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Abstract

Let 3 denote the variety of alternative commutative (Jordan) al-
gebras defined by the identity x> = 0, and let G5 be the subvariety of
the variety 23 of solvable algebras of solviability index 2. We present
an infinite independent system of identities in the variety A3 N G2Gs.
Therefore we infer that A3 N 6,6, contains a continuum of infinite
based subvarieties and that there exist algebras with an unsolvable
words problem in A3 N 65,6,.

It is worth mentioning that these results were announced in 1999
in works of the international conference “Loops’99” (Prague).
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In [8] A.M. Slin’ko has formulated the question (Problem 1.129): if any va-
riety of solvable alternative (Jordan) algebras would be finitely based. U.U.
Umirbaev has got an affirmative answer to this question for alternative al-
gebras over a field of characteristic # 2,3 (see [14]), and Yu.A. Medvedev
[7] has given a negative answer for characteristic 2. The main topic of this
work is the construction of an example of an alternative commutative (Jor-
dan) algebra also in the case of characteristic three*, which, together with

*Another example was constructed (independently) by A.V. Badeev, see Added in
proof on the end of this paper.
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the former results, completes the settlement of Slin’ko’s problem for solvable
alternative algebras.

Let (u,v,w) = wv - w — u - vw mean the associator in a considered
algebra, let (ul, ey, U2i—1, U245, U2i+1) = ((ul, e ,u%_l), U3 ’U,22'+1) and let
F be an infinite field of characteristic 3. Let 23 be the variety of alternative
commutative (or Jordan) F-algebras, determined by the identities

(1) 3 =0,

@ ((x1, x2, z3, 4, T5), (T6, T7, T8, T9, Z10),

(11, T12, 213, T14, Z15), (Z16, T17, T18), T19) = 0.

We denote by &3 the variety of alternative commutative (Jordan) F-algebras
being solvable of index 2. We also write

HEe = ((:Elv €r2,T3, T4, $5)7 (yla Y2, y3)7 B (yle—27 Y12k—1, yle)v
(w1, 2, 23, T4, T5), (Y12k+1, Y12k+25 Y12k+3)5 - - -

oo (Y2ak—2, Y2ak—1, Y24k ) ), (T1, T2, T3, T4, T5)).

In this work it is proved that the system of identities {u =0 | k=1,2,...}
is independent in the variety 23 N G264, i.e. no identity of this system
follows from other identities of the system. From (1), it follows that the
variety 203 N G264 is locally nilpotent [15]. Consequently, it is easy to show
that any nilpotent variety of algebras, not necessary alternative or Jordan,
has a finite basis of identities. We also note that in [6] it is shown that a lot
of classic algebras being solvable of index 2, alternative and Jordan among
them, have a finite basis of identities.

It follows from the main result of the work that the variety A3 N 626,
contains a continuum of infinite based subvarieties and there are algebras
with an unsolvable words problem in 23 N G965.

Now, we recall some notions and results from the theory of commuta-
tive Moufang loops (CML’s), which can be found, e.g. in [1] (with some
modifications). Any commutative Moufang loop (Q;-) (CML @, for short)
is characterized by the identity 22 - yz = xy - xz. The inner mapping
group I1(Q) of a CML @ is the group generated by all the inner mappings
L(x,y) = L(zy) ' L(z)L(y), where L(x)y = xy, of the CML Q. A subloop
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H of a CML @ is normal in @, if it is invariant under the group I(Q). The
associator (of multiplicity 1) [x1,x2, x3] of elements x1, z9, x5 € Q is deter-
mined by the equality xi1z9 - 3 = (21 - wox3)[x1, z2,23]. The associators
of multiplicity ¢ are determined by induction: [zi,...,Z9—1, %2, T2i+1] =
[[z1,-..,%2-1], 2, T2i+1]. We denote by Q; the CML @ generated by all the
associators of multiplicity i. A CML @Q is centrally nilpotent of class n if its
lower central series has the form Q@ = Qo D Q1 D ... D Qn-1 D Qn = {1}.
Let f(Q) be the Frattini subloop of Q. If @ is a centrally nilpotent loop,
then @1 C f(Q). Hence a set {a; | a; € Q, i € I} generates @ if and only if
the set {a;Q1 | i € I} generates the abelian group Q/Q;.
We recall (see [1], Chapter VIII, and [12]):

Lemma 1 (Bruck-Slaby’s Theorem). Any finitely generated CML is cen-
trally nilpotent.

Every CML satisfies the following identities:

(3) [2,y,2] = ly, 2, 2] = [y, 2,27
(4) [z, y, 2], u, 0] = [z, u, ), y, 2][2, [y, u, ], 2][2, y, [2, u, v];
(5) [xya%v] = [x’u7UH[xvu7U]ax7y] ) [yvuvv][[yvua U]>y>x]§

and the relation
(6) Qi Qs Qk] € Qiyjrk+1- =

Let Q be an arbitrary CML and let F'Q be its loop algebra. We remind
[2] that FQ is a free F-module with the basis {g | g € Q} and the product
of elements of this basis is determined as their product in CML @. We
denote by wH the ideal of algebra F'(), generated by all the elements 1-h
(h € H), for a normal subloop H of the CML Q. If H = @, then w@
is called the augmentation ideal of algebra F'Q). Let J denote the ideal of
algebra F'Q, generated by all the expressions (u, v, w)+ (v, u, w), u,v,w € Q.
The Moufang identities hold in CML (see [1]), however these identities do
not always hold in F@, i.e. the algebra FQ is not always alternative. (An
algebra is called alternative if the identities (x,z,y) = 0 and (y,z,z) = 0
hold in it). It is shown in [13] that if @ is a relatively free CML, then the
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quotient algebra F'Q)/J is alternative and the CML @ can be embedded
in the multiplication groupoid of algebra FQ/J. Now let @ be a finite
generated CML. By Lemma 1, @ is centrally nilpotent. Then F(Q/Q1) is
a non-trivial associative algebra. Moreover an alternative algebra F'Q/J
is non-trivial. CML @ contains a minimal set of generators. Then, as in
[12], we introduce for elements in () the notion of normal reduced word.
Repeating the proof of Theorem 1 from [13] almost word for word, we prove
that any finite generated CML @ can be embedded in the multiplication
groupoid of F'Q/J. We identify CML @ with this isomorphic image. In [13]
the algebra F'Q/J is called a “loop algebra” of the CML @ and w@/J (always
J C wQ) an “augmentation ideal” (now we use these phrases in quotation
marks) and are denoted by the same symbols F'Q and w(@, respectively.

