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Abstract

Defining an (n + 1)-ary superposition operation S™ on the set
W, (X,) of all n-ary terms of type 7, one obtains an algebra
n —clone 7 := (W, (X,,); S™, x1,...,x,) of type (n +1,0,...,0). The
algebra n — clone 7 is free in the variety of all Menger algebras (]9]).
Using the operation S™ there are different possibilities to define binary
associative operations on the set W, (X,,) and on the cartesian power
W, (X,,)". In this paper we study idempotent and regular elements
as well as Green’s relations in semigroups of terms with these binary
associative operations as fundamental operations.
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1. PRELIMINARIES

Let 7 = (n;)ier be a type of algebras with an n;-ary operation symbol f;
for every i in some index set I. For each n > 1 let X,, = {z1,...2z,} be
an n-element alphabet. We denote by W, (X,,) the set of all n-ary terms of
type 7. It is very common to illustrate terms by tree diagrams. Consider
for example the type 7 = (2) with a binary operation symbol f. Then the
term

t = f(f(z1, f(z1,22)), f(z2, f(22,21)))

corresponds to the tree diagram below.

On the set W;(X,,) one can define the following (n + 1)-ary superposition
operation

S™ W (X)) — WA (X,)

by

S™(xiyty, ... ty) :=t;, forevery 1 <i<mn,and
Sn(fi('f'l,... ,T‘ni),tl,... ,tn) = fi(Sn(’f'l,tl,... ,tn),...,S"(rni,tl,... ,tn)).

Together with the nullary operations z1,...,x, one obtains an algebra
n —clone 7 := (W-(X,); 8", z1,...,%n),

which satisfies the identities
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(C1)  S™(Z,8" (Y1, X1, Xp)s o s S (Yo X1, .o X))
~ S (8™ (Z, Y. Vo), X1set Xp),

~ ~

(€2)  S" (M, Xi1,..., Xn) ~

>

; for 1 <i<n,

(C3) S (XiAs..shn) ~ X; forl1<i<n.

Here S™ is an (n+ 1)-ary operation symbol, A1, ..., A\, are nullary operation
symbols and Z, Y1, ..., Y,, X1, ..., X,, are new variables. The algebra
n-clone 7 is an example of a unitary Menger algebra of rank n. Without
the nullary operations one speaks of a Menger algebra of rank n.

Now we consider a type 7, consisting of n-ary operation symbols only.
Let X be an arbitrary countably infinite alphabet of variables and let W, (X)
be the set of all terms of type 7. On W (X) we consider a generalized su-
perposition operation Sy, which is defined for any n > 1,n € N*, inductively
by the following steps:

Definition 1.1.

(i) ft = 25,1 <4 <mn, then Sp(w;t1,...,t,) = t; for t1,....,t, €
W, (X).

(ii) If t = x4, n <1, then Sg(mi,tl, coyty) =T
(iii) If t = fi(s1,...,8n), then

Sg(t,tl, N ,tn) = fi(S”(sl,tl, e ,tn), N ,S;L(Sn,tl, N ,tn)).

Then we may consider the algebraic structure
clonegry = (Wr, (X); Sy, ()ien+)

with the universe W, (X)), with one (n+1)-ary operation and infinitely many
nullary operations. This algebra is called a Menger algebra with infinitely
many nullary operations. Without the nullary operations we have a Menger
algebra of rank n. It is not difficult to see ([1]) that this algebra satisfies the
axioms
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(Cgl) SH(T,SMFL Ty, ..., Tn), .o, SH(F, Th, ... Ty))

(SM(T, Fy,... ., Fo), Ty, To).
(Cg2) S™T,A1,..., ) =T.
(Cg3) SI'(Ni,Ti,...,Tn) =T, for 1 <i<n.

(Cgd) S'g()\j,Tl,...,Tn) = \; for j > n.

(Here g;‘, A; are operation symbols corresponding to the operations S¢ and
z;,i € Nt respectively and T, T}, F; are new variables.)

In any Menger algebra (G;S™) of rank n a binary operation + can be
defined by

x"'y:: Sn(x7y7"'7y)'

It is easy to see that the operation + is associative. The algebra (G;+) is
called diagonal semigroup (see e.g., [10]).

On the cartesian power G one may define a binary operation * by
(1, xn)*(Y1y -y yn) == (S™(@1, Y1, -+ -y Yn)s - - S (Tny Y1, - -, Yn)). Then
(G™; %) is also a semigroup.

We notice that (G;+) can be embedded into (G™;%). Actually the
subsemigroup (Ag;*|a,) of (G";%) where Ag = {(z,...,z) | x € G} is
the diagonal of G, is isomorphic to (G;+).

An element x of a semigroup (S;-) is called regular if there is an element
y of the same semigroup such that z -y - = z. Clearly, every idempotent
element is regular. Further, we recall the definition of Green’s relations.

