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Abstract

In this paper we consider different relations on the set P(V') of all
proper hypersubstitutions with respect to a given variety V and their
properties. Using these relations we introduce the cardinalities of the
corresponding quotient sets as degrees and determine the properties of
solid varieties having given degrees. Finally, for all varieties of bands
we determine their degrees.
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1. INTRODUCTION

Let 7 be a fixed type with fundamental operation symbols f;, ¢ € I, where
fiis nj-ary. Let W;(X) be the set of all terms of type 7 on an alphabet X =
{z1,z9,...}. A hypersubstitution of type 7 is a mapping which associates
to every operation symbol f; a term o(f;) of the same arity as f;. Any
hypersubstitution o can be uniquely extended to a map & on W, (X) which
is inductively defined as follows:

(i) If t = z; for some j > 1, then &[t] := z;.

(ii) If t = fi(t1,...,tn,) for some n;-ary operation symbol f; and some
terms t1,...,tn,, then 6[t] := o(fi)([t1],...,0[tn,])-
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The left hand side of (ii) means the composition of the term o(f;) and
the terms &[t1],...,0[ty,]. We can define a binary operation oj on the
set Hyp(T) of all hypersubstitutions of type 7 by letting o1 oj o2 be the
hypersubstitution which maps each fundamental operation symbol f; to the
term o1[oa(fi)]. The set Hyp(7) forms a monoid since the operation oy, is
associative and the identity hypersubstitution o;4 which maps every f; to
fi(z1,...,zp,) acts as an identity element.

Hypersubstitutions can be applied to equations as well as to algebras.

Let A = (A4; (f;i)icr) be an algebra of type 7 with n-ary fundamental
operations f;, ¢ € I. For a hypersubstitution o € Hyp(r) we denote by
o(A) = (A; (o(f;)Y)ier) the derived algebra, where the fundamental opera-
tion f; “D of the derived algebra is given by f; “ o fZ)A for every i € 1.
From this equation one gets t*) = o()? for all t € W,(X) by induction
on the complexity of terms. If K is a class of algebras of the same type and
if 0 € Hyp(r), then we define o(K) = {o(A) | A € K}. If V is a vari-
ety of algebras of type 7, then o(V) is in general not a variety. Let v, (V)
be the variety generated by o(V'). The variety v, (V) is called the derived
variety from V by o. One can ask for varieties V containing any derived
variety as subvariety. Those varieties can be characterized by hyperidenti-
ties. Let s ~ t be an identity satisfied in a variety V of algebras of type
7. We write V |E= s & t. Then s ~ t is called a hyperidentity satisfied in
V if 6[s] &~ &[t] is an identity in V for all 0 € Hyp(r). If in a variety V
every identity is satisfied as a hyperidentity, then V is called solid. For a
submonoid M C Hyp(7) we speak of an M-hyperidentity and an M-solid
variety, respectively. It is well-know (see [4, 10]) that a variety V satisfies
d[s] ~ &[t] whenever o(V) satisfies s ~ t and conversely. From this
connection between derived classes and hyperidentities follows that a
variety V' is solid iff it contains all derived varieties v,(V). We are
interested in identities which are invariant under applications of all
hypersubstitutions. Conversely one can look for all hypersubstitutions
which preserve all identities of a given variety V. Those hypersubstitutions
are called V-proper ([11]). Let P(V') be the set of all V-proper hypersubstitu-
tions for a variety V. Since every equation is invariant under the application
of 0,4, the set P(V') contains at least o,4. P(V) is equal to Hyp(7) if and
only if V is solid.

As usual we denote by IdV the set of all identities satisfied in a variety
V and by ModX for a set ¥ C W,(X)? of equations of type 7 the class of
all algebras of type 7 where any equation from X is satisfied as an identity.
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If we want to test whether an identity s ~ t is satisfied as a hyperidentity
in a variety V, we have to apply all, that means infinitely many
hypersubstitutions to s &~ ¢t. In [11] the author introduced an equivalence
relation ~y on Hyp(r) which allows to restrict this checking to one
representative from each ~y-block. If we have a bigger relation (with
respect to set inclusion), we have less blocks and checking for
hypersatisfaction is less complex supposed that this relation has the
property described before. One of our problems is to find the greatest binary
relation having this property.

2. BINARY RELATIONS ON MONOIDS OF HYPERSUBSTITUTIONS

Let Hyp(7) be the monoid of all hypersubstitutions of type 7 and let M
be a submonoid. In [11] the author defined the following binary relation on

Hyp(T).

Definition 2.1. Let o1, 09 € Hyp(7r) and let V' be a variety of type 7.
Then o1 ~y o9 iff 01(f;) = o2(f;) € IdV for all i € 1.