Lemma 2 ([13]). Let Q be a relatively free (or finite generated) CML and let
¢ be the homomorphism of “loop algebra” F'Q. Then, by the homomorphism
¢, the image of CML @Q is CML. [

Lemma 3 ([13]). Let H be a normal subloop of relatively free (or finite
generated) CML Q and let FQ, wQ be its “loop algebra” and “augmentation
ideal”, respectively. Then

(1) WQ = {ZqEQ )\QQ| ZqEQ )\q = O}?
(i) FQ/wH = P(Q/H) and wQ/wH = w(Q/H);
(iii) the “augmentation ideal” is generated as F-module by the elements

of the form 1-q  (q € Q). [ |

Lemma 4. The relatively free (or finite generated) CML @ satisfies the
identity

(7) 3 =1

if and only if the “augmentation ideal” wQ of the "loop algebra” F'Q satisfies
the identity (1).

Proof. Let the CML @ satisfy the identity (7). By (iii) of Lemma 3, any
element h in w@ has the form h = A\q1 + ... + Apqn, where \; € F,q; =
1—gi,g; € Q. Since F is a field of characteristic 3, the equality ¢> = 0 follows
from the equality g3 = 1. Suppose that hf’l_l =0, where h,_1 = Mq1+...+
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An—1Gn—1- Then, by the alternativity of w@, we have h3 = (h,_1+ A\gn)® =
(hifl + 2>\nhn—1Qn + )‘%q%)(hn—l + )\nQn) = hzfl + Anh?L71Qn + 2)\nhn—1Qn :
hn1 + 2X2hn1Gn - Gn + N2qh - hno1 + Aogs = 3Aah2_1q 4 3N\ohn 147 =
0. Therefore, the identity (1) holds in algebra w@. Conversely, let the
"augmentation ideal” w(@ satisfy the identity (1). Since the field F' is of
characteristic 3, we have g3 = (1—(1—g))3 = 1-3(1—g)+3(1—9)?—(1—g)% =
1for g € @, as 1 — g € w@. Consequently, the CML @ satisfies the identity
(7). This completes the proof of Lemma 4. |

Let now A be an alternative commutative F-algebra with identity 1 and B
a subalgebra of A, satisfying (1). Then 1 — B ={1—b|b e B} is CML and
(1-b)t=1+b+0%

Lemma 5. Let A be an alternative commutative algebra with identity 1 and
B its subalgebra, satisfying (1). Then we have
1—ul—v,1-w=1-(1+u+u?)-(14+v+02)1+w+w?))(uv,w)
for all u,v,w € B.

Proof. We put 1 —u = a,1 —v = b and 1 —w = ¢. Then we have
[1—u,1—v,1—w] = (a-bc)~Y(ab-c) = (a-bc)~L(ab-c)—(a-be) "L (a-be)+1 =
1+(a-bc)~Y(a,b,c) = 1+(((1-w) t-(1—v) H(1—u) H(1-u,1-v,1-w) =
I—(1—w) {1 =v) (1 —w) ) (u,v,w) =1 - (1 +w+w?)(1+v+0?%)-

(14 u + u?))(u, v, w). This completes the proof of Lemma 5. u
We write Sz = 14+ 2+ 22 {2,9.2) = (S Xy¥2)(ey.2), and
{1, .. w1, i, woip1 } = {{z1, ..., 22i—1}, T2, x2i41 . If a CML Q satis-
fies the identity (7), then from Lemmas 4 and 5 it follows that for u,v,w €
w@ [1 —u,1 —v,1—w =1-{u,v,w}, and consequently by induction,
we get

(8) [1—uy, 1 —wug,...,1 —ugip1] =1 —{ug,ug, ..., uzitr1}.

In an arbitrary algebra A, we define by induction:
A=A An =% o AT AT AL = A2 Al — (AlnmD)2,

We remind that algebra A is called nilpotent (respectively solvable) if there
is an n, such that A" = 0 (respectively A(™ = 0). The least n is called the
nilpotent (respectively solvable) index. Let f(x1,x2,...,x;) be a polynomial
of free algebras. We say that f(x1,x2,...,2;) = 0 is a partial identity of
the algebra A with the generating set B if f(b1,b2,...,b;) = 0 for any
bl,bg,...,bi in B.
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Lemma 6. Let A be an alternative commutative F-algebra and I be an ideal
of A. Then I™ n=1,2,..., is also an ideal of A.

Proof. As F is a field of characteristic 3, we have

(u,v,w) + (v,u,w) =0,

UY - w— U vw+ou-w—v-uw =0,

v - w —u - vw — v - uw = 0,

—uv - w —u-vw —v-uw =0,

and v - w = —u- VW — V- UW
for all u,v,w € A.

We will prove the statement by induction on n. Let z € A, u,v € I
and assume that (™ is an ideal of A. Then - uv = —zu - v — v - zv. But
zu, zv € I Therefore 21"+ C 11 Consequently, 7"*+1 is an ideal
of A. The statement is proved by analogy for n = 1. This completes the
proof of Lemma 6. [

Let L be a free CML that satisfies the identity (7), with a set of free genera-
tors Y = {y1,y2,...}, where the cardinal number Y| > 5. Let wL be
the “augmentation ideal” of the “loop algebra” F'L. Let us consider the
homomorphism « : FL — FL/(wL)®. Then H={h € L|1—h € (wL)®}
is the kernel of the homomorphism @ of the CML L, induced on L by the
homomorphism a. By Lemma 2, the quotient loop L/H = L is a CML.

Lemma 7. Let L be a free CML and @ : L — L be the homomorphism

of CML defined above. Then the inequality [Y,,Ys,Ys,Ys,Ys] # 1, where
v, €Y ={ay; | yi € Y}, holds in the CML L.

Proof. First we construct an alternative commutative solvable F-algebra
of index 2, in which identity (1) holds and the following partial identity does
not hold:

(9) {x1, 29,23, 24,25} = 0.

Let M be a free F-module with a set of generators X and let N be the
“exterior” algebra of module M, satisfying the identity 3uvw = 0. We
add a new symbol b ¢ N to the generators X and assume that B is an
F-algebra generated by the set X U {b} which besides the relations of the
“exterior” algebra N also satisfies the relations bu - v = b - uv, bu = —ub, for
all u,v € X. Let E denote the F-submodule of module B with the basis
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consisting of the monomials of odd degree from B, except the monomials
of the form b?*1. Let u,v be monomials from E. There is an odd number
of generators from X U {b} in the composition of u, v, bacause uv = —vu.
Moreover, as there are necessary generators from X in the composition of
u, we have uu = 0. Consequently, it follows easily that for the polynomials
s,t from F the equalities st = —ts and ss = 0 hold. Let