Green’s relations are special equivalence relations which can be defined
on any semigroup or monoid, using the idea of mutual divisibility of ele-
ments. Let S be a semigroup and let ST be the monoid which arises from
S by adding a neutral element. For any semigroup S and any elements a, b
of S, we say aLlb if and only if there are ¢ and d in ST such that c-a = b
and d - b = a. Dually, aRb if and only if there are ¢ and d in S* such that
a-c="bandb-d=a. It follows easily from these definitions that £ is al-
ways a right congruence, while R is always a left congruence. The relation H
is defined as the intersection of R and £, and the relation D is the join LVR.
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It is easy to see that LVR = RoL = LoR, where o here refers to the usual
composition of relations. Finally, the relation [J is defined by aJb if and
only if there exist elements ¢, d, p and ¢ in S* such that a = ¢-b-d and b =
p-a-q. For Green’s relations we will use the following notation, (a,b) € R
and aRb and similarly for the other relations. For more information about
Green’s relations in general, we refer the reader to [7].

Using Green’s relation R (L) the set of all regular elements of a semi-
group S can be described as follows (see e.g., [7]):

Theorem 1.2. Let x be an element of the universe of a semigroup S. Then
the following are equivalent:

(i) x is regular.
(i) [z]r contains an idempotent element.

(i) [z]z contains an idempotent element.

Then for the set Reg(S) of all regular elements of the semigroup S we have

Reg(8) = J{lelr | e € B(9)} = J{lalx | lal= N E(S) # 0}.

2. IDEMPOTENT ELEMENTS

In this section we study idempotent terms of type 7 with respect to the
operations + and *. To determine all idempotent elements we need some
lemmas. The first lemma answers to the following question:

Let s,t1,...t, € W;(X,). Under which conditions does there exist an
n-ary term ¢ such that s = S™(q,t1,t2,...,tn)?

For a term t € W,(X,,) we denote by var(t) the set of all variables
occurring in t.

Lemma 2.1. Let s,ty,...,t, € Wr(X,,). Then s = S™(s,t1,...,t,) if and
only if for each i,1 <1i <mn, if x; € var(s), then t; = x;.

Proof. “=7 Assume that s = S"(s,t1,...,t,) and that z; € var(s), but
t; # x;. Then we have to substitute in s for x; a term different from x; and
obtain S™(s,t1,...,t,) # s, a contradiction.
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“<” We assume now that from z; € var(s) there follows t; = x;. We

will show s = S™(s,t1,...,t,) by induction on the complexity of the term
s. If s=ux; € Xy, then t; = xj and so s = x; = S™(zj,t1,...,Tj,...,tp).
Now assume that for s = f(s1,...,s,) for all 1 < i < n we have s; =

S™(si,t1,. .. tn). Then
S™(s,t1, ..., tn)
= S"(f(S1y--+,8n), 1y, tn)
= f(8"(S1,t1, - stn)ye-e s S™(Snyt1, -y tn))

= f(s1,..-5n) = s. -

Now we solve the equation z; = S™(q,t1,t2,...,t,).

Lemma 2.2. Let q,ty,...,t, € W (X,). For eachi € {1,2,...,n} we have
x; = S"™(q,t1, ..., ty) if and only if there is an integer j for 1 < j <mn, such
that g = xz; and t; = x;.

Proof. “«<” This direction is clear.

“=" For the proof of this direction we use the following formula for the
operation symbol count op(t) of the term ¢ ([3]). We denote by vb;(s) the
number of occurrences of the variable z; in the term s.

n

op(S"(q, 1,1 ta)) = Y vbr(a)op(ty) + op(q).
k=1

(We mention that this formula is also valid for Sg and for terms ¢, t1,...,tn €
W;,(X)). Then from 0 = op(z;) = > ;_; vbi(q)op(tr) + op(q) we obtain
op(q) = 0 and ¢ € X,,. Let ¢ = z; for some z; € X,,. Then from z; =
S™(q,t1,...,tn) = S™(xj,t1,...,t,), we have t; = x;. [

Now we want to determine all vectors of terms which are idempotent with
respect to the operation *. Clearly, an n-vector (q1, ..., ¢q,) of n-ary terms is
an idempotent element with respect to the operation x if S™(q;, q1,...,qn) =
q; forall 1 <i<n.
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Then we have:

Theorem 2.3. Forn > 1 an n-vector (qi,...,qn) is idempotent if and only
if the following condition (ID) is satisfied:

n

(ID) xj € U var(q;) = ¢; = x;j.

i=1

Proof. Assume that (qi,...,qy) satisfies condition (ID). Let var(q;) =
{ziy, .- 2, } € Xp. By condition (ID) we have ¢;; = x;; forall 1 < j <k
and then

Sn(Qi7QI7 cee 7Qn)
= 8"(qis q1y -+ @iy —1,Giyy Tir+1 -+ > igy—15 Qi » Qi 415 - - > An)
- Sn(qi7q17 e Qi1 =15 T4y Qi1 - - - 7qik—17wik7 qik-f—la o 7qn)

= {q;

by Lemma 2.1. Therefore, (q1,...,¢,) is idempotent.

Conversely, assume that (q1,. .., q,) is idempotent. Suppose (q1, ..., Gn)
does not satisfy the condition (ID). Then there exist integers i,j,1 < 4,
j < n such that x; € var(g;), but ¢; # ;. Then by Lemma 2.1 we have
S™(qi,q1s---,4j,---,qn) F# ¢i which contradicts the idempotency of the
vector (qi,...,qn). Hence (qi,...q,) satisfies the condition (ID). [

Considering idempotent elements with respect to the operation +, we obtain:

Corollary 2.4. An element t € W.(X,,) is idempotent with respect to + if
and only if t = x; for some 1 < i < n.