It is clear that ~y is an equivalence relation on Hyp(7). The relation ~y can
be restricted to submonoids of Hyp(7) and the restricted relations ~y | M are
equivalence relations on M. From the definition of ~y one obtains &1[t] ~
g2t] € IdV for any term ¢t € W, (X) whenever o1 ~y o9. Further, it is quite
easy to see ([11]) that the monoid P(V') of all V-proper hypersubstitutions
is saturated with respect to ~y. This means that P(V') consists of full blocks
with respect to ~y, i.e. if 01 ~y 09 and o1 € P(V), then o9 € P(V). This
can also be expressed by:

o1~y og ANVs=teldV (5‘1[5] ~ 6’1[t] € ldV = 5’2[8] ~ 5‘2[t] S IdV)

This implication makes clear that the relation ~y has the desired property:
checking for hyperidentities we can consider the quotient set Hyp(7)/~v
and select one representative from each ~y-block for checking. Since ~y
in general is not a congruence relation on the monoid Hyp(7), the quotient
set Hyp(T)/~v is in general not a monoid. Since for a variety V and for
any hypersubstitution o € Hyp(7) we have &1[o(f;)] = d2[o(f;)] € IdV for
all 4 € I whenever o1 ~y 09, the relation ~y is a right-, but it in general
not a left congruence. But the restriction ~y|P(V) is a congruence on
P(V). Another interesting property of ~y was proved in [3]. For any set
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¥ C W,(X)?, we let < ¥ > denote the deductive closure of ¥ (see e.g. [1],
p.94), i.e. the set IdModX which can be obtained from ¥ by application
of the five rules of algebraic derivation. Let M C Hyp(7) be a submonoid.
Binary relations on monoids of hypersubstitutions were studied in [3]. We
want to recall the following results. For a binary relation » C M? we define
e(r) :={o1(fi) = 02(fi) | (61,02) € r, i € I}. Then in [3] was proved:

Proposition 2.2. Let M C Hyp(t) and r C (Hyp(T))2.

(i) There exists a variety V of type T such that r =~y iff r is deductively
closed on Hyp(T).

(ii) There exists an M-solid variety V' of type T such that r =~y iff r
is deductively closed on Hyp(T) and {(copo1,00p02) | 0 € M, (01,02)
eryCr.

(iii) If r C M? then there exists an M-solid variety V of type T such that
r = ~y|M iff r is deductively closed on M and r is a congruence
on M.

In [6] we defined the following binary relation on Hyp(T):

Definition 2.3. Let o1, 09 € Hyp(7) and let V' be a variety of type 7.
Then o1 ~y_;s 02 iff for all algebras A in V' we have o1(A) = 09(A).

The relation ~y _;g, is also an equivalence relation on Hyp(7). In [6] was
proved that P(V') is saturated with respect to ~y_;s5. One moment’s
reflection gives that ~y _;s, contains ~y as a subrelation. Indeed, if
o1 ~y o9, then o1(f;) ~ o9o(f;) € IdV for all i € I and then for all
algebras A € V we have o1(f;)* = o0o(f;)* for the term operations
on A induced by o1(fi) and oa2(f;). But then o;(A) = o2(A) for all
algebras A € V and therefore o1 ~y_;s0 02.

Moreover we prove:

Proposition 2.4. Let V be a variety of type 7. The relation ~vy_;so|P(V)
is a congruence on the monoid P(V') of all V-proper hypersubstitutions.

Proof. We prove that ~y_;s|P(V) is a left and a right congruence on
P(V). Assume that 01 ~y_is|P(V) 02 and that o € P(V). Since 0(A) € V
we have 01(0(A)) = o3(c(A)) for all A € V. We mentioned earlier the
equation f-a(A) = o(f;)” for all i € I. These equations give f-(fl(U(A))

(2 (2

a1 (fi)7 W = 6o (fi)}* = (0 0 01)(fi)* and thus o1(a(A)) = (0 05 01)(A)
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and then o oy 01 ~y_iso|P(V) 0 op, 09. Since isomorphic algebras have
isomorphic derived algebras, from o;(A) = 02(.A) there follows o(o;(A)) =
o(oa(A)) for all A € V and thus o1 oy, 0 ~y_iso| P(V) 02 0 0. |

We mention that both parts of the proof need that the derived algebras
belong to V and this is only guaranteed when o, o1 and o9 € P(V).
Therefore the relation ~y_;s, is not a congruence on Hyp(7). But for a
solid variety V we have P(V) = Hyp(7) and then ~y_;s, is a congruence

on Hyp(r).
The third relation which we want to consider is defined by:

Definition 2.5. Let 01, 09 € Hyp(7) and let V' be a variety of type 7.

Then o1 &, 02 iff V5, (V) VV =04, (V) V V.
Again we have an equivalence relation on Hyp(7) and we prove

Lemma 2.6. Let V be a variety of type 7. Then P(V') is saturated with
respect to /.

Proof. Let oy ~, o9 and let ¢1[s] ~ d1[t] € IdV for all s ~ ¢ € IdV.
Then Id(vy, (V)VV) = Id(vs,(V)VV) we get Idv,, (V)NIAV = Idvs, (V)N
IdV. Since from o1[s] & d1[t] € IdV there follows s = t € Ido1(V') we have
s~te ldo(V)NIdV,so s =t € Idvs, (V)N IdV implies oa[s] ~ calt]
€ IdV. u

Proposition 2.7. Let V be a variety of type 7. Then the cardinality of the
quotient set P(V')/ =1, |P(V') is 1.

Proof. Let 01, 09 € P(V). We want to show that o N{/ |P(V)oa.
Let s ~ t € Id(vy, (V) VV) = Idvs, (V)N IdV. Then from s ~ ¢t € IdV
there follows o2[s] & dg2[t] € IdV since o9 € P(V). By using the conjugate
property, we obtain that s ~ t € Idoa(V) = Idvs, (V). Then there follows
st e Idv,,(V)NIAV = I1d(ve,(V)VV). So Id(ve, (V)VV) C Id(vs,(V)V
V). Similarly we can show that Id(v,,(V)VV) C Id(vs, (V)VV). Therefore
o1 zv |P(V)ogy. This shows that |P(V) ;uv |[P(V)| = 1. |

Since P(V) %V |P(V') consists of precisely one block, the relation zv is the
greatest equivalence relation on Hyp(7) such that P(V') is saturated with
respect to this relation.
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Theorem 2.8. Let V be a variety of type 7 and let r C Hyp(7)? be an

equivalence relation. Then P(V') is saturated with respect to r iff r C~4,.

