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Abstract

In the group theory various representations of free groups are used.
A representation of a free group of rank two by the so-called
time-varying Mealy automata over the changing alphabet is given.
Two different constructions of such automata are presented.
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1. INTRODUCTION

The theory of Mealy automata and groups generated by them is a part
of geometric group theory which describes groups acting on a rooted tree.
The study of the groups of automata was initiated in 70th years by
several outstanding mathematicians (mainly by R. Grigorchuk). It has rapidly
expanded in recent years and now plays an important role in algebra,
theory of dynamical systems, spectral theory, ergodic theory and others
(see [2]-[4], [7], [8])-

The Mealy automata considered so far had the same structure at
every moment of a discrete time-scale (the so-called fixed Mealy automata).
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A concept of a time-varying Mealy automata over a changing alphabet was
introduced for the first time in paper [9]. In papers [10], [11], it is shown that
time-varying Mealy automaton is a useful tool to describing groups acting
on level homogeneous rooted trees which are not homogeneous.

One of key problems in the theory of groups of automata is the problem
of embeddability of other known classes of groups into these groups. This
problem was solved positively for free groups. The first example of such an
automaton representation of a free group was suggested in [1|. However, the
complete proof is still unpublished. An example with the complete proof was
first presented in [5]. In paper [6] a representation of a free group of rank two
by infinite unitriangular matrices is regarded as a group of transformations
generated by fixed Mealy automata over a two-letter alphabet. In this paper
we describe a representation of a free group of rank two by time-varying
Mealy automata. Two different constructions will be presented.

2. TIME-VARYING MEALY AUTOMATA
AND GROUPS GENERATED BY THEM

Let Ng = {0,1,2,...} be a set of nonnegative integers. A changing alphabet
is an infinite sequence

X = (Xt)tENoa
where X; are nonempty, finite sets (sets of letters). A word over the changing
alphabet X is a finite sequence zgx1 ... x;, where x; € X; for i =0,1,...,1.

We denote by X* the set of all words (including the empty word (). By |w|
we denote the length of the word w € X*. The set of words of the length
t we denote by X®). For any ¢t € Ny we also consider the set Xy of finite
sequences in which the i-th letter (i = 1,2,...) belongs to the set Xy, 1.
In particular X ) = X™.

Definition 2.1. A time-varying Mealy automaton is a quintuple

A = (Q’X7Y’(p7w)7

where:

1. Q = (Qu)ien, is a sequence of sets of inside states,

2. X = (Xi)ien, is a changing input alphabet,
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3. Y = (Yi)ien, is a changing output alphabet,

4. ¢ = (¢1)ten, is a sequence of transitions functions of the form

o1 Qr X Xy — Qit1,

5. 1 = (¢1)ten, is a sequence of output functions of the form
P Qr X Xy — Y.

We say that an automaton A is finite if the set S = |J @ of all its inside
teNg
states is finite. If |S| = n, we say that A is an n-state automaton.

It is convenient to present a time-varying Mealy automaton as a labelled,
directed, locally finite graph with vertices corresponding to the inside states
of the automaton. For every t € Ny and every letter z € X; an arrow labelled
by x starts from every state ¢ € @ and is going to the state ¢;(q, z). Each
vertex q € @Q; is labelled by the corresponding state function

(1) Orq: Xi = Yy, orq(x) = Yi(q, ).

To make the graph of the automaton clear, the sets of vertices V; and Vy
corresponding to the sets ); and @y respectively, are disjoint whenever
t # t' (in particular, different vertices may correspond to the same inside
state). Moreover, we will substitute a large number of arrows connecting
two fixed states and having the same direction for a one multi-arrow labelled
by suitable letters and if the labelling of such a multi-arrow is obvious we
will omit this labelling.

Example 2.1. Let (m¢)sen, be a sequence of positive integers. The Figure 1
presents a 2-state time-varying automaton A = (@, X, Y, ¢, %) in which:

1. Q=1{0,1},
2. Xt:Y}:{O,l,...,mt—l},

o

ei(q, ) = p(q) - p(z),

w

¢t<qa$) = +mt q,
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where +,,, is an addition (mod m;) and the function p: R — {0,1} is defined
as follows:

u(0)=1 and p(z)=0 for =z #0.

e e O

0

Figure 1. Example of a time-varying automaton.