Now we consider a type 7, consisting of n-ary operation symbols and
the binary associative operations *, : (Wy,(X)")? — W, (X)" and +, :
W, (X)? — W, (X) defined by

T+gy = S;L(m,y,...,y)

and

(xly---yxn) *g (yly---ayn) = (S;L(mlayla"'ayn)""7Sg(mnay1a"'ayn))-
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Let X’ := X \ X,,. Instead of Lemma 2.1 we now have:

Lemma 2.5. Let s,ty,...,t, € W, (X). If var(s) € X', then s =
Sy(s,t1,. .. ty) if and only if for each i with 1 < i < n we have: if
x; € var(s), then t; = ;.

Ifvar(s) C X', then s = S/(s,t1,...,tn).

Proof. The proof is clear for var(s) C X'. If var(s) N X,, # ), then we
conclude similar as in Lemma 2.1. [ ]

It is clear that instead of Lemma 2.2. we have now:

Lemma 2.6. Let q,t1,...,t, € W, (X). For 1 < i < n we have z; =
Sy(q;t1,. .., tyn) if and only if there is an integer j with 1 < j < n such that
q=2x; and t; = x;.

Then we obtain:

Theorem 2.7. An n-vector (qi,...,qn) of elements from W, (X) is idem-
potent with respect to x4 if and only if the following condition (ID*) is sat-
isfied

(ID)* xj € U var(q;) N X, = ¢; = x;j.

i=1

n
Proof. 1If (qi,...,qn) is idempotent and if z; € |J var(g;) N Xy, then
i=1

by Lemma 2.5, q; = x;.

Assume that (ID*) is satisfied. If ;. ; var(g;)NX,, = 0, then application
of Lemma 2.5 gives S (¢j,q1,--.,49n) = ¢j and (q1,. .., ¢,) is idempotent. If
Ui var(g;) N X,, # 0 and z; € |J;—, var(g;) for some 1 < j < n, then by
(ID*) we obtain ¢; = z; and Lemma 2.5 gives S;'(q;,q1,---,qn) = ¢; and
(q1,--.,qn) is idempotent. [

Further we have:

Corollary 2.8. Ifvar(t) C X', then the term t € W, (X') is idempotent
with respect to +4. If var(t) N X, # 0, then an element t € W, (X) is
idempotent with respect to +4 if and only if t = x; for some 1 <1 < n.
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3. REGULAR ELEMENTS

A vector (q1,...,qn) is a regular element with respect to * if there
exists a vector (s1,...,S,) such that (q1,...,qn)=(q1,--,qn) *(S1,...,Sp)*
(q1y- -5 qn)-

By definition of %, a vector (qi,...,q,) is regular with respect to * if
and only if

qi = S"(S™(qiyS1,--+,5n):q1,---,qn) for 1 <i <n.
Moreover we define (see [10]):

Definition 3.1. A vector (q1,...,q,) is called a v-regular element if there
exists an s such that (¢1,...,qn) = (q1,---,qn) *(Sy...,8) * (q1,- -, qn)-

By definition of + an element t € W.(X,,) is regular with respect to +
if there exists a term s € W, (X,,) such that ¢t = S"™(S"(¢,s,...,s),t,t,...,t).

We define also (see [9]):

Definition 3.2. An element ¢ € W, (X,,) is called weakly regular if there
exist $1,...,8, € Wr(X,,) such that ¢t = S™(S™(¢,81,82,...,8n),t,t,...,t).

To determine regular vectors with respect to * we need the following lemma:
Lemma 3.3. Let q1,q2, ... ,Gn, 51,52, ..,5, € Wr(Xy). Then

(qu,- - an) = (@15 qn) * (515 8n) % (@1, -5 )
if and only if for alli,j € {1,2,...,n} we have:

xzj €var(q;) =31 e€{1,2,...,n} (s; =2, and q = x;).
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Proof.
(qla"'7qn) * (317---73n) * (q17"'7qn) - (Q17---7Qn)

< (S™(q1,5™(81,q15 - qn)s s S™(Sns Q1 -+ Gn))y - -

S™(qny S™(51,q15 -+, qn)s -+ S" (Sny Q15 -1 @n))) = (q1, - - -, gn) (using (C1)
& Vie{l,2,...,nHS™(qi, S™(S1,q1y- s qn)s - S™(Sns @1y - - qn)) = Qi)
< Vie{l,2,...,n}(Vj€{1,2,...,n}

(z; € var(¢g;) = S™(sj,q1,...,qn) = ;) (by Lemma 2.1)

e Vi, je{l,2,...,n}(z; € var(q;) = S™(sj,q1,---,qn) = T;)
& Vi, je{l,2,...,n}(z; €var(¢;) = sj =x; and ¢ =uzx;

for somel €{1,2,...,n}) (by Lemma 2.2).

