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Abstract

For a monoid M of hypersubstitutions, the collection of all M-solid
varieties forms a complete sublattice of the lattice £(7) of all varieties
of a given type 7. Therefore, by the study of monoids of hypersubsti-
tutions one can get more insight into the structure of the lattice £(7).
In particular, monoids of hypersubstitutions were studied in [9] as well
as in [5]. We will give a complete characterization of all maximal sub-
monoids of the monoid Reg(n) of all regular hypersubstitutions of type
7 = (n) (introduced in [4]). The concept of a transformation hyper-
substitution, introduced in [1], gives a relationship between monoids
of hypersubstitutions and transformation semigroups. In the present
paper, we apply the recent results about transformation semigroups
by I. Guydzenov and I. Dimitrova ([11], [12]) to describe monoids of
transformation hypersubstitutions.
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1. INTRODUCTION

A number of fairly natural examples of submonoids of the monoid Hyp(r)
of all hypersubstitutions of a given type 7 is listed in [9]. In particular,
the monoid Reg(n) of all so-called regular hypersubstitutions of type (n),
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1 < n €N, is studied. This monoid was first introduced by K. Denecke and
J. Koppitz in [4] (see also [5], [6] and [9]). Properties of several monoids
of hypersubstitutions of type (n) are studied by Th. Changphas ([2], [3]).
For example, the monoid of all so-called full hypersubstitutions of type (n),
i.e. hypersubstitutions o where o(f) is a full term, is considered in [3]. The
concept of a full term was introduced in [7]. On the other hand one can
consider transformation hypersubstitutions ([1], [2]). A hypersubstitution
o of type 7 = (n) is called a transformation hypersubstitution if o(f) =
f(Zs1ys -+ Tsny) for some mapping s : 7 — 7, where m := {1,...,n}
([1]). In the present paper, we will introduce particular submonoids of the
monoid T'R(n) of all transformation hypersubstitutions of type 7 = (n). K.
Denecke and M. Reichel established a Galois-connection between monoids of
hypersubstitutions of a given type 7 and varieties of the same type, showing
that for any monoid M of hypersubstitutions of type 7, the collection of all
M-solid varieties of type 7 forms a complete sublattice of the lattice of all
varieties of type 7 ([8]). It is a general goal of research in this area to study
monoids of hypersubstitutions of a given type 7. In particular, it is of some
interest to know what a monoid of hypersubstitutions looks like. In the
present paper, we want to give a contribution to the research on monoids
of hypersubstitutions. We will describe the monoid Reg(n), 2 < n € N,
by characterization of its maximal submonoids. On the other hand we will
consider submonoids of TR(n) based on transformation semigroups. Using
the recent results about isotone transformations with defect > 2 ([12]) and
monotone transformations ([13]), we are able to describe the appropriate
monoids of transformation hypersubstitutions by characterization of their
maximal submonoids.

In Section 2 we set out some notations concerning hypersubstitutions
and introduce our new definitions. Section 3 works out all maximal
submonoids of Reg(n), 2 < n € N. In Section 4 we describe particular
submonoids of TR(n) by characterization of their maximal submonoids.

2. HYPERSUBSTITUTIONS, TERMS AND TRANSFORMATIONS

We fix a natural number n > 1 and an n-ary operation symbol f. Let W, (X)
be the set of all terms of type (n) over some fixed alphabet X = {z1,zo,...}.
Terms in W,,(Xy) with X = {z1,..., 2}, k > 1, are called k-ary. For any
term s € W,,(Xy) and t1,...,t; € W,(X), the term s(t1,...,t;) arises by
substitution of terms, i.e. in the term s one replaces the variables x1, ...,z
by the terms tq,...,ts, respectively. The concept of a hypersubstitution
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will be a crucial one. A mapping o : {f} — W,(X,,) which assigns to
the n-ary operation symbol f an m-ary term of type (n) will be called a
hypersubstitution of type 7 = (n). Here we have only one n-ary operation
symbol f in our type and any hypersubstitution o is completely determined
by the image o(f). Thus we will denote a hypersubstitution o by o, if
o(f) =t. Any hypersubstitution o can be uniquely extended to a mapping
g : Wy(X) — W,(X), inductively as follows:

(i) olw] := w for w € X

(i) alf(tr,... tn)] :=0o(f)(@[t1],...,Ttn]) for t1,... t, € Wp(X)
where olt1],...,0[t,] will be assumed to be already defined.

