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Abstract

The categorical concept of a theory for algebras of a given type was
foundet by Lawvere in 1963 (see [8]). Hoehnke extended this concept
to partial heterogenous algebras in 1976 (see [5]). A partial theory is
a dhts-category such that the object class forms a free algebra of type
(2,0,0) freely generated by a nonempty set J in the variety determined
by the identities ox ~ o and xo = o, where o and i are the elements
selected by the 0-ary operation symbols.

If the object class of a dhts-category forms even a monoid with unit
element I and zero element O, then one has a strict partial theory.

In this paper is shown that every J-sorted partial theory corre-
sponds in a natural manner to a J-sorted strict partial theory via a
strongly d-monoidal functor. Moreover, there is a pair of adjoint func-
tors between the category of all J-sorted theories and the category of
all corresponding J-sorted strict theories.

This investigation needs an axiomatic characterization of the fun-
damental properties of the category Par of all partial function between
arbitrary sets and this characterization leads to the concept of dhts-
and dhthV s-categories, respectively (see [5], [11], [13]).
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1. INTRODUCTION

Heterogeneous algebras (many-sorted algebras) are, as well-known, algebraic
systems consisting of a family of carrier sets and a family of functions such
that their definition domain are cartesian products of certain carrier sets
and their values are elements of a distinguished carrier set. The concept of
such algebraic systems was independently introduced and investigated by
P.J. Higgins ([4]) and G. Birkhoff & J.D. Lipson ([1]).

The development of a functorial semantic of algebraic theories
for heterogeneous partial algebras requires a good knowledge about
diagonal-halfterminal-halfdiagonal-inversional-symmetric monoidal cate-
gories (dhthV s-categories).

The morphism class of a category K will be denoted by K too, the
object class of K by |K|, and the set of all morphisms in K out of an object
A into an object B by K[A, BJ.

The concept of a symmetric monoidal category in the sense of ([3]) is of
fundamental importance.

Definition 1.1 ([3]). A sequence
K*=(K,®,I,a,rl,s)

is called symmetric monoidal category, if K is a category, ® : K x K — K is
a bifunctor, I is a distinguished object of K, a = (aa,B,c € K[A® (B® (),
(A B)®C] | A,B,C € |[K|), r = (ra € K[ A® [,A] | A € |K|),
l=(lae K[I®A A |Ac|K]|),s=(sap € K[A®B,BRA] | A,B € |K|)
are families of isomorphisms in K (associativity, right-identity, left-identity,
symmetry) such that

Vp,p' € K (dom (p® p') = dom p ® dom p'),

VA,B € |K| (lagp =1a® 1p),
VA,B,C,A'",B',C" € |[K|Vp e K[A,B],c € K|B, (],

p'€ K[A',B],0' € KIB',C'] (p® p)(c ®0") = po®pd),
(M1) VA,B,C,D € |K|

)

F2) Vp,p' € K (cod (p® p') = cod p ® cod p'),
)
)

(aa,B,cepAgB,c,D = (14 ® ap,c,p)aaBzc,p(aaBc @ 1p)),
(M2) VA,Be K| (aarp(ra®lp) =14®1p),
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M3
M4
M5

(
(
(
(M6

)
)
)
)

(M7)
(M8)

VA, B,C€|K|(aaBcsan,cac,ap=(1a®spc)aacs(sac®1B)),

VA,B € |K| (sa,BsB.A = lagB),

VA € |K| (sarla =ra),

VA,B,C, A", B',C'e|K|Vp e K[A,A'l,0 € K|B,B'],7 € K|C,(
(aapc((p@0o)®@T)=(p® (0 ®T))aa s .c),

VA, A" € |[K|Vp € K[A A (rap= (p® 1)rar),

VA, B € |K| Vp € K[A,A'),0 € KB, B (sa5(c®p) =
=(p®o)sa p).

A symmetric monoidal category is called symmetric strictly monoidal, if
all associativity, right-identity, and all left-identity isomorphisms, are unit
morphisms, i.e. identity morphisms in K (in the other terminology), only.

The defining conditions determine a lot of properties as follows.