Then we obtain the following result:

Theorem 3.4. Let q1,...,q, € W (Xy). Then (q1,...,qn) is a regular
vector in (W,-(X,,)™; %) if and only if for any i,j € {1,2,...,n} we have: if
xj € var(q;) then there exists | € {1,2,...,n} such that q; = x;.

Proof. “«<” Follows from the previous lemma.
“=” Assume that for each i,j € {1,2, ...,n} we have: if z; € var(g;)
then there exists an element [ € {1 2,...,n} such that ¢; = z;. For each

1 < j < n we obtain: if z; € U var(g;), then there exists an element [
with 1 <[ < n such that ¢, = acj We select an index [j, so that g, = z;.
Since U var(q;) # 0, let xy, € U var(q;) be fixed. Then we define s; for

=1

1<y < n as follows:

z, if z;€ U var(q;)
Sj = i=1

zp otherwise.
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It is not difficult to see that for each 1 < 4,5 < n we get: if x; € var(g),
then there exists an element 1 <[ < n such that s; = x; and ¢; = z;. By
Lemma 3.3 we have that (q1,...,q,) is a regular element. [

Now we determine regular elements with respect to the operation +. We
need the following lemma:

Lemma 3.5. Let s,t € W, (X,,). Then
S"(s,t,t,...,t) =t if and only if s=x; for some 1 <i<mn.
(That means, s+t =t if and only if s = x; for some 1 < i <n).

Proof. 1If s =ux; for some 1 <i <n then S"(s,t,t,...,t) =t. Now we
assume S"(s,t,t,...,t) =t and s ¢ X,,. Then op(s) > 1 and we get

op(t) = op(S™(s,t,t,...,t))

— Z vbj(s)op(t) + op(s)
j=1
> op(t) + op(s)

> op(t)

which is a contradiction. Hence s € X,,. [ ]

From Theorem 3.4 using the embedding described in section 1, for regular
elements with respect to + we obtain the following result:

Corollary 3.6. A term t € W,(X,,) is reqular with respect to + if and only
if it is idempotent.

By definition of the operation * on W, (X,,)" a vector (q1, ..., q,) is v-regular
if and only if there exists an element s € W, (X,,) such that

qi = Sn(sn(qi’& cee 75)7q17' .. aQn)

for 1 <i <n. By (Cl) this means that

q; = Sn(ql7 Sn($7Q17 o 7qn)7 cee 7Sn(s7q17 o 7Qn))7
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for 1 <¢ < n. By Lemma 2.1 this is satisfied if and only if there is a j with
1 < j < n such that ¢; = x; for all 1 <4 < n. Therefore, (g1,...,¢q,) is
v-regular if and only if there is an integer j with 1 < j < n such that ¢; = z;
for every ¢ with 1 <14 < n.

By Lemma 3.5 the term ¢t € W, (X,) is weakly regular if and only if
there exists an integer ¢ with 1 < ¢ < n and terms si,...,s, such that
x; = S™(t,s1,...5,). By Lemma 2.2 this is satisfied if and only if there is
an integer j for 1 < j < n such that ¢ = z; and s; = z;. Altogether, this
means that with respect to the binary operation + on W, (X,,) the concepts
of regular and of weakly regular elements are equal.

Now we consider regularity of terms of type 7, with respect to the op-
erations x4 and +4, respectively, derived from the generalized superposition
operation Sg'.

Let X' := X\ X,,. If qq,...,q, € W, (X'), then for any sq,...s, €
Wz, (X)

SP(S5(qir 5155 50),q15 -+ 5 Gn)
= Sy (g q1s - Gn)
=gq; for 1 <i<n,
ie. every (qi,...,qn) € Wy, (X')" is regular with respect to .
If t € W, (X'), then for every s € W, (X) we have
Sg(Sy(t,s,...,8),t,...,1) =t

Therefore, every t € W, (X') is regular with respect to +,. This gives the
following results:

Theorem 3.7. Let q1,...,q, € W, (X). Then (q1,...,q,) s a regular
vector in (W, (X)";xg) if and only if for any 1,5 € {1,2,...,n} we have:
if xj € var(q;) then there exists | € {1,2,...,n} such that q; = x;.

Theorem 3.8. A termt € W, (X) is reqular with respect to +, if and only
if it is idempotent.
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4. IDEALS IN MENGER ALGEBRAS AND GREEN’S RELATIONS

In the next sections we will study Green’s relations in Menger algebras of
terms. Green’s relations are studied for semigroups or for monoids. There-
fore, it is quite natural to study Green’s relations for (W.(X,);+) and for
(Wr,(X); +4). For Menger algebras of rank n in [7] Green’s relations were
defined by using of ideals.

In [9], different kinds of ideals in Menger algebras of rank n were defined
as follows:

Definition 4.1. Let (M;S™) be a Menger algebra of rank n. A nonempty
subset H of M is called an s-ideal, if from h € H there follows
S™(hyt1,...,ty,) € H for all t1,...,t, € M. A set H is called a v-ideal,
if from hq,...,h, € H there follows S™(t,hy,...,h,) € H for all t € M.
The set H is called an [-ideal, if at least one of ¢, hq,...,h, belongs to H,
then S™(t, hq,...,h,) belongs to H.

