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� ��� �	��
��	 � ���	� ��� ��
������ � ��
�� � ���  � ��� � � ��� � � � � � � � ��
�� � ���! � � � � � � ��� � � ��� �"�
� #$��� �	 � � ��% &

S = (S;∨, 1) ' � � �(� �	�")	� � �� � ��� �*
�� � �+%,����� �	 � � �-%"& ≤ '�.  �
p ∈ S

#	� �	�*� �"� � � / � �
[p, 1]

 0
S
� �1� � � � � �-�!2 3 4 5 6 7 8 '*9 ��� ����� �� : 0 [p, 1]

� � � 
� � � � � 0�� �*� � � � � ���-2 3 4 5 6 7 8�; <+=�; > >	6 8 ? ':@ :�"� � � � � ��� )	� ����� ����� �� �*0  ���"� � � � �	� �� � � � �  �	� #�
��(
�� � �A)	� �(� �	�*�	 � � � �  �

x 7→ xp
0  �

x ∈ [p, 1] ' � 0 S � �1� �	�� 
�� �
�� � �!�(� � � � �  �	� �	��� ����� �� � ��� /"� � &�� � � � �  �,#
S

�� � ��%,��� � � � � ����2 3 =�6 < ; 5 5 6 4 3(B$6 5 C

2 3 4 5 6 7 8	; <A=�; > >	6 8 ? 2 '
.  ���:� � ��� � � � � � � � S = (S;∨, 1)


�� � �D� � � � �  �	� ����� ����� �� ��
������ E��	��� �	�
�  � � � � � � ��; 2 2 6 ? 8�3 F�7 >�3 G ; 5 6 7 8

◦
� ��0  � �  
1� H

x ◦ y := (x ∨ y)y.

I � �	� �
x ∨ y ∈ [y, 1]

#
◦
� ��
�� � � � ��� E��	� �� �

S
� �	��� �	���	� 
J� � � )	� � )�� ��
�� � ��%,�

��� �	 � � �!% &
S∗ = (S;∨, ◦, 1) '� ��� ��� � � � � &!� � � �!� �	� ��� �	�10  � �  
�� �� ����  ��� � � � � ���	 � �!� �

S∗
H

# � &
x ◦ y ∈ [y, 1]

#�� ' � ' # (x ◦ y) ∨ y = x ◦ y
0  �1� � �

x, y ∈ S K
# ��&

(x ∨ y) ◦ y = x ◦ y
0  ��� � �

x, y ∈ S K
# L�&

x ◦ y = xy
0  �1� � �

y ∈ S
� �	�

x ∈ [y, 1] '
M  � /"� � � � � & #"� � �

S∗ = (S;∨, ◦, 1)
%������  � ��� � � ��� � � � � � � ��
�� � �!�( � � � � � � ��� � � ��� �"�

�*� �	�:��%�� �	� � &: �,� � � � �  �
◦
� � � � � 0 &"� �� �# � &�� �	�<# ��& ' � 0A
��*��� E��	� xp := x ◦ p0  ��� � &

p ∈ S
� �	�

x ∈ [p, 1]
#+� �	� �

S = (S;∨, 1)
� ���-� � ��� � � � � � � ��
�� � �

� � � � �  �	� �,��� ����� �� � '
. )�� � �	� � �� � � #�)	� � �� �# � & N	# L�&+ �	�1� � �!� � � � � &�� �	� � O�� �	� �+� �	����� ����� �� � S 7→

S∗
� �	�

S∗ 7→ S
� � ��� � /"� � � ��%�� � � � � �  �	�(%,� � 
�� � ��� �	��� � � � �* 0�� � ��� � ��� � � � � � � � �


�� � �D� � � � �  �	� �+��� ����� �� "�*� �	�-� �	��/ � � � � � &� 0�� � ��� � � )	� � )�� � �
(S;∨, ◦, 1)


��	� � �
(S;∨, 1)

� ���1�  � ��� � � ��� � � � � � � �(
�� � ���(� �	�
◦
� � � � � E	� �g# � &�� �	�=# � & '

9 � � � � �  �	� �A��� ����� �� x 7→ xp
 �

[p, 1]
� �1� � � � � �-�!2 B$6 5 4 C"6 8 ?!=�; > >	6 8 ?*� 0

� �	�(0  � �  
�� �� ��	 � ��� H

xp = p if and only if x = 1,

xp = 1 if and only if x = p.