Corollary 1.2. Let K*® be a symmetric monoidal category. Then

= =
s L

= =

=
&

VA,B € |K| (arap(la ® 1B) = laws),

VA, B € |K| (aaprrass = 1a®71B),

rr =1,

si1 = ligr,

VA € |K| (s7ara =14),

VA, A e |[K|Vpe K[A A (lap = (11 ® p)lar),

VA, B € |K| (ay's (1a® spr)aarp =rass(ry ©1p)),

VA, B € |K| (ar.aB(s1.4 ©1B)ay} g = lagp(la ®15")).

bap.ep = aasp.c.p(0xp (14 @ sp.0)aacs ®1p)agge s p
for arbitrary A, B,C,D € |K|,

one obtains furthermore
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(B2)

(M15)

(M16)
(M17)

(M18)
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VA,B,C,D € |K| (bapc,p =
= GZ}B,C®D<1A ®ap,c,p(spc ® lD)aE}Bp)CLA,C,B@D);
VA,B,C,D, A, B,C",D' € |K| Vp € K[A, A'],0 € K[B, B,
e K[C,C"),p € KD, D]

(baep((p@o)@A@p) =((p®A)® (0@ puba pco),
VA,B,C,D € |K| (ba,,c,pbacsp = lags @ logp),
VA,B,C,D € |K| (bac.p(54c ® 5B,p) = Sa0B,coDbC,D,A,B)
VA,A'B,B,C,C’ € |K]|

(bea,(Bao)), A (Bac) (lagar ® bp.c,Br,07)aag A", Be B ,CoC!

= (aa,,0 ® axp.c)basB)c,(aep),c(bapap ©logcr)),

or equivalently,

=
©

(M19)
(M20)
(M21)
(M22)
(M23)
(M24)

VA, A',B,B,C,C" € |K|
(aapa',BoB coc (baa BB @ loge)b(asB),(AeB),C.C"

= (laga’ ® bp,p,c,c)ba,ar (Boo),(Bwcr)(aa,Bc ® ax,p.c)),
VA, B € |K| (bar1,s = las: ® ligB),
VA,B € |K| (barpr = (ra®re)((lags @ ri)rass) ),
VA,B € |K| (brarp = (a®1p)((l1 ® lags)lags)™}),
VA, B € |K| (br,aB1 = SioABo1(5B,.1 @ 51,4)),
VA,B € |K| (baprr = (lags @ D)Taes(ry @r5"),
VA, B € |K| (brran = (1 ® Lagp)lass(ly' @ 15Y)). n

Remark 1.3. By definition, the object class of a symmetric monoidal
category K*® forms an illegitimate algebra (|K|,®,I) of type (2,0), because
the carrier is not a set.

Especially, of interest are objects consisting of finitely many factors [
in arbitrary brackets, namely objects of the subalgebra (I) generated by the
one element set {I} as follows:

(DO .= {1}, (H) .= (N U{X Y | X,Y € (I)™M},
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This is in fact an algebra of type (2,0). The set (I) determines in a natural
manner a symmetric monoidal subcategory (I)® of K*°.

Moreover, every nonempty set J C |K|, I ¢ J, determines a subalgebra
H of type (2,0) as follows:

HO .= ju{r}, HOD .=HWU{XeY |X,YecHM},
H:= |J H®™.
n €N

The symmetric monoidal subcategory of K*® generated by H, respectively
by J, will be denoted by H®. Obviously, H® is a small category, since the
carrier is a set.

If K* is a symmetric strictly monoidal category, then (|K|, ®,1) is an
illegitimate monoid, (/) is a one element set and every set .J generates a
monoid S with unit I.

Definition 1.4 ([10]). Let K*® be a symmetric monoidal category. The
monoidal subcategory Cj- of K*® generated by the morphism class

{1x|X€‘K|}U{ax,y7z‘X,Y,Z€’K|} U {Tx|X€|K’} U {ZX‘XEIK‘}

WaxyZX. Y. Z€|K} U {ry' X €|K[} U {Iy | X €| K[}

is called central subcategory of K*®, its morphisms are called central mor-
phisms of K*.

Remark 1.5. The class Cg of all central morphisms of a symmetric monoidal
category K*® is given by the construction

CW:={ly|Xe|K}Ufaxy.z | X,Y. Ze|K|yU{rx | X €|K[}U{lx | X € |K]}
Uaxly 7| X, Y, Ze|K[}U {ry! | X €| K[} U {5 | X €| K]},
(n+1) _ ~(n) (n)
CK = CK U{Clcg’CleK[X,Y]/\CQEK[Y,P]/\Cl,CQECK

AX,Y,Pe|K|}U{c ®cy|e1,coeCY,

Ck= U cW
neN

and forms a monoidal subcategory C3, of K*°.
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Cx consists of unit morphisms only, if K*® is symmetric strictly monoidal.
The class of all unit morphisms of K is denotetd by Ung.