Proof. The first direction is clear because of the previous remark. Con-
versely, assume that r Q%{,, then from (o1,092) € r, there follows o4 %{/ o3
and then Idoi(V) N IdV = Idoy(V) N IdV. This means that for all
s &~ t € IdV there holds: if d1[s] = d1[t] € IdV, then oas] ~ d2t] € IdV
and therefore P(V) is saturated with respect to . ]

The forth relation which we want to consider is defined by:

Definition 2.9. Let o1, 09 € Hyp(7r) and let V' be a variety of type 7.
Then o1 ~y o3 iff vy, (V) = v4,(V), i.e. if the derived varieties are equal.
Clearly =~y is an equivalence relation on Hyp(7) and %VQ%{/. Then from
Theorem 2.8 we obtain

Lemma 2.10. Let V be a variety of type 7. Then P(V') is saturated with
respect to =y .

If 01 ~y_iso 02, i.e. if for all A € V we have 01(A) = 05(A), then v,, (V) =
Vg, (V) and thus 1 &y 09 and this means ~y 5, Croy .

Since 01(02(A)) = (02 op 01)(A) we have o1(02(V)) = (02 01, 01)(V)
and then vgyo,0, (V) = Modld(og o, 01)(V) = Modldoi(ModIdoay(V))

= Uy, (Vgy (V) since

o1(Modldoy(V)) E s~ t
&  Modldos(V) |= o1[s] = d1]t] by the conjugate property

& d1[s] = d1[t] € IdModIdoo(V') by a property of the Galois
connection (Mod, Id)

& o1ls| = a1[t] € Idoa(V)

& 0a(V) Eaifs] = a1t

& V(0204 01)[s] & (0205 01)[t] by the conjugate property

& (o20p01)(V) Es~t.

This means Idoi(ModIdoo(V)) = Id(o2 o, 01)(V') and therefore ModIdo
(Modldoy(V')) = Modld(oa0p 01)(V) and thus vg, (Vs (V) = Uayoper (V).
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Using this property we are able to prove:

Proposition 2.11. Let V be a variety of type 7. The relation =~y is a right
congruence on Hyp(T).

Proof. 1If 01 =y o9, then v, (V) = vy, (V) and thus v,(ve, (V)) =
Vg (V5o (V) and then vg,0,0(V) = Vgyo,0(V) and this means oy op 0 =y
oy o 0. Therefore ~y is a right congruence on Hyp(r). [

3. THE DEGREE OF PROPER HYPERSUBSTITUTIONS

In [6] for any variety V the cardinals d,(V) = |P(V)/~y |P(V)]
and isd,(V) = |P(V)/~v_iso |P(V)| were introduced. The inclusion
~y Cry_iso implies dp(V') > isd, (V). Now we define id,(V') := |P(V)/~y
|P(V)]. In [9] the author introduced the dimension of a variety V as the
cardinality of the set of all proper derived varieties v, (V) of V. Clearly,
dim(V)+1 =id, (V). Since ~y_;50C~y we have dy,(V) > isd,(V) > id, (V).
In [6] was proved that for a non-trivial solid variety of type 7 = (n;);cs such
that n := max{n; | i € I} exists we have d,(V') > [[,c;ni +n" —n. Here
we want to prove a similar result for id,(V). But first we prove two
propositions for projection hypersubstitutions, i.e. hypersubstitutions which
map any operation symbol to a variable.

Proposition 3.1. Let V' be a non-trivial variety of type T = (n;)ic; which
has at least one operation symbol with an arity greater than 1 and assume
that o1, oo are different projection hypersubstitutions. Then o1 %y 0.

Proof. If g1, 09 are different projection hypersubstitutions of type 7,
then there is an element j € [ with o1(f;) = zpy) # i) = o2(f))
where k(j), 1(j) € {1,...,n;}. Suppose that o1 =y o2. Then Ido(V) =
Idoo(V). For all A € V the derived algebras o;(.A) satisfy the identity
fi(x1,.. . 2n;) = xp(5). Therefore fj(z1,...,2n;) = zp(j) € Ido1(V) =
Idoa(V') and by the conjugate property V' |= d2[f;(21, ..., 2Zn;)] = 71(;) and
thus V' |= 2(j) & x;, a contradiction. [ ]

Proposition 3.2. Let V' be a non-trivial solid variety of type T = (n;)icr
with n; > 0 for all i € I which has at least one operation symbol with an
arity greater than 1 and assume that o is a projection hypersubstitution of
type 7. Then o 2y 044.
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Proof. Let o be the projection hypersubstitution of type 7 defined by
o(fi) = xpq) for all i € I. Suppose that o ~y 0i9. Then Ido(V) =
Ido;q(V) = IdV. Since the type contains at least one operation symbol
with arity greater than 1, there is a projection hypersubstitution o’ which
is different from o, i.e. thereis a j € I with o(f;) = wy(;) # 2135 = o' (f3)-
Since V' is solid, we have o’ € P(V). Clearly, fj(z1,...,2n;) = 2y €
Ido(V) = IdV. So o'[fj(x1,...,2n,)] = Ty(j) & Th(j) = 0'[zr(;)] € IdV and

V is trivial, a contradiction. [ |

Proposition 3.3. A non-trivial variety V of type 7 = (n;)ier is solid and
idy(V)=14ff Vis of type T = (1,1,...) and V = Mod{ fi(z) =z | i € I}.