Definition 4.2. Let (M;S™) be a Menger algebra of rank n and let a, b € M.

(i) aLb if either a = b or if there are elements s1,...,8n,t1,...,tn, € M
such that S™(a, s1,...,s,) =band S™(b,t1,...,t,) = a.

(ii) aRb if either a = b or if there are elements s,t € W, (X,,) such that
S"(s,a,a,...,a) =band S™(t,b,b,...,b) = a.

(ili) D=RoL(=LoR).
(iv) H=RNL.

(v) aJbif either a = b or if there are elements s, s1,. .., s, € Wr(X,,) with
a=S"(s,s1,...,8,) such that at least one of the factors is equal to b
and there are elements ¢,t1,...,t, € M with b = S™(t,t1,...,t,) such
that at least one of the factors is equal to a.

It can be proved that (a,b) € L if and only if a and b generate the same
s-ideal, (a,b) € R if and only if @ and b generate the same v-ideal, and also
(a,b) € J if and only if a and b generate the same Il-ideal; £ and R are
commuting equivalence relations ([9]).

Let Aw, (x,) be the set of all pairs (s,s) of terms from W (X,,) (the
diagonal of W, (X,,)).
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Theorem 4.3. Let a,b € W.(X,,). Then aRb iff a = b, i.e., R =
AWT(XR).

Proof. If a = b, then by definition of R we have aRb. Assume that
aRb. Then there exist s,t € W-(X,,) such that a = S™(s,b,b,...,b) and
b= S"(t,a,a,...,a). This implies

a=S"s,S"(t,a,qa,...,a),S"(t,a,a,...,a),...,8"(t, a,a,...,a))

and then
a=S"(S"(s,t,t,...,t),a,a,...,a) by (C1).

By Lemma 3.3 and 2.2, we have S™(s,t,...,t) = z; for some 1 < i < n and
so s = xj and t = x; for some 1 < j < n. We obtain a = S™(z;,b,...,b) =b.
|

Then we get:
Corollary 4.4. H=R and L =7D.
For Green’s relation £ we have:

Theorem 4.5. Let a,b € W.(X,). Then alb if and only if there

exists a permutation r on the set {1,2,...,n} such that b = S"(a,x,q),
$r(2)7 e axr(n))'
Proof. Assume that there exists a permutation r on {1,2,...,n} such

that b = S™(a, z,x1), Tr(2),- - - » Tr(n)). Then
S™(by Tp1(1)s Tp-1(2)s - -+ Tp1(p))
= S™(S™(ay Tr(1) Tr(2)s - > Tr(n))s Tr=1(1)s Tr=1(2)5 -+ » Tp—1(n))
= S"(a, S™(Tyr(1)s Tr=1(1), Tr=1(2)s -+ s Tr=1(n)) - - »
S™M(@p(n)s Tr=1(1), Tr-1(2)5 - - - Tr=1(m))) (By (C1))
= 5", T-1(1))5 -5 L1 (r(n)))

= S"(a,r1,T2,...,T,) = a.
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Therefore alb.

Conversely, assume that afLb. Then there exist elements ti,...,t,
and $1,...,8, € Wi (X,) such that S"(a,ty,...,t,) = b and
S™(b, s1,...,5,) = a. Then we have:

Sn(Sn(a,tl,. .o ,tn),sl,. .o ,Sn) =a

= S™(a, S™(t1,81,- -3 8n)s- -y S"(tnyS1,...,8,)) =a (by (C1)).

If var(a) = {i,Tiy,..., 2} then S™(t;,s1,...,8,) = x;; for all j =
1,2,...,k and then for each i; there exists an [; such that ¢;; = z;; and
Sl = Ty, .

j
We notice that for 1 < p,q < k we have: if [, = [, then i, = i, because
of s, = 81, =z, = @i, = 1p = iq.

J

Therefore |{i1,12,...,it}| = [{l1,l2,...,{x}| implies that there exists a
permutation 7 on the set {1,2,...,n} such that r(i;) =; for all 1 < j < k.
Then we have

b= Sn(a,tl,...,til,...,tiQ,...,tik,...,tn)

= Sn(a,tl,...,xll,...,$12,...,$lk,...,tn)
= Sn(a7t17"'7xr(i1)7"'7$r(i2)7---7$r(ik)7"'7tn)
= Sn(aaxr(l),---7x7’(i1)7---axr(ig)v"wxr(ik)a---axr(n))'
(Since z,(p) ¢ var(a) if p & {i1,42,...,ix}). |

Then for Green’s relation J we have:
Theorem 4.6.

(i) Ifn=1then J = Aw,(x,)

(ii)) Ifn>2 then J = W (X,) x Wi (X,).
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Proof.

(i) Let a,b € W.(X;) such that aJb. Then we have the following four
cases.

(1) a=S'b,t) and b = S*(a,s) for some t,s € W,(X7).
(2) a=S'b,t) and b = S'(s,a) for some t,s € W,(X7).
(3) a= S't,b) and b= S'(a,s) for some t,s € W,(X1).
(4) a= S'(t,b) and b= S'(s,a) for some t,s € W,(X1).