We define a product oy, of hypersubstitutions o1, 09 by o1 op 09 := 771 0 09,
where o is the usual composition of functions. Then the set Hyp(n) of all
hypersubstitutions of type 7 = (n) forms a monoid (Hyp(n); o, 0;q), where
04 is the identity hypersubstitution, defined by

oid(f) == f(z1,...,20).
Since Hyp(n) = {oy | t € W, (Xn)},
n 2 Hyp(n) — Wi (X,) with ¢, (o) = o(f)
is a bijection. Let us define a binary operation ¢ on W, (X,,) by setting
sot:=ast].

Then one can verify that (W, (X,);o,0:4(f)) forms a monoid which is
isomorphic to (Hyp(n);op,0:q). If § # X C W, (X,) then the carry set
of the subsemigroup of (W,,(X,,);¢) generated by X is denoted by (X).

Proposition 1. Let 1 < n € N. Then the monoid (Hyp(n);on,0:q) is
isomorphic to (W, (Xy);0,0:q(f)).

Proof. We want to show that the bijection ¢,, is an isomorphism. Let us
mention that ¢, (0;9) = 044(f) by definition of ¢,,. Moreover, for o,,0, €
Hyp(n) it holds ¢, (o5 op ar) = (05 op 0¢)(f) = Tsloe(f)] = soo(f) =
os(f) o oi(f) = pnlos) © pnlor). u

Thus (W, (X,); ¢, 05q4(f)) forms a monoid, which is isomorphic to the monoid
of all hypersubstitutions of type 7 = (n). This suggests the idea to study
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properties of the monoid W, (X,,) and its submonoids. We will use the
following concepts and notation in the next statements and their proofs.
For a term ¢t € W, (X,,) we put

vb(t) — the total number of occurrences of variables in ¢(including
multiplicities)

op(t) — the number of occurrence of the operation symbol f in ¢

vb;(t) — the number of occurrence of z; int forien

var(t) — the set of all variables occorring in ¢.

Notation 2. Let 1 < n € N. Then we put W,“ := {t | t € W,,(X,,) and
var(t) = X, }.

The set W, corresponds to the set Reg(n) = {0 | 0 € Hyp(n) and
o(f) € Wp} of all regular hypersubstitutions of type 7 = (n) which forms a
monoid (see [5]). Clearly, o;q(f) € W5 and the monoid (Reg(n);on, 0;q) is
isomorphic to (W;,“; 0, 0;4(f)) by the isomorphism ¢,, restricted to Reg(n),
i.e. Wn® forms a monoid which is isomorphic to the monoid of all regular
hypersubstitutions of type 7 = (n). Our first aim is to determine all maximal
submonoids of (Wy,“;¢,0;4(f)). This will be done in the next section.

A second kind of terms is determined by transformations on the set 7.
Let T, be the set of all transformations on the set @, i.e. T}, is the set of
all mappings h : m — m. Then one gets a monoid (7T),;0,&,), where o is
the usual composition of functions and e, is the identity mapping on 7.
The natural number ny := n — [{h(a) | a € @}| is called the defect of a
given transformation h. A transformation h is called isotone if the following
implication holds for all a,b € 7:

a <b= h(a) < h(b).

For 1 < k < nlet I, be the set of all isotone transformations on 7 with
defect > k. The set O,, := I,, 1 forms a semigroup and each of the set I, ,
2 < k < n, forms an ideal of O,, ([14]). A transformation h is called antitone
if the following implication holds for all a,b € 7

a <b= h(a) > h(b).

A transformation is called monotone if it is isotone or antitone. The
set M, of all monotone transformations on m with defect > 1 forms a
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semigroup, too ([11]). Moreover, it is well-known that the set S, of all
bijective transformations on 7, i.e. permutations on 7, forms a subgroup
of T,.

