Discussiones Mathematicae
General Algebra and Applications 26 (2006) 75-83

EXTENSION OF CLASSICAL SEQUENCES
TO NEGATIVE INTEGERS

BENALI BENZAGHOU

Faculté de Mathématiques
USTHB BP 32 El-Alia,

16111 Bab-Ezzouar, Alger

e-mail: benrect@Qwissal.dz

AND
DANIEL BARSKY

Université Paris 13, Institut Galilée,
LAGA UMR 7539, 99 Av. J.-B.

Clément 93430 Villetaneuse, France

e-mail: barsky@math.univ-paris13.fr

Abstract

We give a method to extend Bell exponential polynomials to
negative indices. This generalizes many results of this type such as
the extension to negative indices of Stirling numbers or of Bernoulli
numbers.
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1. INTRODUCTION

Several classical sequences have a "natural” extension to negative indices
which preserves algebraic relations. For example, the binomial polynomials
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allows to define the binomial coefficients <Z> forne Z, k € N.

The sequence (x),, = x(z—1)...(z—n+1),n € N, is extended to negative
integers by

so that the relation

(x)n(x - n)m = (x)n-i—m

remains valid for n € Z and m € Z.
The factorial sequence y(n) = n! is classically extended in [3] by

-1 n—1
v(=n) = ﬁ,n>0.
In [1], extensions of the Stirling numbers of the second kind, S(n,k),
and of the first kind, s(n,k), are obtained for negative n. We remark
that Stirling numbers are values of Bell exponential polynomials,
By, i(a1,az,...), n,k € N, on particular sequences. We give an extension
of the Bell polynomials for n,k € Z. This allows us to recover Branson’s
result and much more. We thank the referee for his remarks.

2. NOTATIONS AND DEFINITIONS

C' is a commutative field, of characteristic zero. For a sequence v : Z — C,
let us note:

suppu = {n,u(n) # 0},

ord u = inf suppu,
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s(C) = {u,ordu > —o0},
50(C) = {u,ordu > 0},

ex, the sequence defined by ey(n) =d,4, k € Z.

For u € s09(C), let us denote:

(1) gu(X) = Zu(n)%
n=0

the associated Hurwitz series (or exponential) to u.

For u € s9(C) and v € so(C), the product g,(X) - g,(X) = gu(X)

defines the Hurwitz product w = umv of sequences v and v, and

) (wm)n) = 3 (1)utireto 5.

=0 N
Let us denote by A = A(C) the Hurwitz algebra of sequences of so(C)

provided with the usual addition and Hurwitz product. The order, ord, is
a valuation on A.

Let us denote T the shift operator on A:

3) (Tu)(n) = u(n +1)

and ¢ the operator of multiplication by n:

(4) (qu)(n) = nu(n).
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Then
d
(5) .gTu(X) = ﬁgu(X) )
d
(6) gqu(X) = Xﬁgu(X)

d
where X stands for the operator of formal differentiation.

Xk
Let us define for k € Z, g, (X) = S If we impose the validity of (5)
Y
and y(—1) = 1, we obtain
n! for n>0
(7) ’V(n) = (_1)—n—1
—— for n<0
(—n —1)!

what allows us to define the Hurwitz series Z u(n) of a sequence u of
n

V(n)
finite order (positive or negative), and to define the Hurwitz product of two
sequences u and v of s(C)

®) wm ) = 3 2 i),

actually [ZJ = ——————, n€Z, ke€Zis the Roman coefficient [3].

s(C), provided with the generalized Hurwitz product (8) is the fraction
fields of the ring .A.

Let u be a sequence of strictly positive order; the composition of series
(9v09u)(X) = gz(X) allows to define the composition of sequences, @ = vou.
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For k e N

9) (ex ou)(n) = By x(u)

is Bell partial exponential polynomial [2]. It is a polynomial in w(1),
w(2),...,u(n),... with coefficients in Z.