Ui
ug |, whereu; € F,
us

|
I

denote the elements of the direct product R = F x E x E. We define the
product (-) on the set R:

busvs + bugus
(10) u-v= busgvy + bvzuy
bulvg + bvluQ

We also define the sum (+) as the componentwise addition. Then, obviously,
(R,+,-) becomes a commutative F-algebra and it satisfies the identity (1).
Let us show that the algebra R is alternative. Let u,7,w € R. Using (10),
we obtain (u,7,w) =uv-wW —u - 0w =

bugvs + bugus w1 Uy buows + bvgws
= | bugvy + bvsuy wy | — | us buswi + bvsw, =
buyve + buyug w3 U3 buiwe + bviws

b(bugvl + b?}3u1)w3 + b’w2<bu11)2 + b’UllLQ) — bu2(b1)1’u)2+
= b(bulvg + bv1u2)w1 + b’wg(bUQ’Ug + b’UQUg) — bU3(b’l)2’LU3+
b(bu21}3 + bUgUg)wg + bwq (bU3U1 + bvgul) — bul(bv3w1+

+ bwivg) — b(bvsw; + bwsvy)us b uzwsvy + b2vzuzw+
+ b”LU2v3) - b(bUllUQ + bwlvg)ul = b2u1w1v2 + b2v1u1w2+
+ bwgvl) - b(bvgwg + bwgvg)UQ b2u2w21)3 + b2U2U2w3+

+ b2w3U3u1 + b2UQZU2U1 + b2U2’LL2w1 + b2w2v2u1
+ b2w11)1UQ + b2U3w3’U2 + b2v3u3w2 + b2w3’l)3U2
+ bzwgl}gu;g + b2u1w11j3 + bzvlulwg + b2w1’U1U3
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If w = 7, then the first component of the associator gets the form

bZU3w3U1 + b2u3u3w1 + b2w3u3u1 + b2U2’LU2U1 + b2U2U2w1+
2 _ 12 2 2 2 _
+ bfwaououi = b*ugwsguq + b*wsuguy + b*uswouy + b*wouou; =

= bPuswsu; — bPuswsug + bugwau; — b*uswou; = 0.

It is shown by analogy that all the other components are equal to zero.
Therefore (u,w,w) = 0, i.e. the algebra R is alternative.

Let A denote the F-subalgebra of the algebra R, generated by the ele-
ments of the form u = (u1,u2,0), i.e. by the elements that have the third
component equal to zero. Using (10) it is easy to see that the algebra A is
solvable of index 2. Then {u,v,w} = (1 +u+u?) - (1 +v+v?)(1+w+
w?))(u,v,w) = (1 +u+v+w)- (u,v,w). Let us write it in detail. We put
b2uswovy +b2veuswi +b2woveu; = ¢ and b2ujwive+b2viuiwe+b2wivius = d.
We have

c up + v +wy c
{u,v,w} = (1+u+v+w)(u,v,w) = d |+ | w2+ v2+ wo d | =
0 0 0
c c
g d == d 3
c(ug + vy + we) + (u1 +v1 + wy)d a
where a = bSwovoujug + bPugwovive + bPvousuqws + bPujwivius +

b3v1ugwive + b3 w v ugws. Consequently, we can choose generating elements
u,v,w,y,z in A such that {{u,v,w},y,z} # 0. Therefore, (9) is not a
partial identity of the algebra A.

As we have shown before in Lemma 5, the set C = 1 — A is a CML.
Since F is a field of characteristic 3, we have (1 —a)? = 1—3a+3a?—a® =1
for a € A, i.e. the CML C satisfies the identity (7). It is obvious that
A = wC. We suppose that the CML C' has the same number of generat-
ing elements as the free CML L and let C = L/H. The loop homomorphism
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L — C induces the algebra homomorphisms wL — wC, wL/(wL)® —
wC/(wC)? = A/AP). Since the algebra A is solvable of index 2, then
A®) = (0) and we have the algebra homomorphism wL/(wL)?® — A. As
the partial identity (9) does not hold also in the algebra A, the same holds
in algebra wL/(wL)®. But FL/(wL)® = F(L/H). Then it follows from
(8) that the inequality [¥y,Ys,¥s, Ua, Us] # 1 holds in the CML L = L/H.
This completes the proof of Lemma 7. [

Let @, denote the CML, constructed in the proof of Theorem of [11]. It
is the semi-direct product of B, and G,, where G, is the free centrally
nilpotent CML of class 2 with free generators gi,92,...,g24n, By is the
centrally nilpotent CML of class 2, generated by the set {ad | a € I(G,)},
where d ¢ G,,I1(G),) is the inner mapping group of CML G,,. It follows
from the definition of the CML B,, and G,, that they satisfy the identity

(11) [[x1,$2,$3],x4,x5] = 1.

Since the CML @), is finite, it is centrally nilpotent by Lemma 1. In the
CML @, the identities (7) and

A= MNz1,22,...,219) = [[T1, 22, 23, 24, 5], [26, X7, T8, T9, T10],
(12)
[$11,$12,$13,$14,$15], [$16,$177$18},$19] =1

hold, and for k # n, k # 2n also the following identities are satisfied:

Tk = Tk(y1,y2,y3,y4,y5;w1,w2, cee ,$24k) =
= [[y1, Y2, y3, Y4, Ys), [T1, T2, 23], . . ., [T126—2, T12k—1, T12k)

[[yl, Y2, Y3, Y4, ydv [3712k+1, T12k+25 9612k+3], e

s [oak—2, Toak—1, Toar)], (Y1, Y2, Y3, Y4, y5]] = 1,
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Ve = Vk(Y2, Y3, Y55 T1, 2, « - -, Tgk; UL, U2, - - -, UI2) =
= [[u1,y2,y3, u2,ys], [T1, 72, 23], . . ., [T120—2, T128—1, T12%],
[[us, Y2, Y3, ud, Ys], [T12k41, T12k+2, T12k43), - - -
(14) ey [T2ak—2, Toak—1, T2ak]], [Us, Y2, Y3, e, Y]] X
x [[uz,y2, Y3, us, Ys|, [T1, ¥2, 23], - . ., [T120—2, T12k—1, T12%],

[[Ug, Y2,Ys3,U10, y5], [$12k+17 T12k+2; «T12k+3]7 cee

ooy |[Toak—2, Toak—1, T2ak]], [w11, Y2, Y3, w12, Ys]] = 1,

where either

1) ur = ys, U3 = Yg, Uz = Yp, U1l = Ys, U2 = Ug = Ug = U = UIQ) =
u12 = Y4, and us = ug = 1
Or 2) U = Ys, Uq =Yg, U = Yp, U2 = Ys, U] = U3 = Us = U7 = Uy = UJ] =
Y1, and ug = u1g = Y4
or 3) Ui =Ys, Us = Y, UT = Y, U9 = Ys, U = Ugy = Up = U = U1Q = U2 =
Y4, and uz = urr = Y1
or4) up = ys, U = Yt, Ug = Yp, U0 = Ys, U] = U3 = U5 = U7 = Uy = UJ] =
Y1, and ug = u12 = Yy
or 5) u3z = Ys, Us = Yt, U1l = Yt, U9 = Ys, Uz = Uq = Ug = U = UIQ) =
u12 = Y4, and u; = ur = y;

or 6) us = ys, Ug = Yt, U12 = Y¢, UI0 = Ys, U] = U3 = U5 = U7 = Ug =
U1l = Y1, and up = ug = yu

and the following inequality holds:
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(Y1, y2, Y3, ya, Us], [x1, T2, 23], . . ., [T12n—2, T12n—1, T12n],
(15) (Y1, y2, Y3, Y4, Us), [T12n+1, T12n+2, T12n43); - - -

ooy [T2an—2, Toan—1, T2anl], [Y1, Y2, Y3, Y4, ys]] # 1.