For any transformation h on 77, we can consider the term f(zy),.- -,
wh(n)). So we get terms defined by transformations and it is very natural
to define hypersubstitutions by transformations. For any transformation
h, we will denote the hypersubstitution o with o(f) = f(zp@)s-- - Thm))
by o4. For any set A C T,,, we put AP := {0, | h € A} and W, :=
{f(@h(1ys -+ Thmy) | h € A}, In particular, we put P, := Wg,. Clearly, the
mapping py, : T, — TP defined by

pn(h) := oy,
is a bijection. In particular, p, is an anti-isomorphism (dual isomorphism).

Proposition 3. Let 1 < n € N. Then (Ty;0,e,) is anti-isomorphic to
h
(Tn""; on, dia).-

Proof. We have to show that p,(p o m) = p,(7) op pn(p) for all p, 7 € A.
Let ¢,m € A. Then we have p,(7) o, pp(p) = 0x op 0p = Tx 0 0, and
pn(p 0 T) = Opor. Further we have

Opor(f) = J(@(gom)1)s -+ T(gom)(m))

= f(@r)s - Tam)) (Tp(1)s -+ > Tp(n))

~

O-f(xﬂ(l)?"'vxw(n)) [f(msp(l)a Tt x‘P(n))]
= Onlf(Tp)s s Tom))]
= aw[aw(f)]

= (Fn 0 0,)(f)-
This shows that p,(7) o, pn(p) = pn(@ o). ]

In particular, then each of the sets Olwp , M™P and Ig?zp forms a semigroup.
We will consider these semigroups in Section 4. Moreover, the mapping
Yo : Tn — Wr,, defined by v, (h) := f(Zpy,-- - Th(n)) is evidently an anti-
isomorphism by Proposition 1 and Proposition 3. This gives:
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Corollary 4. Let 1 < n € N. Then (T,;0,e,) is anti-isomorphic to
(WTn’ <, U@d(f))-

3. THE MAXIMAL SUBMONOIDS OF Reg(n)

To characterize all maximal subsemigroups of (W,,“;¢) for a given natural
number n > 2, we need some technical lemmas. The following facts were
proved in [10]:

Lemma 5. Let s € W, and t,ty,...,t, € Wy (X,,) with t = f(t1,...,tn).
Then

(a) vb(sot) > vb(t);
(b) vb(sot) =S ubi(s)vb(s o t;);

n

(c) vb(s(t1,... tn)) = D iy vbi(s)vb(t;).

Corollary 6. For s,t € W, it holds:

(a) If s ¢ P, then vb(t) < vb(sot).

(b) Ift ¢ P, then vb(s) < vb(s<t).
Proof. We have vb(sot) > > " | vb;(s)vb(t;) by Lemma 5 and vb;(s) # 0
for i € m since var(s) = X,.

(a) If s ¢ P, then there is a j € ™ with vb;(s) > 2 and thus

n

> " wbi(s)vb(t;) > vb(t +va >va

i=1

(b) If t ¢ P, then there is a j € m with vb(t;) > 2 and thus

n

va( >1—|—va >va ) = vb(s

i=1 |
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Lemma 7. For s € W% and t € P, we have vb(sot) = vb(t o s) = vb(s).

Proof. There is a m € S, such that ¢t = f(vr1),...,Tr@)). Further,
there are si,...,s, € W,(X,) such that s = f(s1,...,8,). Then we
have vb(s o t) = vb(0s[t]) = vO(8(Tr(1), - -+ Tr(n))) = Doimy Vbi(8)Vb(2r()) =
o vbi(s) = wb(s) by Lemma 5c¢). We show now by induction that
vb(a¢[r]) = vb(r) for all r € W, (X,,). Clearly, g,[r] = r for r € X,,. Let
r=f(ri,...,mn), r1,...,m € Wy(X,), and suppose that vb(c;[r;]) = vb(r;)
for i € m. Then

vb(ay[r]) = vb(f(Tr(1)s - -+ s Tr(n)) (O[T1]; - - - Telra]))

= 0b(fGelrr()s- - > Gtlram)])) =Y vb(G[ri]) = vb(r;) = vb(r).
i=1

i=1
In particular, vb(t ¢ s) = vb(0[s]) = vb(s). |

Now we consider the Green‘s relation J on the semigroup (Wﬁeg ;©) which
is defined by sJt if there are sy, so,t1,ts € W% such that s = t; ot oty and
t = 510508y Fort € W, we denote the J-class containing t by J;, i.e.