In all cases we obtain op(a) = op(b)+ op(t) and op(b) = op(a)+ op(s). These
imply op(a) = op(a) + op(s) + op(t) and then op(s) = op(t) = 0 and hence
s = x1 = t. Thus, we have a = b in all four cases.
(ii) Let a,b € W(X,,) where n > 2. Then
a=S"(z1,a,b,b,...,b) and b= S"(x1,b,a,a,...,a).

This means aJb for all a,b, € W,(X,,). Hence 7 = W.(X,,) x W,(X,,). m

Now for a type 7, we consider the generalized superposition operation Sg
and the Menger algebra clone,7, with infinitely many nullary operations.
Corresponding to Definition 4.2 we define Green’s relations £9,RY, D9, HI
and J9. Let X’ = X \ X,,. For Green’s relation £9 we have:

Theorem 4.7. Let a,b € W, (X). Then aL9b if and only if there exists a
permutation 1 on the set {1,2,...,n} such that b = Sg(a,Trqy, - Tr(n))-

Proof. By definition we have aL9b if either a = b or if there are ele-
ments S1,...,8n,t1,...,tn € Wy (X) such that S™(a,s1,...,s,) = b and
Sn(b,tl, ce ,tn) = Q.

We consider the following cases:

1. var(a) or war(b) C X’: In this case from al9 we get b =
Sg(a,s1,...,8,) = a.

2. var(a), var(b) ¢ X’: In this case we have var(a) N X, # 0 and
var(b) N X,, # 0. Now we proceed as in the proof of Theorem 4.5.
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For RY we have:

Theorem 4.8.
RI =W, (X")?Ulw, (x)-

Proof. By definition we have aR9b if either a = b or if there are elements
s,t € Wr, (X) such that Si(s,a,...,a) = b and Sp(t,b,...,b) = a. We
consider again the following cases:

L. var(a) or var(b) € X': If var(a) € X', then var(Sy(s,a,...,a)) =
var(b) C X’ and conversely, if var(b) C X', then var(a) C X'. So,
we may assume that both, var(a) and var(b) are subsets of X'. Let
Rlw, (x1y2 € Wr,(X')? be the restriction of RY to Wy, (X'). If var(a),
var(b) € X', then S7(b,a,...,a) = b and Si(a,b,...,b) = a and there-
fore aL£9b. This shows RI|y, (xn2 = Wr, (X')?.

2. var(a) € X' and war(b) ¢ X': In this case we have var(s) N
Xy # Ovar(t) N Xn # Ovar(Sy(s,t,...,t)) N X, # 0 and
var(Sy(t,s,...,s)) N X, # 0. From aRIb we obtain by substitution
and by (Cgl), Sp(Sg(s,t,...,t),b,...,b) = b and Sy(S¢(t,s,...,s),

a,...,a) = a. Similar to Lemma 3.5 there follows

Syt t) =24, 87 (t,s,...,8) = x5
for some 1 < 4,57 < n. But then similar as in Lemma 2.2 we conclude
that s = x;,t = x; and t = x;,5 = xj, i.e. s =1t = z;. Then we have
a = b. The converse is clear.
| ]

For Green’s relation J9 we have:
Theorem 4.9. If n =1, then J9 = W; (X') x W (X") U Aw, (x)-

Proof. We consider the following two cases:

1. var(a) € X’ or var(b) € X': In this case from var(a) C X’ we have
a = S}(a,b) and then var(b) C X’ and from var(b) C X" and b = S (b, a),
we obtain var(a) C X’'. Therefore in this case we get JI|W,, (X')? =
We (X')2.

2. var(a) N X, # 0 and var(b) N X,, # 0: Assume that a # b and aJ9b,

then the following cases are possible:
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(1) a= S;(b,t) and b = S;(a, s) for some t,s € W, (X).
(2) a= S'(b,t) and b = S'(s,a) for some t,s € W,, (X).
(3) a= S'(t,b) and b = Sl(a,s) for some t,s € W,, (X).

(4) a = S*(t,b) and b = S1(s,a) for some t,s € W,, (X).

Since in the first case a = S5 (b, t) and var(a)N X # 0 we have var(t)N X1 #
() and similarly we have var(s) N Xy # 0. In the other three cases one has
also var(t) N Xy # 0 and var(s) N Xy # (). Using the formula

op(Sy(q,t)) = op(t) + op(q), q,t € Wr, (X)

it is not difficult to see that for arbitrary terms w,v,w € W, (X) from
u = S;(U,w), var(u) N Xy # 0 and var(v) N X7 # () there follows op(u) >
op(v)+op(w). Using this inequality we obtain in all four cases op(s) = 0 and
op(t) = 0 and thus by var(t)NX; # 0,var(s)NX; # 0 we get s =t = x; and
then a = b, a contradiction. Altogether we have J9 = W, (X")?U Aw, (x)-

|
For n > 2 we obtain
Theorem 4.10. Ifn > 2, then J9 = W, (X) x W, (X).
Proof. Let (a,b) € W, (X)?. Then
a = Sy(r1,a,b,...,b) and b = Sg(z1,b,qa,...,a).
This means a7 9b. [

Moreover, we have HY = RI N LI = Ay, (x) and DI = RIV LI =
W, (X")2 Vv L£9. For DI we have even:

Corollary 4.11. D9 = RIU LI = W, (X)2V LY.