Proof. LetV be a non-trivial solid variety with id,(V') = 1. Since V is
solid, we have RA; C V where RA, is the variety of rectangular algebras
of type 7 (see [4]). Since o,, defined by o, (fi) = x1 for all i € T and
0y, defined by o4, (fi) = @y, for all i € I are elements of P(V) and since
idy(V') = 1 the identities fi(x1,...,zpn,) = z1 and fi(z1,...,2n,) = @y, are
satisfied in V' and there follows z1 ~ z,, € IdV. Since V is non-trivial, we
get o, = x1 for all ¢ € I. Since f;(x) ~ x € Ido,(V) for all i € I where o,
is the hypersubstitution mapping each operation symbol f; to x and since
ve(V) =V we get V.= Mod{fi(x) = x | i€ I}. The other direction follows
from Proposition 2.6 in [2]. ]

Our aim is to show that for some solid varieties the degree idp(V)
(and a generalization which will introduced later on) has a non-trivial lower
bound which depends on the type of the variety. The way to show this
fact is proving that we have enough proper hypersubstitutions which are
pairwise non-related to each other. We can find such hypersubstitutions
under the projection hypersubstitutions and sometimes under bijection
hypersubstitutions. Later on we need the following lemma about bijection
hypersubstitutions.

Lemma 3.4. Let V be a variety of type 7 and let o be a hypersubstitution
of this type whose extension & is bijective. Then o € P(V) iff 0 =y 04q.

Proof. We remark that hypersubstitutions ¢ such that & are bijective
were characterized in [10], Theorem 6.2.7. If 0 =y 0,4, then v, (V) =V for
the derived variety and then o(V) C V, i.e. o is V-proper. If conversely o €

P(V), then the cyclic group < ¢ > is a subgroup of the semigroup (]3/(17)7 o)
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with P/(Y7) .= {0’ | o’ € P(V)}. Therefore the inverse 6" of the extension

—

of the bijective hypersubstitution & belongs to P(V). If s =~ t € Ido(V),
then 6[s] ~ &[t] € IdV and then also (6 1)[5[s]] = (67 1)[5[t] € IdV, i.e.
s ~ t € IdV and then Ido(V) C IdV which implies V C v,(V). The
converse inclusion is clear since o € P(V'). Altogether we have v, (V) =V
and o &y 0i4. [ |

Let H, be the full transformation monoid of all transformations on
{1,...,n}. Green’s equivalence L is defined on H,, by

fLg:=3hle H, (f=hogand g=1of).

It is well-know that for two transformations f, g we have fLg iff Imf = I'mg.
We define n* = |H,,/L| — n.

For s € H, we define the hypersubstitution ol mapping f; to
[i(@sqys 1 Tym)), s € Hy and f; to fi(z1,- -+ zp,) for any i # j,i € I.

Lemma 3.5. Let V' be a non-trivial solid variety of type 7 = (n;)icr with
n; > 0 for all i € I such that n := max{n; | i € I} exists and let n = n;.
Then for all sy, so € Hy, we have

51 £sy = o, #v ol,.

Proof. Suppose that there are mappings s1, s € H, with s1 £ss, but
ok, ~y ok,. From s1 fss there follows I'msy # I'mss, i.e. there is an element
k € Imss and k € Imsy or conversely. Without loss of generality we assume
that & € I'msg and k ¢ Ims;. Then s1(i) # k for all i € {1,...,n}. Let

j := maxs; (k). We define a mapping s on {1,...,n} by

o) ‘:{ s1(4) if i=k

1 otherwise.
Clearly, s is not the identity mapping since s(k) = si(j), but
s1(j) # k. Now we show that s os; = s; and s o sy # s3. From

k ¢ Ims; we get (s o s1)(i) = s1(i) for every ¢ € {1,...,n} and thus
so sy = s1. Further, (s o s2)(j) = s(k) = s1(j) # k = s2(j) and then
sosy # s3. Now we prove that fi(ws),...,Tsm) = fi(z1,...,20) €
Idol, (V). Since c}gl[fj(a;s(l),...,ms(n))] = fi(®(s081)(1)5 - - + » T(s081)(n))=
[i(@s )5+ Ty (ny) and 6% [fj(w1,. .. 20)]= fij(Tg, 1), Ty (n)) We have
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621 [fj(ms(l), .. ,xs(n))]% 621 [fj($1ﬁ co )] € A I1dV. This implies fj(ms(l)
v Tsny) R fi(@1, .. 2n) € Idody (V) = Ido, (V) and thus

L (@s1ys - s Tom))] & G, Lfj (@1, .. )] € IdV.
The last identity implies

fj(w(sosz)(l) -5 L(s0s2)(n) ) f]( Lsy(1)s - - - 1'52(11)) € [dV

with s o sy # s9. By the claim in the proof of Lemma 3.3 in [6] we have
Ji(®(s082)(1)5 -+ > T(s089)(n)) = [i(Tsp(1)s s Tn(ny) & IdV,

a contradiction and therefore Lemma 3.5 is proved. [ |

Now we prove that no projection hypersubstitution can collapse with respect
to ~y with one of the o’s where s is non-constant.