In the Figure the state functions 1 and oy constitute respectively the identity
function and the cyclical permutation (0,1,...,m; — 1) of X;.

A time-varying automaton may be interpreted as a machine, which being
at a moment ¢t € Ny in a state ¢ € @ and reading on the input tape a letter
x € Xy, goes to the state ¢;(q, z), types on the output tape the letter ¢4 (q, ),
moves both tapes to the next position and then proceeds further to the next
moment ¢ + 1.

The automaton A with a fixed initial state ¢ € Qg is called the initial
automaton and is denoted by A,. The above interpretation defines a natural
action of A, on the words. Namely, the initial automaton A, defines a
function f;‘: X* — Y™ as follows:

FiM@oz1...mp) = Yolqo, mo)v1 (g1, x1)- (@, 21,

where the sequence qq, q1, . . ., q; of inside states is defined recursively:

(2) w0=q ¢ =pi-1(¢-1,zi—1) for i=1,2,... 1
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The function f;‘ is called the automaton function defined by A,. The image
of a word w = xgx;...x; under a map f;‘ can be easily found using the
graph of the automaton. One must find a directed path starting in a vertex
q € Qo and with consecutive labels g, z1, ..., ;. Such a path will be unique.
If 09,01, ...,0; are the labels of consecutive vertices in this path, then the
word f;‘(w) is equal to og(xg)o1(x1) ... o(xy).

In the set of words over a changing alphabet, we consider for any k € Ny
the equivalence relation ~j. as follows:

w ~p v iff w and v have a common prefix of the length k.

Let X and Y be changing alphabets and let f be a function of the form
f: X* — Y* If f preserves the relation ~j for any k, then we say that f
preserves beginnings of the words. If |f(w)| = |w| for any w € X*, then we
say that f preserves lengths of the words.

Theorem 2.1 ([9]). The function f: X* — Y™* is an automaton function
iff it preserves beginnings and lengths of the words.

Definition 2.2. Let w € X* be a word of the length n = |w|. The function
Jwi X(n) = Y defined by the equality

fwv) = f(w) fuw(v)

is called a remainder of f on the word w or simply a w-remainder of f.

Definition 2.3. Let A = (Q, X,Y, ¥, %) be a time-varying Mealy automa-
ton. For any to € Ny the automaton Allc = (Q', X', Y’ ¢',¢') defined as
follows

/ ! ! / /
Qi = Qio+t: Xt = Xig1t, Yy = Yiort, O3 = Gto+t, Uy = Yio+t,

is called a tg-remainder of A.

If f is generated by the initial automaton A, and the word w = zpz; ... 2y,
then the w-remainder f,, is an automaton function generated by the automa-
ton By,, where B = A|! and the initial state g, is obtained from (2).
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Definition 2.4. An automaton A in which input and output alphabets co-
incide and every its state function oy 4: X; — X; is a permutation of X; is
called a permutational automaton.

If A is a permutational automaton, then for every q € @)y the transfor-
mation f;‘ defines a permutation of X*.

The set SA(X) of automaton functions defined by all initial automata
over a common input and output alphabet X forms a monoid with the iden-
tity function as the neutral element. The subset GA(X) of functions gener-
ated by permutational automata is a group of invertible elements in SA(X).
The group GA(X) is an example of residually finite groups (see [10]).

Definition 2.5. Let A = (Q, X, X, ¢, %) be a time-varying permutational
automaton. The group of the form

G(A) = (f: g € Qo)
is called the group generated by automaton A.
For any permutational automaton A, the group G(A) is residually finite, as

a subgroup of GA(X). It turns out that groups of this form include the class
of finitely generated residually finite groups.

Theorem 2.2 ([10]). For any n-generated residually finite group G, there is
an n-state time-varying automaton A such that G = G(A).

3. THE EMBEDDING INTO THE PERMUTATIONAL WREATH PRODUCT

Let X = (X¢)ten, be a changing alphabet and let G be any subgroup of
GA(X). For any i € Ny we consider the group

G; = <gw: g € G, weX(i)>

which is a group generated by w-remainders of functions from G on all words
w e X® . In particular Gy = G.
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Example 3.1. If G = G(A), then G; is in general a subgroup of G(A|").
If we additionally assume that A is accessible, that is every state of A may
be obtained from the recurrence (2) for some initial state ¢ € @y and some
word w = o7 ... 27, then the equality G; = G(A[*) holds for every i € Ny.