Proof. The inclusion RI U L9 C DY is clear. Let (a,b) € DI. By
DY = L9 o RY, there is a term ¢ € W, (X) such that (a,c) € RY and
(c,b) € £9. We consider the following two cases:
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1. var(a) € X’ or var(b) C X': Since (¢,b) € L9, by Theorem 4.7 there is
a permutation 7 on {1,2,...,n} such that b = Sg(c, Zy(1y,- -+, Tpny). If
var(b) C X', we get var(c) C X’ and b = c. It follows (a,b) = (a,c) € RY
and var(a) C X'. If var(a) C X', then (a,c) € RY implies var(c) C X'
and then by (¢,b) € £9 also var(b) C X’ and we continue as we did in
the first case. This shows also

var(a) C X’ or var(b) C X' < var(a) C X" and var(b) C X'

2. var(a)NX, # 0 and var(b)NX,, # 0: Then by Theorem 4.8 we get a = ¢
and this implies (a,b) = (¢,b) € L9.

Altogether we have D9 C RYI U L9. [ |

5. GREEN’S RELATIONS ON (W (X,,);+)

Now we consider Green’s relations with respect to the the semigroup
(W-(X,); +) where + is defined by a+b := S™(a,b,b...,b). Let (W.(X,))"
be the monoid arising from (W.(X,);+) by adding a neutral element 0.
Corresponding to the usual definition for Green’s relations £, R, Dy, T4,
and ‘H4 we have:

aRib:=a=0b or a=S"(b,s,s,...,s) and
b= S"(a,t,t,...,t) for some s,t € W.(X,).
alib:<a=0b or a=S"(s,bb,...,b) and
b=S"(t,a,a,...,a) for some s,t € W (Xp,).
aJib:<a=S"(s,S"(b,t,t,... t),...,S™(b,t,t,...,t)) and
b=5"(s",S"(a,t',t',....t"),...,S™(a,t', ¢/ ... 1))
for some s, t,t' € (W (X,))".
Hy=L:NRy and Dy =Rio0Ly(=LioRy).

By definition and Theorem 4.3 we have L =R = Ay, (x,), H+ = L+,
and Dy = Ry. It is left to determine R4 and J-.
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Theorem 5.1. Let a,b € W.(X,,). Then
aRib:sa=0bora=5"bxixi...,x;) and b= S"(a,zj,xj,...,2;)
for some i,j € {1,2,...,n}.

Proof. Assume that aRib. If a # b then a = S™(b,s,s,...,s) and
b= S"(a,t,t,...,t) for some s,t € W.(X,), so we have

a=S"(b,s,s,...,s)
= S"(S™(a,t,ty...,t),8,...,8)
= S"(a,S™(t,8,8,...,8),...,5™(t,s,8,...,5)) (by (C1)).

By Lemma 2.2, we get S™(t, s, ..., s) = x; for some j and then var(a) = {z;}

because of a = S"(a,xj,...,x;). Since S"(t,s,...,s) = x;, by Lemma 2.2
we have t = x; and s = x; for some 1 < i < n. Then b = S"(a,t,...,t) =
S™(a,x4,...,x;) and a = S"(b,xj,...,x;).

Conversely, if a = b or a = S™(b,z;,...,x;) and b = S™(a,z;,..., ;)
for some i,j € {1,2,...,n}, then by definition of R we have aRb. ]

This means, if aR4b and a # b, then var(a) = z; and var(b) = x; and a
arises from b by exchanging x; and x;.
For J; we have:

Theorem 5.2. J, =R,.

Proof. We will show that 7, C R,. Let a,b € W,(X,,) such that a7 b.
Then a = s+ b+t and b = s +a+t' for some s,s',t,t' € (W,(X,,))". So
we have

op(a) = op(s + b+ t)
= op(S™(5, 8™ (b,t, ... ),...,S™(D,t,. .. 1))
> op(s) + op(S™(b,t,...,t))
> op(s) + op(b) + op(t)
= op(s) +op(s' +a+1t') + op(t)

> op(s) + op(s') + op(a) + op(t') + op(t).
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It follows that op(s) + op(s’) + op(t') + op(t) = 0, and then s,s’,t,t' are

variables or the neutral element of the monoid (W.(X,))". It is not
difficult to see that in all of the cases we get
a=b+tand b=a+t.
This means aR4b. Since R+ C J4, we get J+ =R
|

Altogether we have Hy = L4 = Ay, (x,,), R+ =D4 =T

If we consider only unary terms, then S' = +. In this case, all of Green’s
relations are equal.