Coherence principle ([9], [6], [7]). Let K* be a symmetric monoidal cate-
gory. Then every planar closed diagram of central morphisms is commuta-
tive.

Corollary 1.6. Let K*® be a symmetric monoidal category. Then, by the
coherence principle, there is at most one central morphism cxy € K be-
tween objects X and Y for every X,Y € |K|. The central morphisms are
isomorphisms only.

Let X and Y be arbitrary objects of (I)®*. Then there is exactly one
central morphism in the set (IN[X,Y].

The isomorphisms

i T and ™ éf* I—1,
k=1

n 1 n—+1 n
where I" :== & ITand & I:=1, @ [:=1® ®* 1],
k= k= k=1 K=1

between the different powers of I and the object I are expressable in the
following form:

i =1;, i) = () @ 17)r;, n > 1, especially i® = ry,
) = 1;, *(0+) = (1Ir® i*(”))lj, n > 1, especially i*® = [;.
Proof. It remains to show the existence of an central morphism between

arbitrary X and Y of (I).

a) One proves by induction over the complexity of X: VX € (I) Jc €
(D)[X,1] (c e Ck) :

VX e (O (X =1 A 17 € Cg);
Vn e N VX € (1) Je e (IN[X, 1] (c € Ck) =

= VX e (I)"+t) 3¢ e (I)[X,I] (c € Ck)),
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since
VX e (DD \ (™) 3X,, Xy e (1™ 3¢; e (N[ X, ] NCx (i =1, 2)
(X=X10Xs AN c1®c3 € Cx = (c1 ®ca)rr € (I)[X,I]NCk).

b) One proves by induction over the complexity of Y:

VX € (I) VY € (I) 3c € (I)[X,Y] (c € Ck).

The truth of the assertion for an arbitrary X € (I) and for Y € (I)(9) was
shown in a).

VX € (I)¥n e N VY € ()™ 3c e (I)[X,Y] (c € Ck) =

= VY e ("D 3 e (I)[X,Y] (c € Ck)],

since

VY € (I)™D\ (N)™) 3Y1, Ys € (1™ Fe; € (D[X, 1] N Ck
Jdeg € (I)[1,Y2] N Cx
Y=Y1®Ys A c1®@c2 € Cx =15 (c1®e) € (I)[X,Y]NCk). =
Definitions 1.7. Let K*® be a symmetric monoidal category in the sense
of [3].
A sequence (K*®;d) is called diagonal-symmetric monoidal category
(shortly ds-category) (in [2] considered in the strict case as a special Kronec-

ker-category, in [13] as “diagonal-symmetrische Kategorie”), if d = (dg €
K[A,A® A] | A € |K|) is a family of morphisms of K such that

(D1) VA A" € |K| VY € K[A, A'] (pdar = dale ® ),
(D2) VA e ’K| (dA(dA®1A):dA(1A®dA)6LA,A,A),
(D3) VA€ |K| (dASA’A:dA),

(D4) VA,Be€ |K| ((da®dp)baapp=dazB)
are fulfilled.
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(K*,d,t) is called diagonal-terminal-symmetric monoidal category
(dts-category) ([2]), if (K*,d) is a ds-category with a family ¢t = (t4 | A €
|K|) of terminal morphisms t4 € K[A, I]| such that the conditions

(T1) VA A € |K|Vpe K[A A (pta =ta)
and
(DTR) VA € |K| (da(1a ®ta)ra =14)

are right.

(K*;d,t,0) will be called diagonal-halfterminal-symmetric monoidal cate-
gory or Hoehnke category (shortly dhts-category) ([5], [11], [13]) , if d and ¢
are morphism families as above and o : I — O is a distinguished morphism
in K related to a distinguished object O € |K|, such that

(D1) VA A € |K| Yy € K[A, A'] (da(p ® ¢) = wdar),

(DTR) VA€ |K| (da(la®ta)ra =1a),

(DTL) VA€ |K| (da(ta ® 14)la = 14),

(DTRL) YAy, Ay €| K |(da, 04, (14, ®ta,)74, @ (4, @1 45)la,) =14,045)),
(TT) VA,Be|K| (tapn = (ta @ t)tior),

(01) VA€|K|(A®0=00A=0),

(0l) VA€ |K| ¥ € K[A,0] (tao =),
and

(02) VA e |K| VY € K[O,A] (1a®to)ra =1)

are fulfilled.