Jy:={s|se W, and sJt}.
The relation J on W, can be characterized as follows:

Lemma 8. Let s,t € W;,“. Then there holds sJt iff there are s1, 52,11, 12
€ P, such that s=t10toty andt = 81059 8.

Proof. One direction is clear. Conversely, let s7t. Then there are sq, s2,
ti,to € Wi such that s = t; ot oty and t = s1 ¢ 50 s9. We will show
that s1,s9,t1,to € P,. We have s = (t1 © $1) © s (82 ¢ t2). Assume that
(t1 © 51) ¢ P,. Then vb(s) < vb((t1 ¢ s1) ¢ s) by Corollary 6. Further,
we have vb((t; ¢ s1) ©5)) < vb((t1 © s1) © s ¢ (s2 ¢ ta)) by Corollary 6 and
Lemma 7, respectively. This gives vb(s) < vb(s), a contradiction. Assume
that (sgoty) € P,. Then vb((t1051)¢s) < vb((t1081) 050 (s20t2)) = vb(s)
by Corollary 6. But since (t1 ¢ s1) € P, we have vb((t; ¢ s1) ¢ s) = vb(s) by
Lemma 7. This gives vb(s) < vb(s), a contradiction. So, both terms (t; ¢s1)
and (sgoty) belong to P,. This provides vb(s1), vb(t1) > vb(t; ©s1) = 1 and
vb(s2),vb(ty) > vb(ta © s9) = 1. But this is only possible if s1, so,t1,t2 € Py,
by Corollary 6. [
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Proposition 9. Let s,t € W,%Y. Then there holds sJt iff there are s1, 52 €
P, such that t = 51050 89.

Proof. One direction is clear by Lemma 8. Conversely, let s1, s9 € P, such
that t = 51 © s 0 s3. Then there are p, ™ € S, with s1 = f(Zr(1),- -+, Tr(n))
and sg = f(Tp1),---,Tpn)). Then there are p~La e S, with p~lop=
mor ! =g, and we get f@a11), - Tr1m)) 0t o f(Tp101)y -+ Tpoi(ny) =
f(l‘wf1(1), RN ,xﬂ71(n))<>f(x7r(1), RN ,ww(n))osof(a;p(l), ce ,xp(n))of(qu(l),

.. ,l'p—l(n)). Then Proposition 1 provides o,-1 0y, 0¢0p0,-1 = 0-1 0, 07 0p,
O50R0pOpT -1 where 0,1 0RO ORTsOh0pORT y—1 = O(ror—1)OhTsOh0 (p—10p) =

Oe, Op 0s O} 0, = 05 by Proposition 3. This gives f(l'ﬂ.fl(l), e ,:Eﬂq(n)) o
tof(xy-1(1ys--- ,a:pﬂ(n)) = s again by Proposition 1. Altogether, this shows
that sJt using Lemma 8. [ |

Notation 10. A term t € W,,* is called a proper o-product if there are
r,s € Wp®\ P, such that t = r o 5. Let W% denote the set of all proper
o-products of W,

Now we are able to characterize all maximal subsemigroups of
(Wp%;0), ie. all subsets W C W, with (W U {a}) = Wp% for all
a€ Wy \W.

Theorem 11. A set W C Wp® forms a mazimal subsemigroup of
(W 0) iff one of the following statements is satisfied:

(i) There is at € Wi\ (WU P,) such that W = W39\ J;.
(ii) There is a mazimal subgroup S of Sy, such that W = (W, \ P,)UWs.