P���� � &-� �	� �
S
� �*�:� � ��� � � � � � � ��
�� � ��2 3 4 5 6 7 8	; <$2 B$6 5 4 C"6 8"?-=�; > >	6 8 ? 21� 0

S
� �*�

� � ��� � � � � � � �(
�� � �:� � � � �  �	� �,��� ����� �� ��
���� � �-� � �A� � �(� 
�� � � ��� �� ���� ����� �� � '
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��� �����������,3 5
S∗ = (S;∨, ◦, 1) � 3(5 C�3(; < ? 3 � G ;�; 2 2 6 ? 8	3 F�5 7�;*2 3 =�6 < ; 5 5 6 4 3(B$6 5 C2 3 4 5 6 7 8	; <,2 B$6 5 4 C"6 8 ?�=�; > >	6 8 ? 2 ����C�3 8

S∗
2 ; 5 6 2 �+3 2(5 C�3�� 7 < < 7 B$6 8 ? �

# !�&
x ≤ y

6 �*; 8	F�7 8	< "�6 �
x ◦ y = 1 #

# $�&
x ∨ y = 1

6 �*; 8	F�7 8	< "�6 �
x ◦ y = y #

# %�&
x ◦ x = 1, x ◦ 1 = 1

; 8�F
1 ◦ x = x

�

& 7 8�' 3 G 2 3 < " (D2 ) > >"7 2 3 5 C�; 5
S∗

2 ; 5 6 2 �+3 2¿# !�& N	# %�& #�5 C�3 8
S = (S;∨, 1)

6 2 ;
2 3 =�6 < ; 5 5 6 4 3�B$6 5 C�2 3 4 5 6 7 8	; <�2 B$6 5 4 C"6 8"?�=�; > >	6 8"? 2 �

Proof.
� 0

x ≤ y
� �	� �

x ∨ y = y
� �	���	� �	� �

x ◦ y = (x ∨ y)y = yy = 1 'M  � /"� � � � � & #
x ◦ y = 1

&"� � � ���
(x ∨ y)y = 1

#�0 �  �J
���� � �:
��1� ��0 � �
x ∨ y = y� �")	�

x ≤ y '� 0
x ∨ y = 1

� �	� �
x ◦ y = (x ∨ y)y = 1y = y ' M  � /"� � � � � & # x ◦ y = y

&"� � � ���
(x ∨ y)y = y

#�
���� � �:� ����� � � �
x ∨ y = 1 '

. )�� � �	� � # 1 ◦ x = x
0  � �  
1�*0 �  � # $ & #+� �	�

x ◦ x = 1, x ◦ 1 = 1
0  � �  


0 �  � # !�& '
@ �	� � � �  �	� � � � � � ��� �"�  0�� �	�+*,� ����� 0  � �  
1� � � � � �  �"� 0  � 
�� � � 0 �  �

# !�& N	# %�& '
� �D
��	� ��0  � �  
1� #$
��!� � � ��� � � 

S∗ = (S;∨, ◦, 1)
�-� � ��� � � � � � � ��
�� � �D� � � � �  �	� �

# � 
�� � � ��� �� �&���� ����� �� ��� �:� � � �(� �	� ��� �1�  � � � � �� �	����� �� )	� �-��� � � )	� � )�� �(% &!� �	�
%�� � � � � �  �-��� E��	� �!� %� /"� '

.  �*� ��� �  "� %�� � A = (A;F )
#,��� �	 � ��% & M  �

A
� �	�*� � � � � � �� 0�� � �$�  �� � )��

� �	� � �� �
A
# 
�� � �:� � � �,� � ��� �� � ��� �	� � )	� �  �	& #�� ' � ' #�� �	�(� � � � � � �* 0$� � �A� , )�� / � � � �	� �� � � � � �  �	�

Θ
 �

A

���� � �:� � �1� )�%	� �  "� %�� � �� 0,� �	�(� �  � %�� �

A×A ' � ���	� � � � � )�� � � #0  �(�!� � ��� � � � � � � �
S∗ = (S;∨, ◦, 1)


�� � �-� � � � �  �	� �$��� ����� �� "� # M  �
S∗
��� �	 � � �

� �	�*�  �� � )	� �	� �(� � � � � � �( 0
S∗ '-1 � ��� �	� �+� �	����� � �

∧
� ��� �	��� � � � � � � M  �

A
� �$ � / � ��% &�� �	��� � � � � �	�  � � � � � � �

� �"� � � � � � � �  �,#	� ' � ' # Θ1 ∧Θ2 = Θ1 ∩Θ2

0  ��� � �
Θ1,Θ2 ∈

M  �
A '$.  � x ∈ A

� �	�
Θ ∈

M  �
A
#
[x]Θ

��� �	 � � ��� �	�*�  �� � )	� �	� �*� � � � �� 0
x

 ' � ' � ' Θ '

