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Abstract

Double Boolean algebras are algebras (D,M,U,* >, 1, T) of type
(2,2,1,1,0,0). They have been introduced to capture the equational
theory of the algebra of protoconcepts. A filter (resp. an ideal) of a
double Boolean algebra D is an upper set F' (resp. down set I) closed
under M (resp. U). A filter F is called primary if F # () and for all
x € D we have x € F or 29 € F. In this note we prove that if F' is a
filter and I an ideal such that F' NI = () then there is a primary filter
G containing F such that GNI = (i.e. the Prime Ideal Theorem for
double Boolean algebras).
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1. INTRODUCTION AND MOTIVATION

1.1. Motivation

Formal Concept Analysis emerged in the early eighties from an attempt
to restructure lattice theory by Rudolf Wille. To extend Formal Concept
Analysis to a quite large field called Contextual Logic, a negation has to
be formalized. Many propositions have been made and investigated [6].
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To keep a correspondence between negation and set complementation the
notion of concept as formalized in [5] has been generalized successively to
the notions of semiconcept, protoconcept and preconcept. To capture their
equational theory double Boolean algebras have been introduced by Rudolf
Wille and coworkers. Each double Boolean algebra D contains two Boolean
algebras: Dn and Dy,. To construct a suitable context K(D) such that D
could be embedded into its algebra of protoconcepts, they used as objects
filters F' of D whose intersections with Dp are prime filters and as attributes
ideals I of D whose intersections with Dy, are prime ideals, and proved that
D can be quasi-embedded into the algebra of protoconcepts of that context.
For Boolean algebras, it is well known that prime filters can be defined as
filters F' satisfying

() z€eF or z"eF foralluz,

where * denotes the complementation. With a similar definition we got the
"prime ideal theorem” for weakly dicomplemented lattices (introduced to
capture the equational theory of concept algebras, see [4]). In the search of
a common definition for such filters the author was asking himself whether
the prime ideal theorem can be proved for double Boolean algebras using (1)
as definition. The answer is yes, and will be presented in this note. Before
that we present the algebra of protoconcepts.

1.2 Formal concepts and negation

The starting point of Formal Concept Analysis is a formal context. A Formal
context is a triple (G, M,I) with I C G x M. G is called the set of objects
and M the set of attributes. The derivation operation is defined on subsets
ACG and BC M by:

Al={meM]| Vge A gIm}

and
B :={geG| Vme B gIm}.

The maps A — A’ and B — B’ define a Galois connection between the
powerset of G and that of M. A Formal concept is then a pair (A, B) with
A’ =B and B’ = A. A is called the extent and B the intent of the concept
(A, B). B(G, M, I) denotes the set of all concepts of the context (G, M, I).
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The concept hierarchy is captured by the order relation
(A,B) < (C,D):<—= ACC (<= DCB).

B(G,M,I) denotes the poset (B(G,M,I),<). The basic theorem on
concept lattices (Theorem 3 [3]) states that

B(G,M,I) is a complete lattice (called the concept lattice of
the context (G, M,I)) and conversely, each complete lattice is
isomorphic to a concept lattice of a suitable context.

The meet and the join operations of a concept lattice will encode the
conjunction and the disjunction of concepts respectively while the top and
bottom element will encode the tautology and the contradiction. What
about negation?
One approach (see [6]) is to use a weak negation © and a weak opposition
V defined by:
(A,B)® := ((G~ A", (G~ A))

and
(A,B)Y := (M~ B), (M~ B)").

A concept lattice equipped with these two operations is called a concept
algebra. The following equations™ hold in all concept algebras:

(1) 222 <, (1) 2VV >,
(2):U§y:>a:A2yA, (2) z<y = zV >yV,
3) (zAy)V(zAy?) =, 3) (eVy)A(zVyY) ==

Weakly dicomplemented lattices are algebras (L,A,V,”,V,0,1) such that
(L,A,V,0,1) is a bounded lattice and the identities (1)—(3’) hold. Finite
distributive weakly dicomplemented lattices are copies of concept algebras
(Theorem 4.1.7 and Corollary 4.1.8 [4]). Then the class of finite distribu-
tive concept algebras forms a pseudovariety. Until now no complete set of
equations is known to generate the equational theory of concept algebras.

*Note that (2) is equivalent to (z A y)© A z° = z® and (2) is equivalent

zVy)VveY =zV.
(zVy)
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Even for finite concept algebras, it is not known whether they form a
pseudovariety. Note that in this approach, the correspondence between
negation and set complementation cannot be preserved. In order to keep
such a correspondence, the notion of ”concept” has been successively
generalized to that of semiconcept, protoconcept and preconcept.