Proof. Suppose that (i) is satisfied, i.e. there is a t € W5\ (Wdec U B,)
such that W = W,%“ \ J;. We show that W forms a subsemigroup of
(Wy%;0). For this let a,b € W, \ J;. Then aob € W,“. Assume that
a<ob € Ji. Then there are s1,s2 € P, such that ¢ = (51 ¢ a) o (bo s2)
by Proposition 9. Since ¢t ¢ W€ we have (s; o a) € P, or (bos3) € Py.
Without loss of generality let (sq ¢ a) € P,. Then we get b € J; by Propo-
sition 9, a contradiction. Thus aob € W, \ J, = W. This shows that
(W; ) is a subsemigroup of (W;,“;¢). Now we show that W is maximal.
First, we show that P, C W. Assume that P, € W. Then there are an
s € P,NJ; and s1,s9 € P, such that £ = s1 ¢ s ¢ sy. Then Lemma 7
provides vb(t) = vb(s) = n, i.e. t € P,, a contradiction. Hence P, C W.
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Let now s € W;,“ \ W, ie. s € J;. Then there are s1,ss € P, such that
t =s1050s9. Hence t € (W U {s}) and thus {s; ot o sy | 51,82 € Py} C
(W U {s}). Further, we have J; = {s; ot ¢ sa2 | 51,52 € P,,} by Proposition
9, hence J; C (W U {s}). This shows that W is maximal.

Suppose that (ii) is satisfied, i.e. there is a maximal subgroup S of S,
such that W = (W, \ P,) UWs. We show that W forms a subsemigroup
of (Wp®;0). For this let a,b € W. If a ¢ P, or b ¢ P, then vb(b) < vb(acb)
and vb(a) < vb(a ¢ b), respectively, by Corollary 6. Thus vb(a ¢ b) > 1.
This shows that aob ¢ P, i.e. aob € W. We consider now the case that
a,b € P, ie. a,b € Wg. Since S is a subgroup of S,,, we have acb € Wg by
Corollary 4. This shows that (W;o) is a subsemigroup of (W;“;¢). Now
we conclude that (W, \ P,) U Wg is maximal since (Wg;¢) is a maximal
subgroup of (P,;¢) by Corollary 4.

Conversely, let (W;o) be a maximal subsemigroup of (W,,“;¢). We put
M = W\ W. Then we have M N P, = () or M N P, # (). Suppose that
MNP, # 0. Let us consider the set S := {7 € Sy, | f(Zr(1)s--Trm)) € W}
Then we have W N P, = Wg. Since both sets W and P, form semigroups,
W N P, = Wg forms a subsemigroup of (P,;¢). Then S is a proper sub-
semigroup of S,, by Proposition 3. Since 5, is finite, each subsemigroup of
Sy is a group. Hence there is a maximal subgroup 7" of S,, containing S and
we have W C (W, \ B,) UWyp where (W, \ P,) UWr forms a subsemi-
group of (W;,“;¢) by the previous considerations. Since (W;o) is a maximal
subsemigroup of (W;%;¢), we can conclude that W = (W, \ P,,) U Wr.

Suppose that M NP, = (. Let t € M. Then t ¢ P,. Assume that
t e Wr‘fec. Then there are ti,t, € W, \ P, such that ¢t = t; o t2. Since
t ¢ W, one of the terms t; and ty does not belong to W. Without loss of
generality let t; ¢ W. Then Corollary 6 implies vb(t1) < vb(t1 ¢ t2) = vb(t).
Let ay,...,ar € Wy, for some natural number k& > 0 with a; = ¢ for some
je{l,...,k}. Then vb(ai ¢...oar) > vb(t) by Corollary 6 and Lemma 7.
Thus t1 ¢ (W U {t}), i.e. (W U{t}) # W, Because of the maximality
of (W;o) we get t € W, a contradiction. Hence ¢ ¢ W3¢ and altogether
t € Wi\ (WU P,). Now we show J; C M. Otherwise there is an s € J;
with s € W. Then there are s1,s9 € P, such that { = s1 ¢ s ¢ s9. Since
P, CW we get t € W, a contradiction. Now we have W C W, \ J;, where
Wy, Y\ J; forms a semigroup (see the previous considerations). Since (W; o)
is a maximal subsemigroup of (W,“;¢), we obtain W = W, \ J,. ]
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Remark 12. Clearly, each maximal submonoid of (W,,“;¢) contains the
identity element o;4(f). Therefore, Theorem 11 characterizes all maximal
submonoids of (W,; 0, a;q4(f)).

