7)=(f(=)",
(He) f(a™) = (f ().
Remark 2.10. We also have for all z,y € A:
(a) f(1) =1,
(b) flz-y)=f(2) - fy),
(c) flavy)=f(x)Vf(y),
(d) flzAy)=f(@)Af(y):
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We now review some fuzzy logic concepts. Let I' be a subset of the interval
[0,1] of real numbers. We define AT = infT" and \/T' = supI". Obviously,
if I' = {a, B}, then o A f = min{a, f} and oV § = max {«, 3}. Recall that
a fuzzy set in A is a function p: A — [0,1]. For any fuzzy sets p and v in
A, we define

p<viff p(x) <v(z) for all z € A.

Definition 2.11. Let A and B be any two sets, j be any fuzzy set in A and
f A — B be any function. The fuzzy set v in B defined by

sup )u(w) if f71(y) # 2,
vy =4 =Y

0 otherwise
for all y € B, is called the image of p under f and is denoted by f (u).

Definition 2.12. Let A and B be any two sets, f : A — B be any function
and v be any fuzzy set in f (A). The fuzzy set p in A defined by

p(x)=v(f(z)) forallz e A

is called the preimage of v under f and is denoted by f~1 (v).

3. Fuzzy IDEALS

In this section we investigate fuzzy prime ideals and fuzzy maximal ideals
of a pseudo MV-algebra. First, we recall from [8] the definition and some
facts concerning fuzzy ideals.

Definition 3.1. A fuzzy set p in a pseudo MV-algebra A is called a fuzzy
ideal of A if it satisfies for all z,y € A:

(dl) pzay) = p@) Ap(y),

(d2) if y <z, then u(y) > p ().
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It is easily seen that (d2) implies

(d3) w(0) = p(x) for all x € A.

Denote by FJ (A) the set of all fuzzy ideals of A.

Example 3.2. Let A = {(1,y) € R? : y > 0} U{(2,y) € R? : y < 0},
0=(1,0), 1 =(2,0). For any (a,b), (c,d) € A, we define operations &, ,~
as follows:

(Lb+d) ifa=c=1,
(a,b) ® (¢, d) = (2,ad +b) ifac=2and ad+b <0,

(2,0) in other cases,

@i = (3-2).
(a,b)~ = (%%)

Then A = (A,®,”,~,0,1) is a pseudo MV-algebra (see [2]). Let A; =
{(1,y) €ER?:y >0} and Ay = {(2,y) € R?:y <0} and let 0 < a3 < ap <
a1 < 1. We define a fuzzy set p in A as follows:

o ifx =0,
p(zr) =< as ifze A,
az ifze Ay U{1}.
It is easily checked that p satisfies (d1) and (d2). Thus u € FI(A).

Proposition 3.3 (Jun and Walendziak [8]). Every fuzzy ideal p of A sat-
isfies the following two inequalities:

(1) p(y) = p@)Ap(y-=7) foralz,ye A,

(2) p(y) = p@)Ap(a™-y) foralzye A



ON FUZZY IDEALS OF PSEUDO M V-ALGEBRAS 69

Proposition 3.4 (Jun and Walendziak [8]). For a fuzzy set p in A, the
following are equivalent:

(a) peJI(A),
(b) w satisfies the conditions (d3) and (1),
(c) p satisfies the conditions (d3) and (2).

Now, we consider two special fuzzy sets in A. Let I be a subset of A. Define

a fuzzy set py in A by
a ifzxel,
pr (z) = .
(8 otherwise,

where a, 3 € [0,1] with a > . The fuzzy set s is a generalization of a
fuzzy set x; which is the characteristic function of I:

1 ifzel,
X1 (x) =

0 otherwise.

We have simple proposition.
Proposition 3.5. I € J(A) iff ur € FI(A).
Corollary 3.6. I € J(A) iff x;1 € FI(A).

For an arbitrary fuzzy set p in A, consider the set A, = {r € A: p(z) =
1 (0)}. We have the following simple proposition.

Proposition 3.7. If u € FI(A), then A, € J(A).

The following example shows that the converse of Proposition 3.7 does not
hold.

Example 3.8. Let A be as in Example 3.2. Define a fuzzy set u in A by

ifz =0,
p(z) =
if x #0.

WIN N

Then A, = {0} € J(A) but pu ¢ FJ (A).
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Since A,, = I, we have a simple proposition.
Proposition 3.9. ur € FI(A) iff Ay, € I(A).

Proposition 3.10. Let p,v € FI(A). If p < v and p(0) = v(0), then
A, CA,.

Proof. Let © € A,. Then pu(x) = p(0) = v(0) and since pu(z) < v(z), we
have v(z) = v(0). Hence, z € A,,. ]

Theorem 3.11. Let x € A. Then ord(z) = oo if and only if u(x) = w(0)
for some non-constant fuzzy ideal p of A.