2. ALGEBRAS OF PROTOCONCEPTS

Let (G, M, I) be a formal context. A preconcept is a pair (A, B) with A C G
and B C M such that A C B’ (equivalent to B C A’). A protoconcept is a
pair (A, B) with A C G, BC M and A” = B’ (equivalent to B’ = A”). The
set of all protoconcepts of the context K := (G, M, I) is denoted by P(K).
Logical operations are defined on protoconcepts as follows:

meet : (A, B1) M (Ag, By) := (A1 N Ag, (A1 N Ag))
join: (Ay,B1)U (A2, By) := ((B1 N By), B N By)
negation : (A, B)Y:= (G \ A, (G \ A))
opposition : (A, B)” := ((M ~ B)', M \ B)
nothing : L := (0, M)

all: T :=(G,0)
With these operations is defined the algebra P(K) := (P(K),n,u,< >, L, T)
called the algebra of protoconcepts of K. We set
PEK)n = {(4,4") | AC G}
and
P(K)u = {(B",B) | B < M}.

PB(K)n and P(K)n are special subalgebras of the protoconcept algebra
called respectively M-semiconcept algebra and LI-semiconcept algebra. Their
intersection gives the concept lattice of K. Their union denoted by $(K)
is also a subalgebra of P(K), called the semiconcept algebra. Further
operations are defined on protoconcepts as follows:

r@y:= @' NyY)Y, zoy:=E"Uy)”, 1:=1%ando:=T".
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The algebra PB(K)r := (P(K)n, M, ®,%, L, 1) is a Boolean algebra isomorphic
to the powerset algebra of G' and the algebra PB(K), := (PB(K)y, ®,U,”,0,T)
a Boolean algebra anti-isomorphic to the powerset algebra of M.

Rudolf Wille proved (see for example [6]) that the following equations
hold in the algebra of protoconcepts:

(1) zny=yna,

(2) 2N (yNz) = (zNy) Nz,

3) zN(zxUy) =xNx,

(4) zN(zdy) =2Nx,

(5) (zNz)Ny=2xNy

6) M (y@2) = (xMy) @ (xM2)
(7) (@Ny)“ ==zny

8) (zMz)d =29

(9) zMa=_1

(10) 19=TnNT

(11) T9=1

1) rUy=yUz
(2) zU(yUz) = (zUy) Uz
(3) zU(zMy) =z Uz

4) zU(zoy)=zUx

(5) (xUz)Uy=zUy

(6) z2U(yez2) = (zUy) o (xUz)
(7) (xUy)” =xUy

®) (zUz) =2°

(@) zla” =T

(10) T>=Lul

(1) 1°=T

(12) (zNx)U(xMNz)=(xUz)N(zUx).

Protoconcepts can be ordered by the relation < defined by:

(A,B)<(C,D):<= ACCand B2 D.

Remark 2.1. Let (A, B) and (C, D) be protoconcepts of (G, M,I) such

that (A, B) < (C, D). We have:
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(i) (A,B)N(C,D) = (A, B)N(A, B) and (4, B)U(C, D) = (C, D)U(C, D).
(i) (C,D)*=(GNC,(GNO))<(GNA(GNA))= (A, B)?and
(iii) (C,D)> =((M D), M~ D)< ((M~A),M~ B)=(A,B)".

We write C to mean that the equalities in Remark 2.1 (i) hold. ie. For
protoconcepts x and y, we have

rCy < xMNy=zNrand zUy=yUy.
The relation C is a quasi-order that is by Remark 2.1 (i) an extension of the
above defined order relation <. The equivalence relation ~ induced by the
quasi-order C (i.e. z ~y: <= z C y and y C x) satisfies

r~y < xMNerx=yMNyandzUx=yUy.
Moreover, concepts are protoconcepts x such that z M ax = x and
x Ux = x. This equivalence partitions the protoconcepts in such a way
that each equivalence class contains at most one concept.

Lemma 2.1. In the algebra of protoconcepts the following formulae hold:
(13) zNz<(zxNy)U(zNy?) and (13) zUz > (zUy)N(zUY").
Proof. We set z := (A,B) and y = (C,D). Then we have y? =

(GNC,(GNC)) and zMx = (A, A”). Therefore

(zNy)U(Ny)=ANC,(ANC))U(AN(GNC),(AN(GNC)))

<((A NCYNAN (G~ C))(ANCYN(AN(G ~ o)'))

(ANC)U(AN(GNC)(ANCY N(AN (G N O)))
=(A" A > (A A)=zNux.