Lemma 3.6. Let V' be a non-trivial solid variety of type 7 = (n;)icr with
n; > 0 for alli € I such that n := max{n; | i € I} exists and n =n;. Then
for all s € Hy such that |Ims| > 1, for any hypersubstitution of the form ol
and for any projection hypersubstitution o we have o %y o}.

Proof. Assume that o ~y o). Because of Ido(V) =
filz1,...,zn) = x5 € Ido(V) where o(f;) = z;, 1 < ji < n, there
follows fj(z1,...,2n) ~ x5 € Idol(V) and then 6Ifi (21, z0)]=
Fi(@sy, -5 Ts(n)) = x5, = (}'[mﬂ] € IdV. Since |Ims| > 1, there is a
ke {l,...,n} with s(k) # ji. Let o' be a projection hypersubstitution with
a(f;) = Tsk)- Then o'[fj(wg1), . Tom))] = To) = x5, = 0o'xy] € IdV
implies that V is trivial, a contradiction. [ |

Theorem 3.7. Let V be a non-trivial solid variety of type 7 = (n;)ier
with n; > 0 for all i € I such that n := max{n; | ¢ € I} exists. Then
idy(V) 2 Tieq i + 1",
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Proof. We consider the cases n > 1 and n = 1.

For n = 1 the inequality is clearly valid. Assume that n > 1.
There is an element j € I with n; = n and there are exactly [[;c;n;
different projection hypersubstitutions of type 7. Since V is non-trivial
and n > 1, by Proposition 3.1 for any pair o,c’ of different projection
hypersubstitutions we have o %y o¢’. Since V is solid, any projection

hypersubstitution is V-proper and therefore id,(V) > [[,c;ni. Now for

any s € H, we consider the hypersubstitution o mapping the n-ary

operation symbol f; to fj(z41),. .., Tym)) and fi for i # j to fi(w1,...,xn,).
By Lemma 3.5 we get that P(V)/~y contains n* + n pairwise different
blocks. Two hypersubstitutions o3, 01, with different images of s and s’
generate different blocks. By Lemma 3.6 no projection hypersubstitution
can collapse with respect to ~y with one of the 04’s where s is non-constant.
Since H,,/L contains only n blocks generated by constant mappings, we get

idy(V) > Tl i+ . .

Now we are interested in properties of solid varieties which satisfy the
equality id, (V') = [[;c; ni +n*.

Proposition 3.8. Let V' be a non-trivial solid variety of type 7 = (n;)ier
with n; > 0 for all i € I such that n := maxz{n; | i € I} exists. Assume
that n = nj. If idy,(V) = [[;c; ni +n*, then n; = 1, fi(x) = x € IdV for
all i # j, 1 € I and for all n-ary terms t one of the following conditions is
satisfied:

(i) there exists an integer | € {1,...,n} such that t(x1,...,2,) = x; €
1dv,

(ii) there ewists a mapping s € H, which is not bijective and t(w)
,...,l‘s(n))%tEIdV,

(iii) 1dV = Ido(V) for a hypersubstitution o with o(f;) =t.

Proof. We prove at first that n; = 1 for all i € I with ¢ # j. Suppose
that there is an element k with k € I and k # j such that ny > 1. The
idea of the proof is to show that in this case id,(V') > [[;c; ni + n* which
contradicts the assumption of the proposition. Therefore we have to find
enough hypersubstitutions which are not related to each other with respect
to ~vy. Let o be the hypersubstitution mapping the operation symbol f;
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to fi(ws), -+, Tsmn)) for a mapping s € H,, which is not bijective and f; to
fi(x1,...,xp,) foralli € I, i # j, and let ¢’ be the hypersubstitution which
maps o' (f;) = fi(z1,...,2z,) and o'(f;) = xy, for all ¢ € I'\ {j}. Further
we need the fact that for every mapping s which is not bijective there is a
non-identical mapping s’ such that s’ o s = s.

Fact 1. For all s € H,, which are not bijective we have o’ %y ol.

Proof of the Fact. Suppose that there is a mapping s € H,, which is not
a permutation such that o’ ~y o. Let s’ be a non-identical mapping from
H,, with s’0s = s. Then we have that f;(zy),. ., Ty@m) = fi(T1,...,20) €
Ido (V). Then from filzgqy, - Tymy) = fi(z1,... 2n) € Ido’ (V) there
follows &/[fj(ws/(l), cee ,xs/(n))] = fj(xs’(l)a oo ,l‘s/(n))% fj(.%'l, cee ,l‘n) =
6'[fj(x1,...,2,)] € IdV. Since s is not the identity mapping, there is

an element m € {1,...,n} such that s'(m) # m (i.e. Ty(m) # Tm). Let o”
be a projection hypersubstitution with ¢”(f;) = x,,. Since V is solid, so ¢”
is proper and 6" [fj (g (1), - -+ Ty(n))] = Ty (m) = Tm = 0" [fj(x1,...,20)] €

1dV, a contradiction since V' is non-trivial.