9 �:� �  "� %�� � A = (A;F )

�� � �:���  �	� � � � �*�(� ��� � � � � ��F 6 2 5 G 6 � )"5 6 ' 3�; 5$�(� 0

[1](Θ ∩ (Φ ∨ Ψ)) = [1]((Θ ∩ Φ) ∨ (Θ ∩ Ψ))

0  �1� � &
Θ,Φ,Ψ ∈

M  �
A
# 
��	� � �

∨
� ��� �	���  � �!� �!� �	�(� � � � � � � M  �

A
& K
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A
� ��>"3 G =�)"5 ; � < 3�; 5$�1� 0

[1](Θ • Φ) = [1](Φ • Θ)

0  ��� � &
Θ,Φ ∈

M  �
A
# 
��	� � �

•
��� �	 � � �-� �	��� � � � � �  �	� ����� "�")	� � & ' @ �	�0  � �  
�� �� �� � � )�� ��� ����� � � � �  �"� 0  � 
�� � �:��"�"� E	� � � �  �- 0 @ �	�  � � ��� ' L ' ��� ��� � � '

��� ������� ����8�; < ?"3 � G ;!7 �*; ' ; G 6 3 5 "
V
B$6 5 C:4 7 8"2 5 ; 8�5���6 2 � 7 5 C-F 6 2 5 G 6 � )"5 6 ' 3�; 5�:; 8	F�>�3 G =�)"5 ; � < 3!; 5���6 ��; 8�F:7 8�< "�6 ��5 C�3 G 3�3 � 6 2 5 2�; � 6 8�; G "�5 3 G = t(x, y)

2 )�4 C
5 C�; 5

t(x, x) = 1, t(x, 1) = 1 and t(1, x) = x.

	+& *,� ����� � #�� / � � & � � ��� � � � � � � �D
�� � � � � � � �  �	� �!� 
�� � � ��� �� ��� ����� �� ��� ���
��� �*%,� �� 0���/ � � � � � & 
�� � � ��%�� �	� � & � � � �

t(x, y) = x ◦ y
� � � � � 0 &"� �� � �	�

� ��� �"� � � � � �1 0*,� ������� '�
 � �	� � #�
��1� ��0 � ��� ����� �"� � � � � &�H

���� �� � � � � ������' 3 G "-2 3 =�6 < ; 5 5 6 4 3
S∗ = (S;∨, ◦, 1)

B$6 5 C�2 3 4 5 6 7 8	; <+2 B$6 5 4 C"6 8"?
=�; > >	6 8 ? 2*6 2*F 6 2 5 G 6 � )"5 6 ' 3�; 5���; 8�F(>"3 G =�)"5 ; � < 3�; 5+� '

M � � �
S∗ = (S;∨, ◦, 1)

�D2 3 =�6 < ; 5 5 6 4 3:B$6 5 CD2 3 4 5 6 7 8	; <16 8�' 7 < )"5 6 7 8"2�� 0*� /"� � &
� � � � �  �	� ����� ����� �� �� ��� ��� � /" � )�� �  �,#+� ' � ' # xpp = x

0  ��� � � �
p ∈ S

� �	��� � � �
x ∈ [p, 1] '
��� ������� �
�,3 5

S∗ = (S;∨, ◦, 1) � 3:;!2 3 =�6 < ; 5 5 6 4 3�B$6 5 C-2 3 4 5 6 7 8	; <+=�; > >	6 8"? 2 ���C�3 8
S∗
6 2�;�2 3 =�6 < ; 5 5 6 4 3�B$6 5 C!2 3 4 5 6 7 8	; <A6 8�' 7 < )"5 6 7 8"2�6 ��; 8	F!7 8	< "�6 �*6 5+2 ; 5 6 2 ��3 2

5 C�3*6 F 3 8	5 6 5 "
(x ◦ y) ◦ y = x ∨ y

�

Proof.
I )����� � ��� �	� ��� / � � &�� � � � �  �	� ����� ����� �� -� ��� ��� � /" � )�� �  � ' P����	� /"�

(x ∨ y)y ∈ [y, 1]
#	� ' � ' # y ≤ (x ∨ y)y

� �	���	� �	� �

(x ◦ y) ◦ y = ((x ∨ y)y ∨ y)y = (x ∨ y)yy = x ∨ y.