Proposition 5.3. In the diagonal Menger algebra (W (X1);+) (in the
monoid (W, (z1); S',21)) , we have
Hy =Ly =Ry =Dy =Tt =By, (xy)-

Proof. It is enough to show that J C Ay (x,). Let a,b € W, (X1) and
aJb. Then there are elements s,t,s’, ¢’ € (W,(X1))! such that a = s+ b+t
and b = s’ + a +t'. Consider

a=s+b+t
= Sl(s,51(b,1))
= Si(s,8 (s +a+1t,t))
= S1(s, SL(SL(s, S (a,t')),1)).
Then op(a) = op(s) + op(s') + op(a) + op(t') + op(t).
This implies op(s) = op(s’) = op(t') = op(t) = 0, and so s = &' = ¢ =

t' = x;1. Since 1 is a neutral element of (W, (X1);4), we get a = 21 + b+
z1 = b. Hence J = AWT(Xl)- ]

Now for a type 7, we consider the generalized superposition operation Sg
and the diagonal algebra (W, (X);+,), where a +4 b = Si(a,b,...,b).
Then we define Green’s relations Ei, Ri, Di, Hi and J f in the usual way.
Let X’ = X \ X,,. For Green’s relation RY we have:



106 K. DENECKE AND P. JAMPACHON

Theorem 5.4. Let a,b € W, (X). Then
aRib:=a=bora= Sy (b, i, x4, ...,x;) and b= Sy (a,vj,7),...,75)

for some i,j € {1,2,...,n}.

Proof. We consider the following two cases:

1. var(a) € X’ or var(b) € X": If var(a) € X', then Sy (a,t,...,t) = a
for arbitrary t € W, (X) and if var(b) C X', then Sj(b,s,...,s) = b for
arbitrary s € W, (X) . This shows that RY |, (x1)2 = Aw,, (x)-

2. var(a) N X,, # X, and var(b) N X, # X,: If aR%b and a # b, then
a=Sy(bs,...,s)and b= Si(a,t,...,t) for some s,t € W, (X). Then
we obtain

a=.5;(b,s,...,s)

= Sg(Sy(a,t,...,t),s,...,5)

= Sy(a,Sg(t,s,...,8),..., 5 (t,s,...,8)) by (Cgl).

By var(a) N X,, # 0, similar to Lemma 2.1 we obtain S (t,s,...,s) = x; for
x; € var(a)N X, and then similar as in Lemma 2.2 we get t = x; and s = z;
for some 1 < j < n. [ |

By definition and Theorem 4.8 we have £ = RY = W, (X')? U Ay, (x)
and then HY = Ry N LY = Aw,. (x)- For DY we get DY = RV LY =
RY VW, (X')?. It is left to determine J7.

Theorem 5.5.
J! =Ry ULy =R, UW, (X)

Proof. Leta,b,a#be W, (X) such that aJ{b. Then a =s+4b+4t
and b = s'+,a+4t' for some s, s',t,¢' € W, (X)*. We consider the following
two cases:
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1. var(a) € X' or var(b) C X': Then a +,4t = a and therefore b = s' 4 a.
Similarly, from var(b) C X’ there follows a = s +4b. Now we show that
var(a) C X' if and only if var(b) C X'. Indeed, if var(a) C X', and if
we assume that var(s’) € X', then s’ +4a = ¢’ and b = s’ 4+, a implies
b= s and thus var(b) C X'. If var(s’) N X, # 0, then from b = 5"+, a
we obtain

var(b) = var(a) U (var(s )N X') C X' UX' = X"

Similarly, from var(b) C X' there follows var(a) C X’. This means, that
var(a) C X’ or var(b) C X' implies a = s +4 b and b = s’ +, a for some
s,s' € W, (X) and then2a£*ib. From L% |y, (x12 = W;,(X')? we obtain
‘74g-|W-rn(X’)2 == WTn(X,) .

2. var(a)NX, # 0 and var(b)NX,, # 0: From a = s+4b+4t we get var(s)N
X, # 0, since from var(s) C X', we obtained a = s and so var(a) C X',
a contradiction. In a similar way we show that var(s’) N X,, # (. The
next step is to show that var(t) N X,, # 0 and var(t') N X,, # 0. Indeed,
if var(t) N X,, = 0, then var(t) C X’ and then

var(a) Cvar(t) U (var(s+,0)NX) C X' UX' = X',

a contradiction. This proves var(t) N X,, # (). Similarly, we show that
var(t') N X, # 0.
Using the formula

Op(sg(q,tla s 7tn))

= > vbi(q)op(ty) +op(q), q.t1, ...ty € Wy (X)
k=1

it is not difficult to see that for arbitrary terms w,v,w € W, (X) from
u = v +4w and var(u) N X, # 0 and var(v) N X, # 0 there follows
op(u) > op(v) 4+ op(w). Using this inequality we obtain
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op(a) = op(s +4b+4 1)
= op(Sy(s,Sg(b,t,... ), ..., 87 (b,t,....1))
> op(s) + op(b) + op(t)
= op(s) + op(s’ +4a+4t") + op(t)

> op(s) + op(s') + op(a) + op(t') + op(t).

It follows that op(s) + op(s’) + op(t') + op(t) = 0, and then s,s' ¢, ¢
are variables or the neutral element of the monoid (W, (X,))*. It is not
difficult to see that in all of the cases we get

a=>b+4tand b:a—l—gt',

i.e. aR“j’rb and because of R“j’r - jf we have jﬁ = Ri in the second case
and together with the first case we obtain J7 = R UW,, (X')%

As a final result we get £ = D} = J{ = Ay, (x) U W, (X')?, HY =

Aw,.

1]

2]

(x) and RY as in Theorem 5.4.
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