Since the only maximal subgroup of S5 as well as the four maximal subgroups
of S3 are well known, we can formulate Theorem 11 for n = 2 and n = 3,
respectively, in the following way.

Proposition 13. 4 set W C W, forms a mazimal subsemigroup of
(W Ys0) iff W = W9\ {f(za,21)} or W = W\ Jp for some t €
Wy \ (Wilee U Py).

Proposition 14. A set W C W3 forms a mazimal subsemigroup of
(W30) iff W = W3\ J; for some t € Wi\ (W§e U Ps) or W co-
incides with one of the following four sets:

(a) W5\ {f(21,23,22), f (23,22, 21), f (w2, 21, 23)}

(b) W3\ {f(x1, 23, 22), f(x3, 02, 21), f (22,23, 1), f (23,21, 72)}
(c) W3\ {f (w1, 23, 22), (w2, 1, 23), f (22,23, 71), f (23,21, 2) }
(d) W3\ {f (22,21, 23), f (w3, 22, 21), f (22, w3, 71), f (23, 71, 22) }.

To determine all maximal subsemigroups of W,“ we need the knowledge of
all maximal subgroups of S, and of all elements of the set W\ (WdeUP,).
The O‘Nan Scott-Theorem gives a classification of all maximal subgroups
of Sy, (e.g. [15]). But the characterization of all proper o-products seems
to be a too complex problem. Therefore we restrict ourselves to study only
necessary or only sufficient properties of the elements of Wd¢¢. First, we
show that a term ¢ € W,* does not belong to Wd¢ if op(t) is a prime
number.

Lemma 15. Let s € W, and t € W,,(X,,). Then there is a natural number
k > op(t) such that op(s<ot) =k - op(s).

Proof. If t € X,, then op(t) = 0 and thus op(s o t) = op(ds[t]) = op(t) =
0 = 0-op(s). Suppose that t = f(t1,...,t,) with ¢1,...,t, € W,,(X,,) and
op(s ot;) = k; - op(s) with k; > op(t;) for i € m. We have op(s o t) =
op(s) + > vbi(s) - op(ds[ti]) (see [10]). Further, it holds
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n

op(s) + Y vbi(s) - op(Ts[ti])

i=1

= op(s) + Z vbi(s) - ki - op(s)
i=1

= op(s) - <1 + qubi(s) . kl) )
i=1

Since vb;(s) # 0 (because of var(s) = X,,) and k; > op(t;) for i € m we
have Y1 vbi(s) - ki > Y1, vbi(s) - op(ts) > Y iy op(t;) = op(t) — 1, ie.
1+ 300 vbi(s) - ki > op(t). |

Proposition 16. If t € W% such that op(t) is a prime number then t ¢
Wdee U p,.

Proof. Since op(t) is a prime number, op(t) > 2. Thus t ¢ P,. Assume
that ¢t € W€, Then there are r,s € W, \ P, such that t = r o 5. This
provides op(t) = op(r ¢ s) = k- op(r) for some k > op(s) by Lemma 15.
Since 1,s ¢ P, we have op(r), op(s) > 2 and thus k > op(s) > 2. Hence
op(t) = k - op(r) is not a prime number, a contradiction. This shows that
t ¢ Wdee, |

An element of W2 has the following structure:

Proposition 17. For any t € W3 there are an s € Wi \ P, and
t, .. tn € Wi(Xy) with t; ¢ X, for some j € T such that t = s(s o
tl,...,SOtn).

Proof. Since t € W€ there are r, s € W;®\ P, such that t = ros = 0,[s].
Further, there are sq,...,s, € W,(X,) such that s = f(s1,...,s,) and we
obtain &, [s] = r(d,[s1],...,0:[sn]) = 7(ros1,...,ros,). Since s ¢ P, there
isajen with s; ¢ X,,. ]

Example 18. We consider the case n = (3) and the term

t = f(x1, f(21, 21, 21), f(21, 21, f(21, 22, 73))).
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Although op(t) is not a prime number, ¢ does not belong to ngec. Indeed,
assume that there are an s € W3\ Py and t1,to, 5 € W3(X3) with ¢; ¢ X3
for some i € {1,2,3} such that t = s(s<©t1,50t2,s0t3). Then op(s) > 2
and op(s ¢ t;) > 4 by Lemma 15. This provides that op(t) > 4 + op(s) > 4,
a contradiction.