The identities (1), (12), (13) and the inequality (15) are proved in [11]. The
identity (14) is proved as the proof of the identity wy = 1 of the Theorem
of [11], using Lemma 9 of [11].

By construction, the CML @, is a semi-direct product of the CML’s B,,
and Gy,. Then, by (ii) of Lemma 3, FQ,/wB, = FGy,, wQn/wB, = wG,,
where F'B, and F'G, are subalgebras of “loop algebra” F(@,, and wG,
is the “augmentation ideal” of “loop algebra” F'G,. We will consider the
homomorphism 7 : FQ, — FQ,/(wB,)®. By Lemma 2, 1 induces the
homomorphism 77 of the CML Q.

We will show that 77 is the isomorphism of the CML @Q,,. Indeed, let
«a and ( be the homomorphisms of CML @Q,, and 7@Q),, respectively, which,
by Lemma 2, are induced by the homomorphisms of algebras
FQp — FQy/wBy and FQn/(wBy)®) — (FQn/(wBn)?)/(wB,/(wB)®).
By (i) of Lemma 3, G, NwB,, = (. Then it follows from the relations
FG, = FQ,/wB, = (FQ,/(wB,)?)/(wB,/(wB,)®) that G, = aG,, and
aGy = B(MGy,). Therefore, |G,| = |3(Gy)|. We suppose that the homo-
morphism 77 of CML G, is not an isomorphism. By construction, the CML
G, is finite. Then |7G,| < |G| and |B(1G,)| < |Gr|. We have obtained a
contradiction. Hence 7 is an isomorphism of CML G,,.

By construction, the CML B,, is generated by the set {¢b | ¢ € I(G,)},
where b ¢ G, and I(G),) is the inner mapping group of CML G,,. It is
determined by the identities (7) and (11) and by the relations of the form
[p1b, 2b, p3b] = 1 or [p1b, p2b, p3b] = t(1, 2, ¢3) # 1, where ¢1, 2,93 €
I(G,). By Lemma 4 and (8), the system of identities (7), (11) is equiv-
alent to the system consisting of the identity (1) and the partial identity
(9) of the algebra wB,,. The meaning of the elements t(y1, @2, p3) de-
pends only on the inner mappings @1, @2, s of the CML G,. Then, as
G, 2 7G,, the generators b and the elements t(1, p2, p3) are not mapped
on the unit of the CML 7G,, under the homomorphism 7. We suppose that
B, = L/H, where L is a free CML, as in Lemma 7. By (ii) of Lemma 3,
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FB, = FL/wH. We will consider the homomorphism FL — FL/(wL)®,
taking into account Lemma 6. By Lemma 2, a normal subloop K of the CML
L corresponds to this homomorphism. We have FL + (wH + (wL)®) =
FL +wH + (wH + (wL)?) = FL + wH + (wB,)? = FB, + (wB,)®?.
It means that the ideal wH + (wL)® is the kernel of the homomorphism
FL — FB,/(wB,)®. The normal subloop HK will be the kernel of the
homomorphism L — 7B, which by Lemma 2, is induced by the homo-
morphism FL — FB,/(wB,)?. We suppose that the determining relation
(1D, p2b, p3b] # 1 of CML B, corresponds to the associator [y1,y2,ys] of
the CML L under the homomorphism L — B,,. Then [y1,y2,y3] ¢ H and,
by Lemma 7, [y1,y2,y3] ¢ K. Therefore, [y1,y2,y3] ¢ HK. It means that
the determining relation [p1, @ab, @3b] of the CML B, is not mapped on
the unit of the CML 1B, under the homomorphism B,, — nB,. Therefore
the CMLs B, and 7B, which have the same determining relations, are iso-
morphic. Consequently, 7Q, /1B, = 171G, and 7 is the isomorphism of the
CML Q. Moreover, n(FQ,)/n(wBy) = n(FG,). As the homomorphism
n keeps the sum of the coefficients of the polynomials, by (i) of Lemma 3,
N(w@n)/n(wBn) = n(wGh).

Taking into account Lemma 6, we can consider the homomorphism
€ :n(FQp) — n(FGn)/(n(FG,)®@. Let € be the homomorphism of the
CML 1@, which, by Lemma 2, is induced by the homomorphism &. By the
construction of the CML G,, and then the CML 7G,, is also a free centrally
nilpotent of class 2. It follows from Lemma 7 that the CML £7G,, also has
such a property. Therefore, 7G,, = 7G,,.

Further, it follows from the relation n(FQ,)/n(wB,) = n(FG,) that
zero of the algebra n(FQ,)/n(wB,), namely n(wB,), is mapped on
zero of the second algebra by the composition of homomorphisms:
N(FQn) — n(FQyu)/n(wBy,) — n(FG,)/(n(FG,))?. Tt means that the
homomorphism £ does not impose any restrictions on the ideal n(wB,,). By
Lemma 2, the homomorphism n(FQ,,) — n(FQy)/n(wB,) induces the ho-
momorphism of the CML 7@Q,, whose kernel is the normal subloop
{9 € MQn | 1 — g € n(wBy,)} = 7B,. Therefore, we infer that £ is
an isomorphism of CML 7B,. Consequently, we have the isomorphisms
EMQn) = NQn = Qp. Further we will identify the CML £7Q,, with the
CML Qn. We put {n(w@n) = w@Qy,, En(wBy) = wBy,, and {n(wGy) = wGy.
As for the homomorphism 7 it is proved that w@,,/wB, = wGy,. It is obvi-
ous that wB,, € &3 and wG,, € G3. Then the algebra w@Q,, belongs to the
product of the varieties ©96,.
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Further, g;,r;, s; will denote the elements of CML @n Let a; =1—g;,b; =
1—r;,¢; =1—5;. We also write

0 =0(x1,29,...,219) = {{z1, 22, 23, 24, x5}, {26, T7, T8, 9, 10},

{z11, 212, 713, 714, 715}, {216, 217, T18}, T19 )