Proof. Let z € A. Suppose ord(xz) = oco. Then, by Theorem 2.8, x € [
for some proper ideal I of A. Thus x;(xz) = 1 = x7(0) for the non-constant
fuzzy ideal xr of A.

Conversely, assume that p(x) = p(0) for some non-constant fuzzy ideal
pof A, Then z € A, and A, is a proper ideal of A. Hence, by Theorem
2.8, ord(z) = oo. ]

Theorem 3.12. Let u € FI(A). Then a subset P(p) ={x € A: p(x) >0}
of A is an ideal when it is non-empty.

Proof. Assume that pu is a fuzzy ideal of A such that P(u) # &. Obviously,
0 € P(u). Let x,y € A be such that z,y € P(u). Then p(x) > 0 and
w(y) > 0. It follows from (d1) that u(z@®y) > p(x) Ap(y) > 0 so that
x@®y € P(u). Now, let 2,y € A be such that z € P(u) and y < z. Then,
by (d2), we have p (y) > p(z), and since p () > 0, we obtain p (y) > 0. So,
y € P(p). Thus, P(u) is the ideal of A. |

Proposition 3.13 (Dymek [3]). Let f : A — B be a homomorphism, u €
FI(A) and v € FI(B). Then:

(a) if u is constant on Kerf, then f~1(f (1)) = u,
(a) of f is surjective, then f (f_1 (1/)) =v.

Proposition 3.14 (Dymek [3]). Let f : A — B be a surjective homomor-
phism and v € FJ(B). Then f~1 (v) € FT(A).
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Proposition 3.15 (Dymek [3]). Let f : A — B be a surjective homomor-
phism and pn € FJ (A) be such that A, O Kerf. Then f(u) € FI(B).

Now, we establish the analogous homomorphic properties of fuzzy prime
ideals. First, we recall from [4] the definition and some characterizations of
a fuzzy prime ideal.

Definition 3.16. A fuzzy ideal u of A is said to be fuzzy prime if it is
non-constant and satisfies:

p(xny)=p(@)Vu(y)

for all z,y € A.

Proposition 3.17 (Dymek [4]). Let u be a non-constant fuzzy ideal of A.
Then the following are equivalent:

(a) p is a fuzzy prime ideal of A,

(b) forallz,y € A, if p(zNy) = p(0), then pu(x) = p(0) or u(y) = p(0),
(c) forallz,y € A, p(z-y~)=p(0) or u(y-z~)=p(0),

(d) forallz,y € A, p(z™-y) = p(0) or p(y~-z) = p(0).

The following two theorems give the homomorphic properties of fuzzy prime
ideals and they are a supplement of the Section 4 of [4].

Theorem 3.18. Let f : A — B be a surjective homomorphism and v be a
fuzzy prime ideal of B. Then f~'(v) is a fuzzy prime ideal of A.

Proof. From Proposition 3.14 we know that f~!(v) € 7 (A). Obviously,
f~1(v) is non-constant. Let x,y € A be such that (f~1(v))(x Ay) =
(f~1(¥))(0). Then v(f(z)Af(y)) = v(f(0)) = v(0). So, by Proposition 3.17,
V() = v((0) of v(f(y)) = v(FO), Lo (F0))(@) = (/' ())(0) or
(f~*()(y) = (f ~1(v))(0). Therefore, from Proposition 3.17 it follows that
f~1(v) is a fuzzy prime ideal of A. |

Theorem 3.19. Let f : A — B be a surjective homomorphism and p a
fuzzy prime ideal of A such that A, O Kerf. Then f(u) is a fuzzy prime
ideal of B when it is non-constant.
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Proof. From Proposition 3.15 we know that f(u) € FJ(A). Assume that
f(u) is non-constant. Let xp,yp € B be such that (f(u))(zp Ayp) =
(f(1))(0). Since f is surjective, there exist x4,y € A such that f(z4) =z
and f(ya) = yp. Since A, O Kerf, p is constant on Kerf. Hence, by
Proposition 3.13(a), we have

1(0) = (f () (0) = (f (W) (zB AyB) = (F()(f (A AN ya))

= (fTHF ) (@a Aya) = plza Aya).

Since p is fuzzy prime, from Proposition 3.17 we conclude that u(x 4) = u(0)
or i(ya) = u(0). Thus

(f()(0) = 1 (0) = p(za) = (f 1 (f(W))(xa)
= (f(w)(f(za)) = (f (1)) (zB) or

(f())(©0) = 1 (0) = p(ya) = (f 7 (f(1))(ya)
= (f(w)(f(ya)) = (f (1) (yB)-

Therefore, from Proposition 3.17 it follows that f(u) is a fuzzy prime ideal
of A. [ |

Now, we investigate fuzzy maximal ideals of a pseudo MV-algebra. The
investigations are a continuation of the Section 4 of [3].

Definition 3.20. A fuzzy ideal p of A is called fuzzy mazimal iff A, is a
maximal ideal of A.

Denote by FM (A) the set of all fuzzy maximal ideals of A.