Proposition 3.1. For any f,g € SA(X) and any word w € X*, we have

(3) (fo 9w = fuw© gfw):-

If g € GA(X), then

(4) (070 = (gg-100)) -

Proof. For any u € X(},,) we have (f o g)(wu) = (fog)(w)(f o g)w(u). On
the other hand

(fog)(wu) = g(f(wu)) = g(f(w) fuw(u)) =
= 9(f(W))gs(w)(fw(u)) = (f 0 g)(w)(fuw © grw))(w),

what gives (3) from the previous equality. The formula (4) follows by
substitution of f for g=1 in (3). |

Let us arrange the letters of X; in the sequence: zg,x1,...,Tm—_1-

Proposition 3.2. The group G; embeds into the permutational wreath
product Git1 lx; S(X;) by the mapping

\I/: g = (g$07g$17 e 7gIm71)0—g7
where o4 € S(X;) is defined by the equality o4(z) = g(z).

Proof. The mapping ¥ is one-to-one, what follows from the equalities
g(ru) = 04(x)gz(u) for v € X; and u € X(;41). By Proposition 3.1, we
have:
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\I’(fog) = ((fog)xo""7(fog)xm_1)0'fog:
= (ffbo Ogaf(aco)7"'afxm—1 Ogo'f(:vmfl)) Of00g =
= (f:]coa fa:u ) ffl'mfl)o-f (gﬂcmgﬂvu s >ga?m71)o-g =

= W(f)¥(g).
Hence W is a homomorphism. [

We will write
g = [g:voagmv e 79:cm71]‘79

without special comments.

4. REPRESENTATIONS OF A FREE GROUP OF RANK
TWO BY TIME-VARYING MEALY AUTOMATA

In this chapter we describe a representation of a free group of rank two by
time-varying Mealy automata. Two different constructions of such automata
will be presented.

The first construction gives a representation by a 2-state automaton. It
uses the following reverse order relation < among freely reduced group words
in symbols a, b:

1. the empty word <a <a™' <b < b1,

2. if |wy] < |wal, then w; < wo,

3. if Jwy| = |we| and w1y, we first differ (counting from the right side) in
their k-th terms, then the order of these words depends on their k-th
terms.

The crucial point of this construction constitute two permutations a, b of the
set N with the following property: if w is a group word in a and b on the
[-th position (I = 1,2,...) in the above ordering, then the permutation of
N defined by w maps the number 1 into [. The permutations a, b may be
defined by the following formulas:
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2, if n=1,

n+4-38 if 2.3F <n <3kt

a(n) =
n—2-3% if 3l <n<4.3k
n+ 3 if 4.3F <n< 2.3k
4, if n=1,
n+ 10 - 3%, if 2-38<n<5-3"
b(n) =

n—[13-3*1], if 5.3*<n<17-3F1

n—4-3F if 17351 <n<2.38L

\

Let A = (Q,X, X, p,9) be a time-varying automaton in which (exception-
ally, all the components below are indexed from ¢ = 1):

1. Q;={0,1},

2. X, ={1,2,...,t},

3. eulg,x) =g,

4 (0, @) = ar(x), e(1,2) = be(),

where a;, b; are defined as follows:

a(x), if ze€Xina Y(Xy),
ay(x) =

dt(l’), if zeXp~ Cl_l(Xt);

b(z), if ze€Xenb H(Xy),

bi(z), if =€ X, b 1(Xy);
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and the mappings

C_Ltl Xt AN a_l(Xt) — Xt AN a(Xt), Bt(IL‘)I Xt AN b_l(Xt) — Xt AN b(Xt)

are any bijections. It is not hard to see that as, by € S(X}). In particular, the
automaton A is permutational. The graph of this automaton is presented in
Figure 2.

ofay ()

Figure 2. The automaton A which generates a free group of rank two.

Theorem 4.1. The group G(A) generated by the functions f§' and f{* is a
free group of rank two which is freely generated by these functions.

Proof. The generators f{f‘ and flA map any word =¥ = x1xy...2; € X*
into
[t @) = ar(x1)ag(xa) . (), fi'(x") = ba(z1)ba(az) . .. bi(wy).