§p = &1, T2, 23, T4, T53 Y1, Y2, - - - Y2uk) =

Uz, z2, 73, 24, 25}, {y1, 92, ¥3}, - - - {Y12k—2, Y1261, Y128}
Uz, 22,23, 74, 05}, {Y12k+1, V12k+2, Y12k43 )5 - - -

oo {Yoak—2, Youk—1, Y2k } }, {71, 22, T3, T4, W5 1}

Nk = Mk (T2, T3, T5; Y1, Y2, - - - 5 Y24k5 215 22, - - -, 212) =
Uz, 2, 23, 22, 25 1, (U1, Y2, Y3 s - - - {Y126—2, Y12k—15 Y12k
s, w2, 3, 24, 5}, {V12k+1, Y12k+2, Y12k43} - - -

oo {y2ak—2, Yoak—1, Y24k } }, {z5, T2, 3, 26, T5 } } —

—{{27, x2,T3, <8, 3?5}’ {yb Y2, ys}, Sy {y12k—27 Y12k—1, y12k}7

{79, 2, 3, 210, 5 }, {{211, ¥2, T3, 212, 5},

{y12k+1, Y12k+2, 912k+3}, cees {y24k—2, Y24k—1, y24k}}>

where either

1)
or 2)

or 3)

2] = Ts, 23 = Tty B7 = Tty 211 = L5y R2 = 24 = 26 = 28 = 210 =

x4, and z5 = 29 = 11

29 = Tsy, 24 = Tty B = Tt, R12 = Xs, X1 = 23 = 25 = 27 = 29 =

r1, and zg = z10 = X4

21 = Tsy 85 = Tty 7 = Tt, 29 = Tsy, 22 = 24 = 26 = 28 = 210 =

T4, and z3 = 211 = 21

212 =

211 =

212 =
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or 4) zp = X, 26 = Xy, 28 = Ty, 210 = Ts, 21 = 23 = 25 = 27 = 29 = 211 =
r1, and z4 = z19 = 24

Or B) 23 = Ty, 25 = Ty, 211 = Lt, 29 = L, 22 = 24 = 26 = 28 = 210 = 212 =
T4, and 21 = 27y = 11

or 6) z4 = Ty, 26 = Ty, 212 = T7, 210 = T, 21 = 23 = 25 = 27 = 29 = 211 =
r1, and zo = 28 = 24.

Let k # n,2n and let I denote the ideal of the algebra w@,,, generated by
the expressions of the forms:

O(ca,. .., agalg),

&k(arar, asag, asas, cuay, asas; B1by, Baba, . .., Baarbaar),

M, = Ne(oaz, agas, asas; f1b, Baba, . . ., Baakboar; Y1c1, Y2C2, . . ., Y12¢12),
where

either 1) Cl = ag, C3 = Qt, C7 = Qt, C11 = Ag, C2 = C4 = Cg = C§ = C10 —
c12 = a4, and c5 = cg = aq

or 2) ca = as, ¢4 = Gy, C§ = A, C12 = G, C] = C3 = C5 = C7 = Cg = C|] =
ay, and cg = c19 = a4

or 3) ¢1 = G, C5 = Gy, C7 = A, Cg = g, C3 = C4 = C6 = €8 = C|g = C12 =
a4, and C3 = C11 = a1

or 4) ca = as, C6 = Ay, €8 = g, C10 = Gs, C] = €3 = C5 = C7 = C9 = C|1 =
a1, and ¢4 = c12 = ayq

or 5) c3 = as, 5 = 4, C11 = Gy, C9 = QAg, Cg = C4 = Cg = (8 = Clg =
c12 = a4, and ¢1 = ¢y = a1

or 6) c4 = as, c6 = ay, C12 = ¢, C10 = G, C] = €3 = C5 = C7 = C9g =
c11 = a1, and ¢ = cg = aq4.

Let u;, v;, w; denote the images of the elements a;, b;, ¢;, respectively, under
the homomorphism w@,, — w@,,/I. Then the following equalities hold in
the algebra w@,,/I:

( 9(0&1’&1, a2U2, ..., O(lgulg) = 0,
Ek(aqur, agug, asus, agty, asus; [ro1, Bava, . . ., Poakvaar) = 0,
(17)
e = M (2u2, azus, asus; Brvr, Bove, . . ., baagvoak;
VWL, Y2W2, - - ., Yi2wi2) = 0,
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where

either 1) wy = us, w3 = ug, W7y = Uy, W11 = Ug, Wy = W4 = Wg = Wg =
w1 = w12 = ug, and ws = wy = Uy

01“2) W2 = Ug, W4 = U, W = Ut, W12 = Ug, W] = W3 = W5 = W7 = W9 =
wi1 = uy, and wg = wig = Uy

Or 3) Wi = U, W5 = Ug, W7 = Ug, W9 = U, W2 = W4 = We = W = W10 =
w12 = U4, and w3 = W11 = Uj

OI‘4) W2 = Ug, W = U, W = Ut, W10 = Ug, W] = W3 = W5 = W7 = W9 =
w11 = U1, and wy = w12 = Uy

Or 5) w3 = U, W5 = Ug, W11 = Ug, W9 = U, W2 = W4 = Wg = WY =
wig = w12 = U4, and wy = wr = Uy

or 6) wy = us, we = U, W12 = U, W0 = Us, W] = W3 = W5 = Wy =
w9 = w11 = U1, and we = wg = uy.

By Lemma 2, the image @,, of the CML @,, under the homomorphism
FQ, — FQ,/I is CML.

Lemma 8. The identity 7,, = 1 does not hold in the CML En

Proof. It follows from Lemma 4 that the identity (1) holds in the algebra
wQ,,. Then, as shown before Lemma 5, the set T = 1 — w(@,, forms a CML.
It is obvious that @,y C T. Using (iii) of Lemma 3 it is easy to show that
wT = wQ,,. We denote by H the subloop of the CML T, generated by all
the expressions of the form

X: )\(1*U1,1*U2,...,1*U19),

?k:Tk(l—ul,l—u2,...,1—u5;1—Ul,l—UQ,...,l—ka),
U= (1 —u2, 1 —uz, 1 —us;1 —v1, 1 —wa, ..., 1 — vogy;
1—w1,1—w2,...,1—w12>,

where u;,v;, w; € wQ,, with k # n,k # 2n. It follows from (12)-(15)
that the identity 7,, = 1 is not a corollary to the system of the identi-
ties A = 1,7, = L,y = 1 (for k # n and k # 2n). Then it follows
from (15) and the isomorphism of the CMLs @Q,, and @,, that for certain
9159253 95,1, 72, - -, T2ak € Q@
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(18) (91,92, -, 95571, 72, ..., T2a) & H.