4. TRANSFORMATION HYPERSUBSTITUTIONS

A list of all maximal subsemigroups of the ideal O,, of all isotone transfor-
mations on 7 with defect > 1 is given in [16]. I. Guydzenov and I. Dimitrova
have determined all maximal subsemigroups of M, as well as of the ideal
I, 2 of all isotone transformations on 7 with defect > 2, see [12] and [13],
respectively. These results can be regarded as generalizations of the results
in [16] concerning O,,. We want to use the mentioned results to characterize
the maximal submonoids of particular monoids of transformation hypersub-
stitutions. It is easy to verify that each of the sets OMYP U{oq}, MU {04}
and Igyzp U {044} forms a submonoid of TR(n). We can use Proposition 3 to
characterize the maximal submonoids of each of these monoids.

Lemma 19. Let 1 < n € N and let (A;0) be a transformation semigroup
on n with e, ¢ A. Then a set M C TR(n) forms a mazimal submonoid of
(AP U {4} 01, 05q) iff there is a mazimal subsemigroup (B;o) of (A;o0)
such that M = B"P U {g;4}.

Proof. Suppose that (M;oy,, 0;4) is a maximal submonoid of (A™PU{o4};
on,0:q). Then there is a set B C A such that B"P U {o;,q} = M. Since
en & A, 05q ¢ AMP and thus (A"P;0,,) forms a semigroup. Hence M \ {o;q}
forms a semigroup, in particular, (M \ {o;4}; o) is a maximal subsemigroup
of (AMP; op,). This implies that (B; o) is a maximal subsemigroup of (4; o) by
Proposition 3. Conversely, suppose that (B;o) is a maximal subsemigroup
of (A;0) such that M = B"™PU{o;4}. Then (B™P;0}) is a maximal subsemi-
group of (A"P: o,) by Proposition 3. Thus (M U{c}) = (BMP U {0, 0;4}) =
(B"WP U {o}) U {oia} = AP U {04} for all o € (A"P U {0;q}) \ M. This
shows that (M; oy, 05q) is a maximal submonoid of (A"P U {z;4};0n,04). @

For the set TRa(n) := Ig;%p U{oiq} we have
Corollary 20. Let 1 <n € N. Then the following monoids are all mazimal

submonoids of (TRa(n);on,0i): (AMP U {oi4};0n,0:4), where (A;0) is a
mazimal subsemigroup of (I 2;0).
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The maximal subsemigroups of (I, 2;0) are listed in [12]. For example, let
us consider the case n = 4.

Example 21. Let n = 4. Then we have TR2(4) = {0 (a0, ws,21,0) | 1 <1 <
4} U {Uf(xmfi,xi,xj) |1 <i<j<4pu {Uf(xi@i,xj,xj) [1<i<j<4}
U {0s@iejaesey | 1 <@ < j < 4} U{oia}. There are eleven maximal
submonoids of (T'R2(4); op, 0i4), namely

Aij =TRo(O\{O (0 2i21.2))» O f(wiws,wy,05)2 O flas g agey)  fOr 1< < j< 4
Ay =TRy(H\{0f(2; )22 | 1 <1 <j<4 and i+j#3}
Ay =TRo(WD\{0f(asvimiey) | 1 Si<j<4 and i+j#T}
Az =TRy(A\({0 (21 ,21,21,2) | 2 < T <4 UL0f(0) 01,050y |2 <5 < 4})
Ay =TRy(A\({0f(w0)2,0,) | 1 <1< j <4 and i+j#3,7}) U

{0 @iasaiay) | 1 << <4 and i+j# 3,7}

As = TR2(4)\{O-f(a:¢,mi,:vj,:vj) ‘ 1<i<j<4 and 1j# 6}
For the set TRi(n) := ohwp {04} we get

Corollary 22. Let 1 < n € N. Then the following monoids are the mazimal
submonoids of (TRy(n);on,0i): (AMP U {oi4};0n,0:4), where (A;0) is a
mazximal subsemigroup of (Op;o).