M  � /"� � � � � & #�� )����� � �
x ∈ [p, 1]

0  �
p ∈ S '+@ �	� � p ≤ x

� �	�

xp = x ◦ p (by (3)), i.e., xpp = (x ◦ p) ◦ p = x ∨ p = x

� �")	��� /"� � &:� � � � �  �	� �,��� ����� �� �� ��� �!� �"/  � )�� �  � '
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� � ��� � � �����$/ � � & � � ��� � � � � � � �
S = (S;∨, 1)

� � � %,���  �	� � ��� � � � � �D�
� � ��� � � � � � � �-
�� � � � � � � �  �	� �*� 
�� � � ��� �� �� �"/  � )�� �  �	� ' -1� ��� � & #�0  �!� � &

p ∈ S
��*� � �:��� E��	�
x 7→ xp

� ��0  � �  
�� H

1p = p, pp = 1 and xp = x for x 6= p, x 6= 1.

� 0*�  )�� � � #�� �	� � �!��� ����� �� �!� � �:%, � ��� � /" � )�� �  �	�:� �	� � 
�� � � ��� �� D��� ����� �� � '

 � �	� � #�
��(� � �:� � � � � H
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x ◦ x = 1, 1 ◦ x = x, x ◦ 1 = 1.
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(x, y) ∈ Θ if and only if x ◦ y , y ◦ x ∈ [1]Θ.

Proof.
I )����, � �

(x, y) ∈ Θ '$@ �	� �:� � � 

(x ◦ y, 1) = (x ◦ y, y ◦ y) ∈ Θ and

(y ◦ x, 1) = (y ◦ x, y ◦ y) ∈ Θ, i.e., x ◦ y, y ◦ x ∈ [1]Θ.
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x ◦ y, y ◦ x ∈ [1]Θ ' @ �	� � (x ◦ y, 1) ∈ Θ
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(x ∨ y, y) = ((x ◦ y) ◦ y, 1 ◦ y) ∈ Θ

� �	�
(x ∨ y, x) = ((y ◦ x) ◦ x, 1 ◦ x) ∈ Θ '
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(x, y) ∈ Θ '
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Θ ∩ (Φ ∨ Ψ) = (Θ ∩ Φ) ∨ (Θ ∩ Ψ)
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x ◦ z ≥ (x ∨ y) ◦ z.
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*,� �+� /"� � &�� � � � �  �	� ����� ����� �� (%,��� �"� � �  �	� ' I � �	� � z ≤ x∨z ≤ x∨y∨z
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x ◦ z = (x ∨ z)z ≥ (x ∨ y ∨ z)z = (x ∨ y) ◦ z.
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x, y ∈ [z, 1]
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yz = y ◦ z = (x ∨ y) ◦ z ≤ x ◦ z = (x ∨ z)z = xz
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# 9 � & 1 ◦ x = x
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# 9 ��& (x ◦ y) ◦ y = x ∨ y
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# 9 L�& ((x ∨ y) ◦ z) ◦ (x ◦ z) = 1.

Proof.
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S∗ = (S;∨, ◦, 1)
� � � � � 0 &A# 9 � & #�# 9 ��&1� �	�G# 9 L�& ' � 0 a ◦ b = 1
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a ∨ b = (a ◦ b) ◦ b = 1 ◦ b = b thus a ≤ b.
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x, y ∈ [p, 1]
B+3(C�; ' 3

x ∧p y = ((x ◦ p) ∨ (y ◦ p)) ◦ p.

Proof.
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(xp ∨ yp)p = ((x ◦ p) ∨ (y ◦ p)) ◦ p
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x ◦ (y ∨ z) = ((x ∨ y) ◦ z) ∨ y ∨ z for all x, y, z ∈ S.
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z ≤ y ∨ z ≤ x ∨ y ∨ z
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(x ∨ y ∨ z)y∨z = (x ∨ y ∨ z)z ∨ y ∨ z,

i.e., x ◦ (y ∨ z) = ((x ∨ y) ◦ z) ∨ y ∨ z.
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x ≤ y implies x ∨ (y ∧ x′) = y
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x ≤ y implies y ∧ (x ∨ y′) = x.
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1 = xx = xp ∨ x.
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