As X, 71, Uy, are defined by the associators of the CML T, it is easy to show
that the subloop H is invariant with respect to the inner mapping group of
the CML H. Therefore, it is normal in 7. We denote by kery the kernel of
the homomorphism FQ,, — F(T/H), where p(3 e cut) = >, cqp ar(tH).
Let the image of the element 7y € T under the homomorphism 7' —
T/H has the form a0, whenever u; = «;(1 — g;),v; = Gi(1 — 1), w; =
vi(1 —85) (a4, Bi,vi € F) in T, and 7. Then o = 1,0 = 6,;1. Here
ag, By are associators of the CML T'/H. With the help of (3) we present
ﬂk_l in the form vy in which the parenthesis distribution [,] in v, coincides
with the parenthesis distribution {, } in the second member of the expres-
sion 7y, (see the notations in (16)). The parenthesis distribution in «j and
in the first member of 7 coincide. Now we use the equality (8) for aj and
k. We assume that o = 1 —ag, v = 1 — 7. As the identity o = %
holds in the CML T/H, it follows from the relation FQ,,/kerp = F(T/H)
that the identity @, = 7, holds in the algebra FQ,,/keryp. Consequently,
ar — 7 € kerp. But ap — 7, = 7n,. Therefore 7;, € kere. By analogy, we
obtain 0, &, € kery from the relations \, 7, € H. Then it follows from the
definition of the ideal I that I C kerp. Finally, it follows from (18) that
the identity 7, = 1 does not hold in the CML, being the image of the CML
Q,, under the homomorphism FQ, — FQ, / kerp. Then it follows from
the homomorphism FQ,, /I — FQ, /kere that the identity 7, = 1 does not

hold in the CML gn as well, being the image of the CML Q,, under the
homomorphism FQ,, — FQ,,/I. This completes the proof of Lemma 8. m

Let f = f(x1,x9,...,2:) be one of the polynomials 6, , n, appeared in
(16). By the definition of {,,}, we pass to the operations (+), (-) in f and
we introduce in the natural way the notions of degree on every variable z;,
degree and homogeneity of polynomials for the obtained polynomials. Let us
write f in the form f = fo+ fi+...+ fr,, where f; is the sum of all the mono-
mials of the polynomial f that have the degree ¢ on z1. Let uq,uo,...,u;
be the elements of the algebra wC,, /I, determined above. For simplicity we
write f(u) instead of f(ui,ug,...,u). If & € F, then f(au,ug,...,u) =
fo(u) + afi(u) + ?fo(u) + ... + a™ f., (u). Let aj,as,...,a, be arbi-
trary elements from F. Then, by (17), we get a system consisting of the
r1 equations
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fO(U) + aifl(u) 4+ ...+ aglfrl (u) =0

with variables fo(w), fi(w),..., fr,(u). By [4] (see p. 376), difj(u) = 0,
where dy is the determinant of this system. We assumed that the field F'

is infinite. Then we can choose ay, ag, ..., a, such that d; # 0. Then we
obtain fj(u) = 0. Doing the same procedure with the polynomials f;, and
variable xso ..., x; successively, we finally get the following statement:

Lemma 9. Let f = fi(x1,29,...,2¢) + ...+ filx1, 22, ... ,2) + ... + fr(x1,

x2,...,xt) be the decomposition of the polynomial f into homogeneous com-
ponents fi(x1, o,...,xt) and let uy, ug, ..., u; be the elements of the algebra
w@Q,,/I determined above. Then fi(u1,us,...,u;) = 0. [

In particular, examining the homogeneous components of the least degree
in each of the cases 6, &}, 7, and taking into account the identity (z,y, z) =
—(x, z,y) of the alternative algebra, we infer that the equalities:

((u1,u2,us, us, us), (us, uz, us, ug, Uo),

(u11,u12,u13, U14, U15), (U16, U17, U18), U19) = O;

((u1,u2,u3, us,us), (v1,v2,v3), . . ., (Vi2k—2, V12k—1, V12k),
((u1, u2, u3, ug, us), (V12k+15 V12k+2, V12k+3); - - -

ooy (Voak—2, Vaak—1, v2ak) ), (w1, u2, uz, us, us)) = 0;

(w1, ug, uz, wa, us), (v1,v2,v3), - - -, (Vi2k—2, V12k—1, V12k),
(w3, u2, uz, wa, us), (Vi2k+1, V12125 V12k43); - - -

ooy (Voa—2, V2ak—1,V24k) ), (W5, U2, U3, W6, Us) )+

+ ((wr, ug, uz, ws, us), (v1,v2,v3), - - -, (Vi2k—2, V12k—1, V12k),
((wg, uz, u3, w10, us), (Vi2k+1, V12k+2, V12k+3)s - - -

vy (Vaak—2, V2ak—1, v2ur)), (w11, U2, u3, w12, us)) = 0,
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hold in the algebra w@,,/I (for k # n,k # 2n), where wy, ws, ..., w2 take
values u1,u4 exactly as in the previous case.

The algebra w(@,, is the homomorphic image of the “augmentation ideal”
wQp. Then it follows from (iii) of Lemma 3 that w@,, is generated as
F-module by the elements of the form a; = 1—g;, where g; € @,,. We denote
by u; the image of the element a; under the homomorphism w@,, — w@,,/I.
Then any element v from w@n /I has the decomposition v = aqui+. . .+ouy.
Now, by induction on length ¢ from the last equalities it is easy to prove the
statement.

Lemma 10. The identities (2) and pj = 0 hold in the algebra w@,,/I for
k#n,k #2n. |

Let G be CML and a1,0a2,...,02+1, bl, bg, ey b2j+1, C1,C2,...,Com+1 be el-
ements in G. We will inductively define the associator of multiplicity k&
with the ¥ parenthesis distribution. The associators of multiplicity 0 are
the elements of the CML G, and the associators of multiplicity 1 with the
(' parenthesis distribution are the associators from G of the form [ay, az, as).
If B'(a1, ag, . .., a2i+1), (b1, bay . . ., bajt1), B (e, ¢z, .., Cam+1) are, respec-
tively, associators of multiplicity 4, j, m with the §*, 37, 3™ parenthesis distri-
bution, then [3 (a1, az, . .., azi+1), 37 (b1, b, ..., baj+1), B™(c1,¢2, - - ., Coms1)]
is an associator of multiplicity i + j +m + 1 with the g+7+™*! parenthesis
distribution.