Fact 2. o' %y 0,4. By definition of ¢’ we have fi(z1,...,2p,) = zp, €
Ido’ (V). Since nj > 1 and since V' is solid we get fr(x1,...,25) = @, &
IdV. This implies Ido' (V) # IdV, i.e. o' sy 044.
Fact 3. For each projection hypersubstitution o we have o’ %y o.

If o is a projection hypersubstitution, then f;(z1,...,2,) = = €

Ido (V) where o(fj) = x and m € {1,...,n}. If ¢/ =y o, then
i@, ...oan) & zy € Ido'(V), so &'[fj(z1,...,zn)] = fi(z1,...,20) =
Ty = 6'[xy,) € IdV, i€ f(21,...,20) & T € IdV, a contradiction. There-
fore o’ %y o.

Altogether, this means that [0']~, & {[o]~, | o is a projection
hypersubstitution} U {[0%]~, | s € H, and [Ims| > 1} and then id,(V) >
[L;c; mi +n* since by Proposition 3.1, Lemma 3.5 and Lemma 3.6 the con-
sidered blocks are pairwise different. This is a contradiction and therefore
n; =1forall i € [ with i # j,ie. 7=(,...,1,n,1,...,1,...). If n =1,
then by Proposition 3.3 V' = Mod{ f;(x) ~ x | i € I} and from these identi-
ties one obtains t(x) ~ x for any t € W ({z1}).

We assume that n > 1 and want to show that V satisfies f;(z) ~ =
for every i # j, i € I. Let o” be the hypersubstitution defined by
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o’ (f;) = fj(x1,...,xp) and o”(f;) =z for all i € I'\ {j}. Clearly 0" %y o
for any projection hypersubstitution o since fj(x1,...,2n) & Ty & Ido” (V)
for all 1 < m < n. Using the same arguments as in the first part of
the proof we have o” %y ol for all s € H, and Im s # {1,...,n}.
Since by id,(V) = [[;c;ni +n* and by P(V)/~y 2 {[o]~, | o is a pro-
jection hypersubstitution} U {[o?]~, | s € H, and |[Ims| > 1} we get
P(V)/~y = {[0]xy | 0 is a projection hypersubstitution} U{[o?]~, | s € H,
and |Ims| > 1} there follows o” =y O’i, where s’ is a permutation. Then
O'i, ~y 049. By transitivity we have o” =~y o0q. Since 6”[f;(z)] = = ~
x = ¢"[x] € IdV implies f;(z) ~ x € Ido"(V) we have fi(z) ~ x € IdV.
Let t € W, (X,) be an arbitrary n-ary term of type 7. We have to ver-
ify that (i), (ii) or (iii) is satisfied. We define the hypersubstitution o; by
oi(f;) = t and ou(f;) = fi(z) for all i € I\ {j}. From Hyp(r)/~v =
P(V) /=y ={[o]~, | o is a projection hypersubstitution}U{[o%]~, | s € H,
and [Ims| > 1} there follows that there is a projection hypersubstitution
o such that o; ~y o or there is a mapping s’ € H, which is not bijec-
tive and |[Ims’| > 1 such that o ~y O’i, or o; ~y 0;9. In the first case
we have fj(x1,...,2n) ® x5, € Ido(V) = Ido(V), so d¢[fj(z1,...,2n)] =
xj, = d¢lxj,) € 1dV, ie. t(z1,...,z,) = xj, € IdV. In the second case
there is a non-bijective s € H,, with fj(z1),...,Tsm)) = fi(T1,...,70) €
Ido?l, (V). Then 6¢[fj(xy1ys---»Tsm))] = delfi(@1,...,2,)] € IdV implies
tH(Ts1), - Tsny) = t € IdV. In the last case we get Ido(V) = IdV.
Clearly, o;q ~v o where ¢ is a hypersubstitution with o(f;) = ¢t. Then
Ido(V) = IdV. n

4. THE ISOMORPHISM DEGREE OF PROPER HYPERSUBSTITUTIONS

Because of id,(V') <isd,(V) Theorem 3.7 is also satisfied for isd,(V'). The
generalization of Proposition 3.1 to isd, (V') is contained in [7].

Proposition 4.1 [7]. Let V' be a non-trivial variety of type T = (n;)icr with
n; >0 for all © € I such that at least one operation symbol of arity > 1 and
let 0,0’ be different projection hypersubstitutions. Then o v _is 0.

Under the same assumptions for any projection hypersubstitution o we have
o '7(‘V7iso Oid ([7])

Now we consider hypersubstitutions of the form ol for s € H,.
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Proposition 4.2. Let V' be a non-trivial solid variety of type T = (n;)icr
with n; > 0 for all i € I such that n := max{n; | i € I} exists. If s, s' € H,
with s # ', then o Ly _iso 0% where j € I with nj =n.

Proof. Assume that s # s’. From s # s’ there follows that there is a
k€ {1,...,n} with s(k) # s'(k). Fori € {1,...,n}\ {j} let o/(f;) =
filz1,...,xpn,). Let k € {1,...,n} and let Aj be a projection algebra of
type 7 with fjA’“ = ;4. Then A, € V since V is solid and Ay, 2 A; for
alll € {1,...,n}, k # I. Now we consider the derived algebras o¢’/(Ay) and
047 (Ay) with fundamental operations o4/ (f;)** and o7 (f;)"* for all i € T,
respectively. We have o4/ (f;) = fi(z1,...,7n,) = 04 (f;) for all i € I'\ {5}
and o4/ (f;)*, 047 (f;)?* are projections. Since fjA’“ = e, by definitions
of o and 047 we have osj(fj)Ak = (fi(Ts(1ys - - ,:L's(n)))’Ak = es(k)"’A and
ogl (fj)M = es/(k)"vA. Since 04/(Ax) and 047 (Ay) are different projection
algebras over the same universes, we have o4/ (Ag) ¥ 047(Ag) and then
o) Ay _iso o). This proves the proposition. [ ]

Because of n” —n > n* we can sharpen Theorem 3.7 in the case of isd,(V)
and obtain:

Theorem 4.3. Let V be a non-trivial solid variety of type T = (n;)ier
with n; > 0 for all i € I such that n = max{n; | ¢ € I} exists. Then
isdp(V) > [iepni + 0" —n.