(K*;d,t,V,o0) is called diagonal-halfterminal-halfdiagonal-inversional-sym-
metric monoidal category or Hoehnke category with halfdiagonalinversions
(for short dhthVs-category, in [13] named dhtV-symmetric category), if
(K*®;d,t,0) is a dhts-category endowed with a morphism family

V=(VaeK[A® A, A] | A € |K]|) fulfilling
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(DT) VA e ‘K’ (dAVA = 1A),
(D3) VA € |K| (Vadadaga = daga(Vada @ 1aga)).

Any ds-, dts-, dhts-, and dhthVs-category, respectively, is called strict, if
the underlying symmetric monoidal category is strictly monoidal.

The zero morphisms o4 g absorb all other morphisms at composition
and ®-operation in any dhts-category, i.e.

(03) VA,A',B,B' € |K|Vpe K[A, A, 0 € K[B,B|

(poar B =04B /N 04BO =04p),

(04) VA,B,C,D € |K| V¢ € K[C, D]

(0a4,B®E& =o0agc,Bep N £ ®04B = 0CeA,BoD);

(05) VA € ‘K| (007,4 = (IA ®to)’r‘A = (to ® 1,4)[,4).

Because of (ol) and (02), the unit morphism 1¢ is identical with the zero
morphism 0o 0.

The category Par of all partial functions between arbitrary sets is an
example for a dhthVs-category.

In view of the properties of the category Par we will consider mainly
dhts-categories fulfilling the conditions

(NI) VA Bel|K|(AoB=0=(A=0 V B=0)),
(N2) VA, B, C, D e |K|Vy e K[A, B] ¥ € K[C, D]

(¢ ® Y = oagc,Bep = (¢ =048 V ¥ =o0c,D)).
(N3) I#0,

(Na) VA€ [K[\{D} (14 # 04.4)-
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Observe that (K*;d) is a ds-category for each dhts-category (K*®;d,t,0) and
V is the only family in a dhthV s-category with the properties (D7) and (D3),
cf. [11].

Any dhts-category K = (K*;d,t,0) has the following properties:

e The class T := {¢ € K | ¢tcodp = tdomy} Of so-called total morphisms of
K forms a dts-subcategory T'j of K ([12]).

. (A® B, (1a®tp)ra, (ta®1p)lp)

is a categorical product in T'j, but not in the whole category K. The mor-
phisms

pf’B =(ly®tp)ra and pZA’B =(ta®1p)lp

are called the canonical projections concerning A and B ([5]).
e The class Isox of all isomorphisms of K forms a symmetric monoidal
subcategory Iso}, and one has

Ung C Ckg C Isog C Corg C Tk,

where Corg denotes the subcategory of all coretractions of K.

e The relation < defined by
p <t AN € K| (0,0 € K[AA] N o =da(p@v)py ™)

is a partial order relation and it is compatible with composition and
®-operation of morphisms ([11]). Moreover, the following conditions are
equivalent ([12]):

o =dalpav)py ",

o =da(y @ )pi Y,
pdar = da(p @),

pdar = da(¥ ® ).
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e Each morphism ¢ € K determines a so-called subidentity a(p) as follows

([11]):

a(e) = diome(Lldome @ p)pomecode < Ldome-
Moreover, each dhthV s-category has the properties
(V1) VA, A'€|K| Vo e K[A, A') (Vapdar =daga(Vap ® (p @ ¢)Var)),
(bTy) VA, A" € |K| Vo € K[A, A] (ptard; = da(pta @ La)),

therefore Vo < (¢ ® )V ar and pt 4 < t4 for all morphisms ¢ € K[A, A’
and all objects A, A’ € |K| ([15]).

Every morphism set K[A, B] of a dhthVs-category K forms a meet-
semilattice with respect to ¢ A9 = da(p ® 1)V . This semilattice has the
minimum o4 g, maximal elements are the total morphisms. Especially, the
morphism sets K[A, I| possess a maximum, namely ¢ 4.