Lemma 11. Let a CML G with the lower central series G = Gy 2 G1 D ...
be generated by the elements ay,as,... and let B%(by,ba, ..., bopy1) be the
associator of the CML G of multiplicity k with a certain (% parenthesis
distribution. Then:

1) ﬁk(bl, bay. .., b2k+1) € Gg;
2) the quotient loop Gi/Gry1 is generated by those cosets that contain
associators of the form
(19) [a’il’ai27 s ’ai2k+1]’
where a;; € {a1,az,...}.
Proof. The first assertion follows easily from (6) by induction on k. The

second assertion will be also proved by induction on k. Under k£ = 0 the
elements of form (19) are generators of CML and, as a consequence, the
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cosets that contain these elements generate the quotient loop Go/G;. Let
us assume that the quotient loop Gj/Gg41 is generated by the cosets that
contain elements of form (19). As Gp41 = [Gk, G, G| is generated by the
elements [h, g, f], where h € G, and g, f € G, it is obvious that the quotient
loop Giy1/Grio is generated by the cosets that contain these elements.
Moreover, by induction hypotheses, h = [[I; k' - &/, where ¢; = 1, b/ €
Gii1, h € G and every h; is an associator of form (19). It follows from (5),
(6) and (3) that
g f] = [T hS - Wagof] = [Ty b9, S g, f] (mod Gryz) —
[l [hi's g, fIIW, g, f] (mod Grya) = I[iLi[hs's g, f] (mod Grya) =
[[i2i[hi g, f1 (mod Gya). B

Further, suppose that g = []}_; a;j . f =11I;,—; a5 Therefore it follows
again from (5), (6), and (3) that
g, £) = [Ty hir g £ (mod Grya) = Ty [hi, [Ty g, £19 (mod Gieya)
= Lo (I g, £19)% (mod Giryo) =TTy (TTjs [Py @ TT5my @i 1)
(mod Grya) = [IiLi(Iljzy (=i lhisag,aip]®)s (mod Gria) =
H?:I(H;':I (I L= lhis aj, am]™)%)< (mod Gia).

Thus [hj,aj, ap] have the form indicated in (19). This completes the
proof of Lemma 11. n

We remind that a 3-Lie algebra (L;(,,)) is a linear space L over the asso-
ciative and commutative ring with identity with a certain 3-linear operation
(,,) on @ which satisfies the identities (see [3]):

(JUMU,?/) = 07 (l‘,y,$) = 07 (y,x,x) = 07

(20)  ((z,y,2),u,v) = ((z,u,0),y,2) + (2, (y,u,v), 2) + (2,9, (2(u, v)).

In an arbitrary alternative commutative algebra A the identity ((z,y, z),u, v)
= ((z,u,v), y,2) + ((y,u,v),z,2) + ((z,u,v),z,y) holds, where (z,y,z) =
xy -z —x-yz (see [9]). Then, by the bi-associativity of alternative algebra
(cf. [15]), the set A with respect to the ternary operation (z,y, z) becomes
a 3-Lie algebra. Let us denote it by A(A).

Let now G be an arbitrary centrally nilpotent CML that satisfies the
identity (7) and let G = Gy D G1 D ...Gs = {1} be its lower central
series. As in the case of groups and Lie algebras [5], we tie the 3-Lie algebra
L(G) with CML G. By (6) we have G411 D G341 = [GZ,GZ,GZ], then
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C; = G;/Gi4+1 is an abelian group. Let L(C) be a direct sum of groups
C1,Co,...,Cs_1. We define the addition @& on L(G) by the formula

(21) g®h=gih1+ g2ha+ ...+ gs—1hs—1,

where g = g1+ g2+ ... + gs—1,h = h1 + ha + ... + hs_1. It is obvious
that “zero” of the group L(G) is the element 1+ 1 + ... and the element
gfl + ggl + ... is “opposite” to g.

We introduce on group L(G) the ternary operation (,,). Let a € G;,b €
Gj,c € Gp,u € Git1,v € Gjq1,w € Giy1. Then it follows from (5) and (6)
that

lau, bv, cw|Gitjikt2 = [a, b, |Gipjtrto-
Now it is clear that if g; = aGit1, g; = bGji1, g = ¢Gp11, then (gi, g5, gr) =
[a,b,c]Giyj1k12 s a certain element of group Citjykt1=Gitjrht1/Gitjthta
We extend operation (,,) on the whole group L(G) by the formula

s—1

(22) (g:hor) = > (gihymh),

i,5,k+1

where g, h,r are elements in L(G), and ) means addition @ in the group
L(G). Let us show that the operation (,, ) is distributive with respect to @®.
Let f,g,h,7 € L(G). Let us show that the expressions

(23) (frgh@r), (f,9:h) @ (f 9,7)

are equal in L(G). The first of the expressions (23) is, by definition, equal

to
s—1

> (fir g5 hatk).-

,5,k=1

Let fi = aGiy1,9; = bGj11, hy = cGry1, 7, = dGry1. Then by (5) and (6)
(fir 95, hirk) = (aGig1,bG 41, (cd)Gri1) = (a, b, cd)Gitjiht2 =
(a,b,¢)(a,b,d)Gitjtrt2 = (a;b,¢)Gitjiri2 - (a,0,d)Gitjypi2 =

(aGit1,0Gj41,cGrtr) - (aGiy1,bG41,dGri1) = (fis 95, hwe) - (fis 95, 78)-
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Consequently, we obtain

s—1 s—1
Z (flag]7hk’rk?): Z (fl)gjyh’k)(flvgja’rk):(f)gah)(f’hvr)
1,7,k=1 3,7,k=1

In such a way we have seen that both expressions (23) coincide. Other
relations of distributivity can be proved by analogy. Finally, it follows from
the di-associativity of CML (cf. [1]) and the identity (4) that L(G) is a 3-Lie
algebra. Consequently, we have proved

Proposition 1. Let G be an arbitrary centrally nilpotent CML with the
lower central series G = Gg D G1 D ... D Gy = {1}. Then the direct sum
L(G) of the modules G;/Git1,1=0,1,...,s—1, on the operations (21) and
(22) will be a 3-Lie algebra. |

Let us now suppose that a CML G, that satisfies the identity (7) is generated
by the set X = {x1,x9,...,2¢}. We put y; = 1 — x;. It follows from the
definition of the “augmentation ideal” wG of the “loop algebra” F(@Q that
y; € wG. We denote by A the subalgebra of algebra wG, generated by the
elements y1,y2, ..., y;. By Lemma 4, the algebra A satisfies the identity (1),
so is nilpotent [14]. Then for every monomial v € A there exists a number
m such that v € A™\ A™*1. The number m will be called the weight of the
monomial v. The polynomial that only consists of monomials of the weight
m will be called homogeneous of the weight m. Let U be a word of CML
G from the generating set X. We consider in U the generators y; of the
algebra A, using the relation x; = 1 — ;. Let us assume that U has the
decomposition

(24) U=1—(um~+tUm+1+ - U, )

in A, where u; is a homogeneous polynomial from A of the weight ¢ and u,, is
a polynomial of the smallest weight. We determine the mapping § : G — A
by the formula: 6(U) =0if U =1, and §(U) = u,, for all the other cases.

Lemma 12. Let U, V, W be words (# 1) of CML G from the generating
set X and let (U) = U, 6(V) = vg, 0(W) = w,. Then for every integer [

(25) S(UY = lupy,.
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If m < k, then

(26) S(UV) = .
If m =k and ug + v # 0, then

(27) S(UV) = ug, + vg.

If m = k and uy, + v, = 0, then UV =1 or §(UV) belongs to At, where
t >m. If (up, vk, wy) # 0, then

(28) O([U, V,WT]) = (tm, vk, wy).