Proposition 3.21 (Dymek [3]). Let I € J(A). ThenI € M(A) if and only
if pr € IM(A).

Corollary 3.22. Let I € J(A). Then I € M (A) if and only if x1 € FM(A).

Proposition 3.23 (Dymek [3]). If p € FM(A), then p has exactly two
values.
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Now, denote by FMg (A) the set of all fuzzy maximal ideals p of A such that
w1 (0) =1 and p (1) = 0. Obviously, FMy (A) € FM (A). From Proposition

3.23 we immediately have the following theorem.
Theorem 3.24. If u € FMy (A), then Impu = {0, 1}.
Theorem 3.25. If u € IMq (A), then p = xa,-
Proof. Let x € A. Since

Xa, (z) =

1 if p(x) =1,
{ 0 if p(z) =0,

we have the result. []

Theorem 3.26. If € TMq (A), then A, = P ().
Proof. It is straightforward. [ |

Theorem 3.27. Let u € FM (A). If there exists a fuzzy ideal v of A such
that v (0) = 1,v(1) =0 and p < v, then v € TMg (A) and p=v = xa, =
XAIJ °

Proof. From Proposition 3.10 we know that A, C A,. Since A, is max-
imal, it follows that A, = A, because A, # A. Thus A, is also maximal.
Hence v is fuzzy maximal, and so v € FM (A). Since p,v € FMg (A), by
Theorem 3.25, = x4, and v = x4,. Thus p = xa, = xa, =v. [ |

Theorem 3.28. Let u € IM(A) and define a fuzzy set i in A by

oy 1) =)
#(0) = ()

for allz € A. Then i € FMy (A).

m

Proof. Since 1 (0) > p (z) for all x € A and p(0) # p (1), i is well-defined.
Clearly, i (1) =0 and 2 (0) =1 > u(z) for all x € A. Thus [ satisfies (d3).
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Let z,y € A. Then

Aa)Afi(y-a7) = © A

N

Thus p satisfies (1). Therefore, [ is the fuzzy ideal of A satisfying i (0) = 1
and fi(1) = 0. Moreover, it is easily seen, that A; = A,. Hence, 1 €
FMy (A). [ ]

Corollary 3.29. If u € FMy (A), then p = 1.

Now, we show a one-to-one correspondence between the sets M (A) and

FMo (A).

Theorem 3.30. Let A be a pseudo MV-algebra. Then functions ¢ : M (A) —
FMo (A) defined by o (M) = xar for all M € M(A) and ¢ : FMy (A) —
M (A) defined by ¢ (u) = A, for all p € FMq (A) are inverses of each other.

Proof. Let M € M (A). Then o (M) = (xm) = Ay, = M. Now, let
p € FMp (A). Then we also have o (1) = ¢ (Au) = x4, = p by Theorem
3.25. Therefore ¢ and v are inverses of each other. [

From Theorem 3.30 we obtain the following theorem.
Theorem 3.31. There is a one-to-one correspondence between the set of

mazximal ideals of a pseudo MV-algebra A and the set of fuzzy mazimal
ideals p of A such that ;1(0) =1 and p(1) = 0.

Remark 3.32. Theorem 3.31 implies Theorem 3.22 of [7], the analogous
one for MV -algebras.



ON FUZZY IDEALS OF PSEUDO M V-ALGEBRAS 75

Acknowledgements

The author thanks Professor A. Walendziak for his helpful comments.

[1]

[7]

8]

[9]

[10]

REFERENCES

C.C. Chang, Algebraic analysis of many valued logics, Trans. Amer. Math. Soc.
88 (1958), 467-490.

A. Dvurecenskij, States on pseudo MV-algebras, Studia Logica 68 (2001),
301-327.

G. Dymek, Fuzzy mazximal ideals of pseudo MV-algebras, Comment. Math. 47
(2007), 31-46.

G. Dymek, Fuzzy prime ideals of pseudo-MV algebras, Soft Comput. 12 (2008),
365-372.

G. Georgescu and A. Iorgulescu, Pseudo MV-algebras: a non-commutative
extension of MV-algebras, pp. 961-968 in: “Proceedings of the Fourth
International Symposium on Economic Informatics”, Bucharest, Romania,
May 1999.

G. Georgescu and A. Iorgulescu, Pseudo MV-algebras, Multi. Val. Logic 6
(2001), 95-135.

C.S. Hoo and S. Sessa, Fuzzy mazximal ideals of BCI and MV-algebras, Inform.
Sci. 80 (1994), 299-309.

Y.B. Jun and A. Walendziak, Fuzzy ideals of pseudo MV-algebras, Inter. Rev.
Fuzzy Math. 1 (2006), 21-31.

J. Rachtnek, A non-commutative generalization of MV-algebras, Czechoslovak
Math. J. 52 (2002), 255-273.

L.A. Zadeh, Fuzzy sets, Inform. Control 8 (1965), 338-353.

Received 23 February 2007
Revised 4 April 2007


http://www.tcpdf.org