The basic morphisms related to the distinguished object I in any sym-
metric monoidal category, any dhts-category, or even any dhthV s-category
have some interesting properties as follows:

Lemma 1.8. Let K°® be a symmetric monidal category. Then one has

—1
arry="r; ®rr.

Moreover, every dhts—category K has in addition the properties
dI = TI_17 TIdI = 1I®17 t[ = ]-I ([11]), t1®1 =1y,
i € Isog[I, I =1i=ty,

VX € |K|Vr € K[I,X] (z € Isog = ' =tx).

Finally, if K is a dhthVs-category, then the additional property

V[:'f‘[

18 true.
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Proof. The identity aarp(ra ® 1g) = 14 ® Ip is one of the defining
properties of monoidal-symmetric categories, hence ar 7 (rr®17) =11 @7y
by rr = Iy and a1 = (rl_l ® rr), since all right-identity morphisms are
isomorphisms.

In any dhts-category one has the defining identity d(la ®@ta)ra = 14,
hence 11 = d;(1;®tr)rr = dr(1y ® 17)r; = dyrry, since t; = 17, consequently
dr = 7‘;1 and ryd;y = 17g7.

Each coretraction ¢ € KJ[A, B] of a dhts-category has the property
ptp = ta. Because dj is even an isomorphism, one observes drtjg;r = t; =
1[, therefore t]®[ = 1]@]15[@] = T[d[i[@] = T’]l[ =7Tr.

One of the characterizing conditions of the diagonal inversions in a
dhthV s-category is daV 4 = 14. Therefore, Vi = 115V = rid;V = ry as
above. Now let ¢« € K[I, ] be an isomorphism of a dhts-category K. Then
1 =1ly =1it; = t7, because of 1; = t;.

Let x € K[I,X] be an isomorphism in a dhts-category K. Then one
obtains in the same manner as above 17 = t; = xtx, hence the assertion. m

Remark 1.9. Let K be a dhts-category. Then its object class |K| forms
an illegitimate algebra (| K|, ®, 1, 0) of type (2,0,0). Let J be a nonempty
set such that J N {I,O0} = 0. Then J generates in |K| a subalgebra H® of
type (2,0,0):

7o = Ju{r,0}, B™D:=EMU{XeY |X,Yer M)

HO = |y H°W.
n €N

The dhts-subcategory of K generated by H°, respectively by J, will be
denoted by H°. Obviously, H® is again a small category.

Let K be a strict dhts-category. Then the algebra S° := (H°,®,1I,0)
generated by a set J is a monoid with unit I and zero O.

2. HOEHNKE THEORIES

Let G denote the variety of all algebras of type type (2,0) (groupoids with
a distinguished element I). Note that the distinguished element I does
not play the role of a unit element in general. By the principles of General
Algebra, every set J determines in G a free G-algebra Fg(J) freely generated
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by J. The algebra Fg(J) contains a subalgebra (/) consisting of all possible
products of I as follows:

(DO = {1}, (DD = (YPUXEY | X,Y € (D), (1) = Y (D%,
keN

Every algebra A = (A; ®, I) € G can be transfered into an algebra (4; ®, I, O)
of type (2,0,0) by addition of a distinguished element O with the property
VXeA(X®0=0=0X).

By G° shall be denoted the variety of all algebras (A4;®, I, O) of type
(2,0,0) (groupoids with distinguished element I and zero element O) such
that VX € A (X ®O0 =0 =0 ® X). Fgo(J) denotes the free G°-algebra
freely generated by a set J such that JN{I,0} = ). Clearly, Fgo(J) contains
the trivial subalgebra (I)° with the carrier set (I)° = (I) U {O}.

Let M be the variety of all monoids (algebras of type (2,0)) and let M°
be the variety of all monoids with absorbing zero (algebras of type (2,0,0)
t00).

The free M-algebra (M?°-algebra) freely generated by J will be denoted
by Fa(J) (Faqe(J)). The trivial subalgebra (I) ((I)°) has the carrier set
(1) = {1} (I° = {1,0}).

The identical embedding functions from J into the corresponding alge-
bras will be denoted as follows:

tg s J = Fg(J), thge: J — Fgo(J),
LS : J‘—>FM(J), LSo :J‘—>FM0(J).

Definition 2.1 ([5]). Let T be a dhts-category, a dhthVs-category, or a
dts-category and let J be a nonempty set of objects of T such that 1,0 ¢ J.