If (U, Vg, wp) = 0, then [U,V,W] =1 or §([U,V,W]) belongs to A®, where
t>m+k+n.

Proof. We put ty,+mpmi1+...,u, = u. Then U = 1—wu. To prove (25) we
use the decomposition (1—u)! = Zizo(—l)t(i)ut, where (i) = W
As u € A, all non-constant members of the smallest weight of the element
(1 —u)" are of the form —[u. Then (25) is proved.

The assertions (26), (27) follow from the multiplication rules, and the

remaining assertions follow from Lemma 5. [

We put Dy, = {g € G | 1—g € (wG)F}. It is easy to see that Dy, is the kernel
of homomorphism, induced on the CML G by the natural homomorphism
FG — FG/(wG)k. By Lemma 2, G/ Dy, is a CML, so Dy, is a normal subloop
of the CML G (see [1]). It follows from Lemma 12.

Lemma 13. If G, is the m-th member of the lower central series of a CML
G, then Gm g D2m+1.

Proof. We will use the induction on m. We have G, = G = D;. Let us
suppose that Gy, C Day,11 and let a € G, u,v € G. Then [a,u,v] =1, or
d([a,u,v]) has a weight not less than 2m + 3, as d(a) has a weight not less
than 2m + 1. In any case [a,u,v] € Doy, 3, and therefore G411 C Dapts.
This completes the proof of Lemma 13. |
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The CML G is generated by the finite set X. Then by Lemma 1 it is centrally
nilpotent. Assume that its lower central series has the form G = Gg D G1 D
. DGy ={1}.

Proposition 2. Let G and A be the algebras considered above. Then the
mapping x;G1 — y; induces the monomorphism of 3-Lie algebra L(G) into
3-Lie algebra A C A(wG). Obviously, the monomorphism is determined in
the following way:

Let B%(xiy, iy, - . ., Topy1), where z;; € X, be an associator of multiplic-
ity k of the CML G with the B* parenthesis distribution and let 3*(x;,, x4y,
ooy Tig 1) € Gury/Gue)y+1- Then the mapping

k k
B ($i1,$i2, cee ’$i2k+1)Gu(k)+1 — [ (yil y Yigs - -+ 7yi2k+1)

is a monomorphism of quotient loop G )/Gum)+1 in the additive group
Ay (A), where Ay (A) ds a submodule of module A(A), consisting of ho-
mogeneous polynomials of the weight p(k), and the parenthesis distribution
B* means multiplicity in A(A).

Proof. By the definition (22) of the multiplication operation in the algebra
L(G) and (6), and also by the relation between the operation of taking the
associator into the group Gj/Ggi1 and the multiplication in the algebra
A(wG), indicated in (28), the expression 8¥(z;,, %, ..., i,,,) obviously
turns into an element 5*(y;,, Yya» - -+ Yigyy, ) Of the algebra A(A).

Further, by Lemma 13, the arbitrary element U from Gj/Gjy1, under
the mapping x; — ¥;, turns into an element of the algebra A of the form

1+ uops1 + uogyo + ..o + Uy,

where u; has the weight j or equals zero, and j > 2k + 1. This lemma also
shows that the equality

5(UGk+1) = 5(U) = U2k+1

determines the mapping dox41 of group Cy = G /Gr41 in the set of homo-
geneous elements of the weight 2k + 1 of the algebra A.
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Moreover, by the definition (21) of the addition operation of the algebra
L(G) and (24)-(27), dopy1 is a linear mapping Cj, in A?**!. By Lemma
11 the associators of the form [z1,x9,...,Tor+1] generate the subloop Gy,
therefore the mapping

O(V) = 01(v1) +d3(vs) + ..., +opy1(vogs1) + -

is a linear mapping of Zs-module L(G) into Z3-module A, where Z3 means
the field of three elements. Consequently, the mapping x;G1 — y; induces
the homomorphism of 3-Lie algebra L(G) in A.

By [10] the subloop G, generated by all the associators of the CML G,
belongs to the Frattini subloop. Therefore the mapping x;G1 — y; is one-to-
one. If a, b, c are elements in G, then it follows from Lemma 5 that [a, b, c] =
1—(a=t-b7teY)(a,b,¢). Therefore, if [a,b,c] # 1 then (a,b,c) # 0. Con-
sequently, it is easy to show by induction that if 5% (z;,, 2;,, . . . s Tigps) 7 1
then B (yiy, Yigs - - - » Tiy, ;) 7 0. Then it follows from (28) that the mapping
x;G1 — y; induces the monomorphism of 3-Lie algebra L(G) into the 3-Lie
algebra A. This completes the proof of Proposition 2. |

It follows from Lemma 8 and Proposition 2 that
Lemma 14. In the algebra wQ,, /I the identity p, = 0 does not hold. [

It is obvious that the identities 2y = yx and z? - yr = 2%y - = hold in the
algebra w@,, /I, i.e. the algebra w(@, /I is Jordan. Then from Lemmas 10
and 14 we immediately obtain

Theorem 1. The infinite system of identities {ur, = 0}(k = 1,2,...) is
independent in the variety A3 N G262 of alternative commutative (Jordan)
algebras over the infinite field of characteristic 3. [

If a certain identity is deduced from the system of identities {ux = 0}, k =
1,2, ..., then in its deduction only a finite number of identities of this system
can be used. Therefore, if the system of identities {p; = 0} were equivalent
to a certain finite system of identities, then it would be equivalent to one of
its finite subsystem. Consequently, from Theorem 1 we obtain

Corollary 1. Any infinite subset of the system of identities {p = 0}, k =
1,2,..., is not equivalent to any finite system of identities.
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Corollary 2. In the variety A3 N G262 of alternative commutative (Jor-
dan) algebras over the infinite field of characteristic 3 there exists an algebra,
given by the enumerable set of relations, in which the word problem is un-
solvable.

Proof. Let S be some recursively enumerable and non-recursive set of
numbers. Let us examine the algebra A of the variety 23 N G262, defined
by the identical relations {u, = 0} for n € S. It is obvious that each relation
of the algebra A is an identical relation. By Theorem 1 the arbitrary identity
from {u, = 0} under a given n is true in A if and only if n € S. Therefore,
in A the problem of word equality is unsolvable. |

Corollary 3. The variety As N G262 of alternative commutative (Jordan)
algebras over the infinite field of characteristic 3 contains a continuum of
different infinite based subvarieties.

This statement follows directly from Theorem 1 and Corollary 1. ]

Added in proof (by the editors): A.V. Badeev’s thesis: “On Spechtness
of varieties of commutative alternative algebras over a field of characteristic
3 and commutative Moufang loops” (Moscow 1999) is closely related to
topics of the paper. See also the paper:

A.V. Badeev, On the Specht property of varieties of commutative alternative
algebras over a field of characteristic 3 and of commutative Moufang loops,
Sibirsk. Mat. Zh. 41 (2000), 1252-1268.
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