For every n € N we have:

ai(z) = a(zx), bi(zr)=0b(z) for x=1,2,...,n,

where t = max{a(1),...,a(n),b(1),...,b(n)}. Thus, if w is a nonempty,
freely reduced group word in f§', f{* and the element g € G(A) is represented
by w, then

g(11... 1) #£11...1
t t
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for t large enough. Indeed, if a group word which derives from w by
substitution of all f(]“ for a and of all ff‘ for b is on the [-th position
(in the above ordering), then | # 1 and the last letter of g(11...1) € X*

t
is equal to [ for ¢ large enough. [

In the second constructions we consider the automaton B = (Q, X, X, ¢, ¥)
defined as follows:

1 Q=X,={01,....t+1},

1+put+1—2), for ¢g=1,
2. SOt(Qaf):
1+ q— u(q), for q#1;

x, for ¢g=1,

3. ¢t(Q7m):
o), for g#1;

where oy = (0)(1,2,...,t+1) is a cyclical permutation of X;. The automaton
B is permutational and its graph is presented in Figure 3.

The construction of the automaton B is quite different from the automa-
ton A. In particular, the automaton B is not finite. On the other hand, the
labelling of its inside states is quite straight. Namely, every state function
01,4 is a power of a cyclical permutation a.

We consider for any ¢ € Ny the remainders a; and b; of the functions
f8 and fP respectively, on the word 00. .. 0 of the length i. Let G; = G(B|?)
be a group generated by an i-remainder of the automaton B. From

the graph of B, we see that G; = (a;, a? ai~t bi) = (ai, b;). In particular,

g Wy

Gy = G(B). The embedding of G; into the permutational wreath product
Giy1 lx, S(X;) is induced by the following equations:

(5) @i = A1, Qit1, -5 Qisr]og, b = [big1, .. big1,aly).
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ont

5./’ '.'.
i

0 (o)—(an—{oe)— -

Figure 3. The automaton B which generates a free group of rank two.

Any element g € G; is an automaton function over the changing alphabet
Y = (Xitt)ten,. It is represented by some freely reduced group word w in
the symbols a;, b;:

g = w(a;, b;).

Let * = xgx1...2;_1 be any word over Y and let

g:coa gxol‘p RN gxowl...xl_l

be remainders of g on the consecutive beginnings of z*. The remainder
Gro..w; € Gitjy1 (j = 0,1,...1— 1) is represented by some freely reduced
group word Wag..z; 10 the symbols a;1j11,bi4j4+1:

Gro...w; = Wag...x; (Qitjr1, bitjr1)-
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Using the equations 5, we may derive wy,.. o, from wy,. o, , (from w if j = 0)
in the following way:

(i) if x; = 0, then every syllable of the form a; i+; is substituted for aj
and every syllable of the form b7, ; is substituted for b;

i+j+1
i+j+1>

(i) if z; # 0, then every syllable of the form aj, ; is substituted for aj, ;
and every syllable of the form b, ; is substituted for by, , or - in case

of aj;(xj) =i+j+1-for a:_(:tﬁ, where s is the sum of all exponents

on a;4j-syllables on the left of b7 ;.

Thus wg,.. 2 ;isa freely reduction of the word derived from wg,. i by the
rules (i) and (ii). The word wg+ is called an z*-remainder of w. The rules
(i) and (ii) define the action of G; on the set Y* as follows:

oSt
(6) g(zom1 ... 1_1) = & (z0)all, (1) . .. ;o (T1),

where S is the sum of all exponents on a;j-syllables in wg. ;_,.

Theorem 4.2. The group G(B) generated by the functions f& and f8
free group of rank two which is freely generated by these functions.

Proof. We show that for every ¢ € Ny the group G; is freely generated by
a;, bi. Let

w=a;'b*...a*b;*

be any nonempty, freely reduced group word in a;, b; and let N(w) be the
number of b;-syllables in w. We prove by induction on N(w) that w does not
define the neutral element in G;. To this, we assume that for every j € Ny
any nonempty, freely reduced group word v in a;, b; with N(v) < N(w) does
not define the neutral element in G.

If N(w) <1, then w = aj' (s1 #0) or w = a;'b;*a;* (r1 # 0). In this
case we easily check that none of the above words defines the neutral element
in G;. Let, now assume N(w) > 1. Then k > 1. Let us denote:

S = ZSJ, = IilaX(’S]|+|S]+1|)+1 and [ = max(0,R —1).
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We consider the remainders w,+ and w,+ of w on sequences:

where x = a;_sl(i +1+1) € X;4;. By the rule (i) we have

wys = @iy bi - a by
We may derive w,+ from wy« by substitution of every its a;4;-syllable for an
appropriate a;4;4+1-syllable and every b;;-syllable for b;1;11-syllable or else
a;11+1-syllable — according to the rules (i) and (ii). The substitution of any
b;yi-syllable for a;;y1-syllable we call simply as a;4;41-substitution.