Then T will be called
J-sorted dhts-theory or J-sorted Hoehnke theory,
J-sorted dhthV s-theorie or
J-sorted Hoehnke theory with halfdiagonalinversions,
J-sorted dts-theory, respectively,
if (|T|;®,1,0) isafree G°-algebra freely generated by J ((|T|; ®,1) is a
free G-algebra freely generated by J, I ¢ J ).
The class of all J-sorted dhts-theories (J-sorted dhthV s-theories,
J-sorted dts-theories) will be denoted by [Thy,,(J) (| Thyo ()|

That(J)])-
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Besides the theory concept above we consider the following, more artifical,
but simpler one, which arises in strict monoidal categories by replacing of
the groupoid Fgo(J) (Fg(J)) by the monoid Fa(J) (Faq(J)). So, one
defines

Definition 2.2. Let T be a dhts-category, a dhthVs-category, or a dts-
category such that the underlying symmetric monoidal category T* is strictly
monoidal, i.e. all the morphisms a, r, and [ are unit-morphims only
(A (Be(C)=A®B)®C, Al =A=1® A, aspc = lagBsc,
ra=14=14 forall A,B,C € |T|).
Then T will be called
J-sorted strict dhts-theory or strict J-sorted Hoehnke theory,
J-sorted strict dhthV s-theory or
strict J-sorted Hoehnke theory with halfdiagonalinversions,
J-sorted strict dts-theory, respectively,

if there exists a nonempty set J in |T| such that I,0 ¢ J and (|T|;®, I,0)

is a free M°-algebra ((|T|;®,I) is a free M-algebra) freely generated by J.

The class of all J-sorted strict dhts-theories (J-sorted strict dhthV s-theories,
J-sorted strict dts-theories) will be denoted by

[sThg (D] (T hgpe ()]s [sThar(J)])-

The categories of the classes |[Thg,,(J)|, [Thy,o ()|, [sThy,(J)|, and
|sSThSo(J)|  shortly will called partial theories (Hoehnke theories) and
categories of |[Thg(J)| and |sThg:(J)| are named total theories.

For a given set J one has on the one hand the free algebra Fgo(.J) and on
the other hand the free algebra F o (J) and both are algebras of the variety
G° of type (2,0,0). Therefore, there arises the question about a connection
between the two algebras.

Lemma 2.3. Let Fgo(J) =: (H°;®,1,0), Fape(J) =: (5°®,1,0), Fg(J)
= (H;®,1I), and Fpq(J) =: (S;®,1) be the algebras defined as above. Then
there is exactly one homomorphism W* : Fgo(J) — Fape(J) (W* : Fg(J) —
Far(J)) such that tgoW* = 150 (LgW™* = 1g).

The mapping W* works as follows:

I—I=1IW"0~0=0W* J35A— A= AW",
VX, Y e H (XQY)W*=XW*x YW*).
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Proof. Let T € |Th;,,(J)|. The algebra Fapo(J) = (5°;®,1,0), gener-
ated by J, belongs to G°. Since (H® := |T|;®,1,0) is a a free G°-algebra
freely generated by .J, there is exactly one homomorphism W* such that
Lo W* = 1go and this homomorphism is surjective. The assertion about the
working of the mapping becomes clear since tgo is the identical embedding
of J into S°.

The statement concerning groupoids and monoids without zero will be
proved in the same manner. [

Corollary 2.4. The mapping W* : H°® — §° has the following properties:
VX e (I) (XW*=1),
VWWeH VX e(l)(YX)W=(XY)W"=YW"),
VX, Y, ZeH° (XY @2Z)W*=(XQY)® Z)W*),
VX € Ho\ (I)° INA, Ay, oy Ay (XTF=A410A40---@ Ay).

Proof. The first assertion one proves by induction over the complexity of
the elements of (I).
By Lemma 2.3, IW* = I. Assume that for any n € N the condition

VY € (D™ (YW* = 1)
is valid. Then

VX e (N \ (N™ 3X,, X, € (1)™)
(XW* = (X1 @ Xo)W* = XiW* @ XoW* =1® 1 = 1),

hence Vn € NVX € (I)™W(XW* =1T).
Because of (X @ VYW* = XW* @ YW*, XW* = I for every X € (I)
and [ is the unit element in the monoid, the second claim becomes true.
Let X,Y, and Z be elements of |T'| = H°. Then XW* YW*, and ZW*
are elements of the monoid S° and

(XY Q2 )W =XW*YW*® ZW* = (X ®Y)® Z)W*.
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Because of

H= |y H™, HO .= JU{1},
keN

HD .= HM U{X @Y | X,Y € HM}, neN,

one shows the existence of such a representation by induction over the com-
plexity of X.