The rest of the statement is proved dually. [ |
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It would be interesting to investigate which relationship does exist between
the operations M, U and the order relation <. To capture the equational
theory of protoconcept algebras Rudolf Wille introduced double Boolean
algebras.

3. PRIME IDEAL THEOREM FOR DOUBLE BOOLEAN ALGEBRAS

In this note we call an algebra (D,M,U,9,”, L. T) of type (2,2,1,1,0,0) that
satisfies (1) to (13) and (1°) to (13°) a double Boolean algebra’. A double
Boolean algebra is called pure if it satisfies

(14) zNz=zorzlUz=ux.

Note that (14) holds in the algebra of semiconcepts. The following notations
are adopted:
xn:=xzMNxz, Dn:={xn|z€ D}

and

zy:=xzUzx, D,:={x,|ze D}
The algebras D := (Dn,M,®,%, L,1) and D, := (Dy,®,U",0,T) are
Boolean algebras, where z @ y := (z9My)Y 2Oy = (2" Uy™)", 1:= L9
and 0 := T” as introduced before on protoconcepts.

Now, how can we capture the order relation on the protoconcept algebra
for double Boolean algebras? The relation C defined on D by

rCy:< zMNy=zMNz and zUy=yly
is a quasi-order. For x and y in D, we have
rCy < anMNyn=zNzNyNy=xzNz=zn and zy Uy, =y,

As 1M (resp. U) is the meet (resp. join) operation in the Boolean algebra Dp
(resp. Dyj) we get

rLy < zn<yn and zy <yy,

where < is the induced order in the corresponding Boolean algebra.

"In [6] the formulae (13) and (13’) were not considered.
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A double Boolean algebra is called regular if the relation C is an order rela-
tion. Maybe abstracting the protoconcept algebras by relational structures
(D,Mn,U,* > <, T, 1) such that < is explicit defined on D and Dy, will shed
another light on them.

Lemma 3.1. For a double Boolean algebra D and x,y,a € D we have:
(i) zNyEx,yCxUy,

(ii) x Cy impliesxMaZyMa and zUaCyUa.

Proof. For (i) we have

zN(zUy)=xMNx }
— zLCzlUy
cU(zUy)=(zUy)U(zUy)

and

zU(zNy)=aUx }
= xJdzMNy.
zM(zNy)=(xNy)MN(zMy)

For (ii), let z Cy. We have x My =zMNzand x Uy =y Uy.
(zMa)N(yMNa)=(zNy)Na=(zMNz)Na=(zxMNa)(zMNa)
and
(zMa)U(yMNa)=(zMNzMNa)Ud(yMa)

=(xMNyNa)U(yMNa)=(yMNa)J(yMa)

since by (i), it holds x My Ma C y Ma. The remaining assertion is proved
similarly. m
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We can deduce that (aMz)U (bMx) C (aUb) Mz. We will call a double
Boolean algebra distributive if the equalities

(aNz)U(dNa)=(alb)MNzand (eUz) N (bUz)=(aMb)Ux
hold.

Remark 3.1. If a protoconcept algebra is distributive, then x Mz and z U x
are all concepts for all x.

Are protoconcept algebras distributive and regular double Boolean algebras?

Definition 3.1. Let D be a double Boolean algebra. A nonempty subset
F of D is called a filter if it satisfies

z,yeF = zNyelF and zxze€eF, yeD, zCy = yeF.
Dually an ideal of D is a nonempty subset I of D satisfying
zyel = zUyel and zel,yeD, xJdy = yecl.

If (Fx)rerx is a family of filter of a double Boolean algebra D then
F :={Fk | k € K} is nonempty since all Fj, contain T. Moreover

x,y€EF = 2,y € Fy, Vyex = Ny € Fy Ve = My eF
and
ze FlyeD,c Cy=— yeD, c Cy,x€FyViex = yEFyViex = y<F.
Therefore the set of all filters (resp. ideals) of D form a closure system. We
denote by Filter(X) (resp. Ideal(X)) the filter (resp. ideal) generated by
X. For example the principal filter (resp. ideal) generated by x is:

Filter({a}) ={x € D |aMNa C z}

(resp. Ideal({a}) ={x € D |alUa Jz}).
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Lemma 3.2. Let F be a filter and I an ideal of D. For an element w € D
we have:

Filter(FU{w}) ={z € D |vNwC x for some v € F}

and

Ideal(I U {w}) ={x € D |vUw Dz for somev € I}.