Proof. For n = 1 the inequalitiy is clearly valid. Assume that n > 1.
Then there is an element j € I such that n; = n and there are exactly
[L;c; mi different projection hypersubstitutions of type 7. By Proposition
4.1 we have o Ly _;s, 0 if 0 # o' are different projection hypersubstitutions
and therefore P(V)/ ~y_;s, contains at least [[,.;n; pairwise different
blocks. By Proposition 4.2, P(V)/~y_;s, contains n™ pairwise different
blocks generated by hypersubstitutions of the form o4/. Now we verify that
no projection hypersubstitution collapses with a hypersubstitution of the
form o7 where s is non-constant. Suppose that there are a projection hyper-
substitution o and a non-constant mapping s € H,, such that o ~y_;s 047.
From the definitions of o and o/ we have o(f;) = zj,, ji € {1,...,n} and
ol (f;) = fi(Zs1)s- > Ts(ny). Since s is not constant, there is an integer
ke {l,...,n} with zyy) # x;. This implies f;(zs1), -, Tsm)) = x5, & [dV
since V' is non-trivial and solid. Therefore, there is an algebra A € V with



BINARY RELATIONS ON THE MONOID OF V-PROPER ... 247

A fi(Tsqy, - Tgm)) = x5, From o ~y s o4/ we obtain an isomor-
phism h from o(A) onto o, I(A) and then h(aj,) = h(o(f))*a1,...,a,)) =
Usy(fj)A(h(al)r' ( )) (f]( (1)s=-+> xs(n)))A(h(al)r”7h(an)) for all
ay,...,a, € A. It follows (fy( s(1)s S(n)))A(al, ce ) = aj =
ejl"A(al, ...yap) for all ay,...,a, € A, ie. (fj( 1)+ - - ,xs(n)))A = ejlnvA.
This means that A = fj(741),. .., %)) = 2, a contradiction.

Since there are exactly n hypersubstitutions mapping f; to a term of
the form f;(z.,...,z.) and f; to fi(z1,...,2n,), i # j where c € {1,...,n}
we get isd, (V) > [[;c;ni +n" —n.

5. VARIETIES OF BANDS
We are particularly interested in the following varieties of bands:

TR = Mod{z =~ z2},

LZ = Mod{x x2 ~ x1},

RZ = Mod{z1z2 ~ x2},

SL = Mod{xy(xox3) ~ (v122)T3, 212 ~ 21,7129 ~ Tow1},

RB = Mod{z1(z273) =~ (z172)13 =~ 1123, 71> ~ 71},

NB = Mod{xz1(rox3) ~ (v122)23, 712 & 21, T102T374 X T1T3T224},
RegB = Mod{x1(ry23) ~ (x122)23, 712 & T1, T1T2T1 7321 & T1T22371 },
LN = Mod{z(z223) ~ (x122)x3, 1 ~ T1, 217223 = T1T3T2 },
RN = Mod{z1(z2x3) = (x172)73, 712 ~ 71, 217273 ~ Tow173},
LReg = Mod{z1(w213) ~ (z132)x3, 212 ~ 21,1122 & 112271 },
RReg = Mod{x(xo13) ~ (x122)w3,21% = T1, 2172 ~ ToT1T2},
LQN = Mod{x(xex3) ~ (v122)23, 112 ~ 1, 712273 ~ 1227173},

RQN = Mod{x(rox3) ~ (v122)23, 112 ~ 21, L1223 ~ T173T273}.
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In [8] the author determined the dimension of every subvariety
of the variety RegB. This means that id, (V') for these varieties is known.
Now we determine id,(V') for every variety of bands. Since our proofs for
subvarieties of RegB are quite different from the proofs in [8] we will give
here the full proof. In [6] Proposition 4.1 was proved that for each variety
of bands ~y =~y _;s,. Therefore d,(V') = isd, (V') for each variety of bands.
Moreover it was proved that

d,(V)=1 if Ve{TR,LZ RZ, SL},

d,(V)=2 iff V € {LN,RN,LReg, RReg},

d,(V)=3 iff V isnot dual solid and V ¢ {LZ, RZ, LN, RN,
LReg, RReg, LQN, RQN},

d,(V)=4 iff V isdualsolid and V ¢ {TR,SL, NB, RegB}
or Ve {LQN,RQN},

d,(V)=6 iff V € {NB,ReygB}.

We note that a variety of type 7 = (2) is called dual solid if 6,4, [s] ~
Gaqmy[t] € IdV for every identity s ~ t satisfied in V. (o, denotes the
hypersubstitution mapping the binary operation symbol f to the binary
term ¢.) Now we are interested in id, (V') for every variety of bands. Since
1 <idy,(V) <dp(V) for Ve {TR,LZ,RZ,SL} we get id,(V) = 1.