The maximal subsemigroups of (Oy;o) are listed in [16]. For example, let
us consider the case n = 4.

Example 23. Let n = 4. Then we have TR1(4) = TRy(4) U{0f(z; 2;.2;.21) |
1<i<j<l<4pu {Uf(ﬂﬁi@j,xj,xz) [1<i<j<l<4pU {Uf(xi,xjﬂfmﬁl) |
1 <i < j <1l<4}. There are ten maximal submonoids of (T'R1(4); op, 0i4),
namely
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B ji=TRi(\{0f(w; 25,2;,20)1 Tf(wi oy 2)s O f @iy aray) b LOT
1<i<ji<li<A4

B =TRi(A\{0f(a, )20 | 1 <0 <j <1< 4}
By =TRi(O\0f (a1 ws.e5.00)r T flansasesea)s O f(wr,as,aawa)s O f(owseaas) )
By =TRi(A\{0f(;,2;2020) | 1 <1 <7 <3}
By =TRi(A\{0f(e1 21,212y | 2 <1< <4}
By =TRi(A\0f(21,21,20,03) T f(w1,01,20,04)1 O f (w1 ,02,30,23)1 O f(z1,09,32,24) }
Bs = TR1(4)\{0 f(21,21,09,24)» T f(w1,01,23,04) O f(21,02,00,00) O f(21,03,34,04) ) -

For the set TRyon(n) := MRy {074} we have

Corollary 24. Let 1 <n € N. Then the following monoids are all mazimal
submonoids of (T Ryon(n);on,diq): (AM™P U {cia};on, 0i), where (A;0) is a
mazximal subsemigroup of (M,;o).

The maximal subsemigroups of (M,;o) are listed in [13]. For example, let
us consider the case n = 4.

Example 25. Let n = 4. Then we have TR
{Uf(xi,xi,xi,xj) ’ 1< j <1 < 4} U {O-f(mi,xi,xj,xj) ’
{Uf(xi,xj,xj,xj) ‘ 1< .7 <1 < 4} U {Uf(a:i,xi,xj,xl) ‘ 1<
{O’f(xi’xj@j@l) ’ 1<l < j << 4} @] {O’f(ggi@j’xhxl) ’ 1

There are eleven maximal submonoids of (T'Ruon(4);0n,0:4), namely
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Ci g1 = T Rinon(D)\{0 f(21,25,25,21) O f(ws,2,2;,20) O f(wssa g anar)s O f (enang i)
O f(ay,aja)@)0 Of(eragaies) t fOr 1 <i<j<l<4
C1 = TRunonW\{0 f(apsar500) | 1 <0< j <1< AW
{af(wl,xj,xj,xi) |1<i<j<i<4}u
{0f@rap e | 1 <1< j <1< 4})
Cy = TRmon(4)\({Uf(xi,a:j,a;j,a;l) ’ 1<i<j<i< 4} U {Uf(xl,a;j,xj,x,-) ‘
1<i<j<li<4})
Cs =T Ruon(D)\0 (21 03,03,24)1 O f(@2,03,03,24) O f(01,23,08,28) O f (22,03,24,24)

O f(aayws,ws,ar) O f(za,ws,ws,wa)s O f(zaws,ar,an)s O f(a,ws,aawa) |
Cy = TRmOn(4)\({O-f(33i,"ﬂj,m4,m4) [1<i<j<3}uU {Jf(u,fvj@wi) |
1<i<j<3})
Cs  =TRmon(H\({0s(21,01,01,25) |2 <8 <F <4 U{04(2;,2;,2021) |
2<i<j<4})
Co  =TRmon(D)\0 (a1 21,22,23)1 Tf(@1,21,22,24) Of (1,02,02.,83)> O f(21,02,02,04)
O flesesseaner)r O f(eaaaaaas)s O f(ws,aa,ae,ai)s O f(aanaaar) )
Cr = TRuon(A)\0 (21 21,209,040 Tf(21,01,23,04)1 O f (21 ,00,34,04)1 O f(21,03,04,24)

O f(z4,22,21,21)7 O f(24,23,71,21)1 O f(24,24,22,21)> O-f(w47$47$3,r1)}'
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