There are no two consecutive syllables b:ih b;f:gl in wy~ for which the
a;i1141-substitutions hold. Otherwise o;}" (i +1+4 1) =i + 1+ 1 and since,
as sj4+1 7 0, we have consequently

|sjt1] > i+1+1>i+(R—i)+1> R > |sjp1).

Ifv= afilb:ilafﬂl is any subword in wy« such that the a;;;41-substitution
.

holds for b7,

s'=sj+rj(t+1)+ sjy1. Since

then this subword will be substituted for af;l 41 In wyx, where

P+ Dl 2 [i+1] = R > [s5] + |sj41| +1 > [s5 + 5541,

we have s’ # 0.

As a result of the above observation, we obtain that w,+ is nonempty.
Moreover, for the syllable bgj_f in wy« the a;q;41-substitution holds. As a
result we have

N(wg=) < N(w).

By inductive assumption, w,~ does not define the neutral element in G;4;11.
As a consequence, w does not define the neutral element in G;. [
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Remark 4.1. The fact that the sequence | Xy, |X1], |X2|,... is unbounded
is crucial in both first and the second construction. Moreover, if X is any
changing alphabet with the above sequence unbounded, then the same ar-
guments allow to construct in a similar way a time-varying automaton over
X giving a representation of a free group of rank two.

Acknowledgement

The author wishes to thank Professor V.I. Sushchanskii for his help and a
piece of advice.

REFERENCES

[1] S.V. Aleshin, A free group of finite automata, (Russian), Vestnik Moskov.
Univ. Ser. I. Mat. Mekh. 38 (1983), 12-14 (English Transl.: Moscow Univ.
Math. Bull. 38 (1983), No. 4, 10-13).

[2] L. Bartholdi, R.I. Grigorchuk and V. Nekrashevych, From fractal groups to
fractal sets, p. 25-118 in: “Fractals in Graz 2001", Birkh&duser, Basel 2003.

[3] R.I. Grigorchuk, V. V. Nekrashevich and V.I. Sushchanskii, Automata, Dy-
namical Systems and Groups, Proc. Steklov Inst. Math. 231 (2000), 128-203.

[4] R.I. Grigorchuk and A. Zuk, Lectures on Automata Groups, Dynamics on
Tress, and L*-invariants, in: “ Advanced Course on Automata Groups" (July
5-16, 2004 at CRM), Centre de Recerca Matematica, Universitat Autonoma
de Barcelona, Bellaterra, Spain, (preprint, 2004).

[5] A. Olijnyk, Free products of Cy as groups of finitely automatic permutations,
(in Russian), Voprosy Algebry 14 (1999), 158-165.

[6] A.S. Olijnyk and V.I. Sushchanskii, Free Groups of Infinitely Unitriangular
Matrices, Math. Notes 67 (2000), 320-324.

[7] V.I. Sushchanskii, Group of Automatic Permutations, (Ukrainian), Dopov.
Nats. Akad. Ukr. Mat. Prirodozn. Tekh. Nauki 1998, no. 6, 47-51 .

[8] V.I. Sushchanskii, Group of Finite Automatic Permutations, (Ukrainian),
Dopov. Nats. Akad. Ukr. Mat. Prirodozn. Tekh. Nauki 1999, no. 2, 48-52.

[9] A. Woryna, On transformations given by time-varying Mealy automata,
(Polish), Zeszyty Nauk. Politech. Slaskiej, no. 1581, Ser. Automatyka 138
(2003), 201-215 .



134 A. WORYNA

[10] A. Woryna, On the group permutations generated by time-varying Mealy
automata, Publ. Math. Debrecen, 67 (2005), 115-130.

[11] A. Woryna, On representation of a semidirect product of cyclic groups by a
2-state time-varying Mealy automaton, Zeszyty Nauk. Politech. Slaskiej, no.
1652, Ser. Math. 91 (2004), 343-355.

Received 13 May 2005
Revised 19 July 2005


http://www.tcpdf.org