Now we have:
Theorem 5.1. Let V be a variety of bands. Then

(i) id,(V)=1 iff Ve {TR,LZ RZSL},

(i) idy(V)=2 iff V €{LN,RN,LReg, RReg},

(ili) 4d,(V)=3 iff V is not dual solid and V ¢ {LZ,RZ, LN,
RN, LReg, RReg, LQN,RQN}, orV is

dual solid and V ¢ {TR,SL, NB, RegB}
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(iv) id,(V)=4 iff Ve {LQN,RQN},

(v) idy(V)=5 iff V € {NB,RegB}.

Proof. UV e{TR,LZ,RZ SL}, then id,(V) = 1.

For V € {LN,RN, LReg, RReg} the quotient set P(V')/~y | P(V) con-
sists of precisely two classes. In each case it is easy to see that the derived
varieties are different. As an example we consider P(LN)/~rn | P(LN)
= {[ox1]~ry | PEN) [Ozrz2l~py | P(LN)} (s€€ proof of Theorem 4.2 in [6]).
Clearly 04, #1n | P(LN)0y,5,. This proves (ii).

For the variety NB, by the proof of Theorem 4.2 in [6] we have
P(NB)/~np | PINB) = Hyp(2)/~NB = {[0x1]~nps [Tzalongs [Tzizs]ons:
[UI2I1]~N}37 [lewzm]NNB? [Uwlexz]NNB} and ’P<NB)/NNB’ = 6. From the
results of the previous section, we get 05, #NB Oy, Oz, ENB Ozia9)
Ozy ENB Ozizys Ozize ~NB Oazoz, Dy Lemma 3.4. Now we show that
Oxix011 ?A/NB Ozx1y Oxizox %NB Oxoy Oxizoxy ?A/NB Ozix0y Oziz011 %NB
Ouomizg- W Opizoxy NB Ogy, then Idoy e, (NB) = Ido,, (NB). Since
x1x9 & w1 € Idog,(NB), so x129 = w1 € 1dog zyz,(NB) there fol-
lows 12011 =~ x1 € IdN B, a contradiction since x1xor1 ~ 1 € [dNB.
Therefore 04,202, #NB 0z,. Similarly we show that 04,2,2, ZNB Oz,. If
Oarwom;) RNB Ozyzy, then Idoy zoe, (NB) = IdNB. Clearly x1x971 =~ x129 €
I1do 4y zyz, (NB) since Gz z90, [12221] = 21(T2x129)T1 = 2122212271 =
12971 and Oy, zy0, [T172) & x12971 there follows z1zox) &~ z122 € [N B, a
contradiction. Therefore 04,702, ZNB Oz1ao-

If 0gy002) "NB Oaogzyzy, then Idoy, pp (NB) = 1dog,z,4,(NB). Since
r1x9x)] N T2 € I1dog pyz (NB), so xixex) ~ x122 € 1dog,s, 4,(NB)
and there follows Gy,0,4,[T12271] = x1(Tor122)T1 & T1X2X] & ToT1T2 =
Oaomizs|T172] € IdAN B, a contradiction since zixex1 =~ woxize ¢ I[dNB.
Therefore 03,202, ENB Tzomyzy- I a similar way we conclude for 0,4, 2,-
Remark that 04,2,(NB) = 04,2,(NB) by Lemma 3.4. This means that
P(NB)/R‘/NB = {[‘7901]%1\7}37 [Um]%szv [0'961902]%1\7}37 [lewzm]%NB? [0902901962]%1\73}7
ie. idy(NB) = 5. In a similar way we prove that id,(RegB) = 5. This
shows (v).

For the variety LQN we have P(LQN)/~pon | P(LQN) = {[04; ]~ 0n

|P(LQN)> [Ux2]~LQN | P(LQN)> [lexQ]NLQN | P(LQN)> [lexgacl]NLQN | P(LQN)}-
By the same way as above we show that ¢ #ron | P(LQN)o’ where
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0,0 € {04y, Ouyy Ouyzey Owyaoayts 0 # o'. This shows that P(LQN)
~LQN ’ P(LQN) = {[0'901]%LQN | P(LQN)> [Uwz]%LQN | P(LQN)> [0301902]%LQN
| P(LQN)» [Oz1za1]xpon | P(LQN) ), 1€ idp(LQN) = 4. Similarly we can
prove that id,(RQN) = 4. This shows (iv).

Let V' be a dual solid variety different from TR, SL, RB, NB and RegB.
Then P(V)/~v | P(V) = {[ow]~y | Pv)s [0aslay | POy [02ima]ay | PO
[0 2021)~y | P(v)} (see proof of Theorem 4.2 in [6]). By the same idea as
above we can show that o %y | P(V)o' where 0,0’ € {0z, ,020,02,25}
o # 0o Soid,(V)=3.

Finally, let V is a non-dual solid variety different from LZ, RZ, LN,
RN, LReg, RReg, LQN, RQN, then P(V)/~y [ P(V) = {loz]~, | P(v),
[Ows)my | POV)s [Oz122]~y | Py} Similarly as above, we get that each
representative of different blocks of P(V') /~y | P(V) cannot be ~y | P(V)-
related. Therefore id,(V) = 3 and this shows (iii).

Since all possible cases are considered we get the second direction of (i).

|
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