For v € 50(C)

(vou)(n) = Byr(wv(k).

Proposition 2.1. The set Q of sequences of order one is a group for the
composition. The inverse uw of u corresponds to the series gz(X) reciprocal
of the series g, (X).

Examples 2.2. Let “a” be the sequence defined by gq(X) = eX —1 ; then
ga(X) =log(1 4+ X) then

B, k(a) =S(n,k)

B,r(@ =s(n,k)
are the Stirling numbers.

Let (t), be the sequence (t)4(n) = t(t — 1)...(t —n + 1) and t7 be the
sequence t9(n) = t". Then

1= (t),0a,
(t)q = tq oa
Y,(u,t) = t? o u is the sequence of Bell exponential polynomials [2] and
n
Yo(a,t) =Y S(n, k)th = Py(t)
k=1

is the nth Bell polynomial.
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Remark 2.3. By application of the operators T" and ¢ (they are derivations
in the Hurwitz algebra A(C)), we can obtain various classical relations on
the Bell exponential polynomials and the Stirling numbers.

3. EXTENSION OF BELL PARTIAL EXPONENTIAL POLYNOMIALS

Let u be a sequence of order one and k a rational integer; let us define for
keN

and so
Xn
v(n)

9(e_jou) (X) = Z Bn,—k(u)

Let us recall the definition of the generalized Bernoulli numbers:

[gzj(X)} ' = gbﬁlk) (U)%

then:

o forn< —k, B, —ik(u) =0

—1)F 1k = 1)n!
o forn >0, B —k(u) = ( )(n—f—k)‘ ) bfﬁk(u)

(1" = DIk = D1
(k—mn)! k—n

o for0<n<k, B—n,—k(u) =

(u)

Theorem 3.1. Let u be a sequence of order one and 0 < n < k, then
B, k(u) = (=1)"" By, (1)

where T is the inverse (for composition) of u.
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Proof. The B, ;(u) are rational functions in the variables w1, ua, ... with
coefficients in Q. One can always suppose the u, algebraically free on Q
and Q(uq,us2,...) embedded in the field of complex numbers C. One can

also suppose that M|un|1/n < 400, so that one can represent the b,(f)(u)
by Cauchy’s formula:

b,(f?n_l/ 2 \* dz 0<n<h
(k—n)! 27 Jo \gu(z)) z2k-—ntl’ "=

C circle with radius € > 0 and center 0.

By the change of variable z = gg(t), and after integration, we obtain

.,k / o)
(k—n)!  2imn I\
= _—pl——~ 7
n' Kl

from which we get the relation of the theorem.

Corollary 3.2. For0<n <k,

S(—n,—k) = (—1)" *s(k,n)

s(—n, —k) = (=1)""*S(k,n).

Remark 3.3. We check that:

1
(X +1)..(X +n)

(X)fn =

= s(—n,—k)XF =" S(—n, —k)(X) .

k>0 k>0
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More generally, if one considers the Bell exponential polynomials associated
with a sequence u of order one:

Yo(u,t) = By p(u)t?
k>0
one can extend them to negative integers by the series:

Yon(ut) =Y Bop pw)t™ => " (=1)""*By, (@)t

k>0 k>n

For Bernoulli polynomials, with D = X and B, the sequence of the

classical Bernoulli numbers:

since gp, (D) = B_,(X) satisfies:

eD -1’

B_,(X+1)—B_,(X)=-nXx"""1.

Remark 3.4. For k,n strictly positive integers

- 1

(19 — eg)™*

where a™* denote powers calculated in the Hurwitz algebra. From this we
get:

k
k) = gy 22 () oo

which allows to define an extension to the negative integers n and positive
integers k.
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To obtain an analogue for the Stirling numbers of second kind s(n, k), we
can consider

1

(X +1)...(X +n) - kzms(—n,k:)Xk

(X)n =

and hence

s(—n, k) = (=1)" 18 (—k,n).
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