Proof. We are going to prove that
H:={xeD|vNwC x for some v € F'}

is the smallest filter containing F'U{w}. Note that T € F and wNz C z, w.
Thus H contains F'U{w}. For x € H and y € D with x C y, there is v € F
such that v Mw C x, and by then v Mw C y. Thus y € H. Now, let x and
y in H. There are a and b in F such that aMw C z and bMw C y. By
Lemma 3.1 we get aMbMw = (aMw)M(bMNw) CE xMy with aMb € F. Thus
x My is in H. This proves that H is a filter. If G is another filter containing
F U{w}, then G contains H. Thus H = Filter(F U {w}). |

Definition 3.2. Let D be a double Boolean algebra. A filter F' is called
proper if F' # D, and primary if it is proper and satisfies x € F or 2 € F
for all z € D. Dually are defined primary ideals. F,.(D) denotes the set of
primary filters and Z,, (D) the set of primary ideals of D.

Theorem 3.3 (Prime ideal theorem). Let D be a double Boolean algebra,
F a filter and I an ideal such that F NI = 0. There exists a primary filter
G and a primary ideal J with F C G, I CJ and GNJ = 0.

Proof. We set
Fr:={H filter |HNI=0and F C H}.

Fr contains F. The poset (Fr,C) satisfies the conditions of the Zorn’s
lemma. Therefore (Fr,C) has maximal elements. Let G be maximal in
(F1,C). We claim that G is a primary filter. Otherwise there would exist
an element w € D such that w ¢ G and w? ¢ G. In this case, G would
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be a proper subset of Filter(G U {w}) and of Filter(G U {w<}). From the
maximality of G in (F, C), we would have

Filter(G U {w}) NI # 0 # Filter(G U {w"}).

Thus there would be elements a,b € I and vq,v9 € G such that v1 Mw C a
and v Mw? C b. It would follow that

vMNvNwCalveCTa and vy Mo Nw CbMo; Cb.
Thus
(v1 Mwg) M(vy M) E (vy Moy Mw) U (v1 Moe MwY) Calb by (13).

This would lead to G 3 v1 Mvy C a Ub € I which would be a contradiction
with GN I = 0. Thus G is a primary filter. The existence of J is proved
similarly using the family

I;:={Sideal |GNS=0andIC S}

Corollary 3.4. For x Mz Z y Uy in D there is a primary filter G with
re€Gandy ¢ G.

Proof. If x Mz £ yUy then Filter({z}) NIdeal{{y}) = 0. By the prime
ideal theorem, there is a primary filter F' containing x and a primary ideal
I containing y such that F N 1T = (. [ ]
How can we separate x Uz and z Max from z?
Remark 3.5.
(i) zNLl=znN(zNzY)=(zNz)Naz=zMNz"= L. Dually zUT =T.
(ii)) zNT=zN(zUa”) =zMNz. Dually z U L =z Uz

(iii) In the context (G,M,I) wehave TM T =1U1l < [ =G x M.
Such a context has exactly one concept. Its algebras of preconcepts,
of protoconcepts and of semi-concepts are identical and is the vertical

sum of two Boolean algebras: PB(G, M, ) @ P(G, M, I),.



274 L. Kwuiba

Definition 3.3. We call a double Boolean algebra trivial iff T T = 1L U L.

The three element chain {L,a, T} with L <a<T, LUl =a=TMNT and
alMa=a=ala is a trivial double Boolean algebra. The following result
ensures the existence of primary filters and primary ideals.

Corollary 3.6. Fach nontrivial double Boolean algebra has primary filters
and primary ideals.

Proof. It is enough to prove that if TMT # L UL then TOT Z LUL. In
fact, TMT C LUL implies (TAT)M(LUL)=TAT and (TAT)U(LUL) =
1ul. Therefore TAT = TN(Lul) = (LuL)m(Lul) = (LnLu(LnL) =
L. ]

4. CONCLUSION

This work in progress should be considered as the author’s reading note
of [2] and [6] by Wille and coworkers. Of course the prime ideal theorem
(Theorem 3.3) is a new an important result. The next step would be to look
after some applications (for example a concrete representation or a duality
theorem for double Boolean algebras). This will be carried out in future
works.
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