XeHO\()=>X=AecJ=XW*=AW* = A.

Assuming that for any n € N each X € H™ \ (I) fulfills the assertion one
investigates an arbitrary Y € H™+D\ H() \ (I). Then there are X;, Xo €
H™\ (I) such that YW* = (X; ® Xo)W* = X;W* @ XoW*, hence there
are Ay,---,A;,B1,--- By € J such that YW* = (X1 @ Xo)W* = X1 W*®
XoW* =410 A, @B Q- ® By.

The uniqueness of the factors of a ®-product which are elements of J
is a consequence of the fact that (S°;®,I,0) is a free M°-algebra freely
generated by J. ]

Lemma 2.5. Let be given H° and S° as above related to a fized set J. Then
there is a function W : S° — H° such that

(W1) WW* =1go and

(W2) VA, BeS° (A® B= (AW @ BW)W*).

The function ® : H® — H° defined by ® := W*W has the properties

(W3) VX e{I) (X®=1),
(W4) VX e H\(I)IM Ay, ... A, eJ (ch = ® Aj>,
1

(W5) VX1,X2,Y1,Y € H
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Proof. Ad (W1): Defining

ow =0, IW =1, VAl,,AnEJ<<A1®®An)W = Q® AJ>
1
one gets immediately WIW* = 1go0.

Ad (W2): The assertion is trivial for A = O or B = O. The same is true if
A=1Tor B=1I. Now let A,B € S\ {I}. Then, by definition,

A®B:A1®~-®An®B1®---®Bm=< ® Ak>W*® ( ® Bj) wr
k=1 j=1

= (AW)W* ® (BW)W* = (AW © BW)W*.
Ad (W3): The condition is valid for X € {I, O}, since

1o =IW*W =IW =1 and O® = OW*W = OW = O.
Let X be an arbitrary element of (I). Then
Xo=(XWHW =IW = 1.

Ad (W4): For all X € H\ (I) one has

Xo=XWNW=(A4®  -A4,)W= @ A

and, by the properties of a free algebra,

n m
'®1 A = k®1 A,=n=m N A;= A} forall j €{1,..,n}.
‘]: =

Ad (W5):

= (X1 ® XQ)W* = (Y1 ® B)W*
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S XiWr XogW* =YiW*® YoWW*
& XiWr=Y1W* A XoW* =Y, W
(S° is a free algebra)
e Xi\WW =YW A XoW*W =Y, WV
S X10=Y1P N XoP =Y2®

S X1P® XoP =Y1P®Ye® (H° is a free algebra).
|

Observe that the function ® : H° — H° maps O onto O, all elements of
(I) C H onto I, and all elements X € H\ (I) onto an ®-product of elements
of J in canonical brackets consisting exactly of the factors of X which are

different from I in the same order.

Lemma 2.6. Let be H°, S5°, ®: H° — H° as above. Then

VX,Y,Z e H° (X® (Y ® Z2)® = (X QYY) Z)),

Vn e N\ {0} VA, .., A, € J (( ® Aj><1>: ® Aj>,

j=1 j=1

VX e () VY e H° (Y @ X)®= (X QY)d =Y®).

Proof.
(XY ®2)=(Xe Y 2)W*W=(XW*"e(YW"® ZW*)W

=(XW*QYW*) @ ZW* )W =(XQY)® Z)®.

( ® Aj)q>:< ® A]-)W*W:< ® Aj>W: o A
j=1 j=1 i=1 j=1
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Y oX)® = (YoX)WW =W eXWI W = (YW )W =
YW*W =Y,

XoY)® = (X@Y)W'W = (XW* @ YWHW = (I @ YWHW =
YW*W =Y. -

Corollary 2.7. Let'T be any J-sorted Hoehnke theory and let ® : H® — H°
be defined as above. Then there is exactly one central morphism cx = cx xo
in Cp for every X € |T|. The same statement is true, if T is a J-sorted
dts-theory and ® : H — H.

Moreover, VX,Y € |[T| (X® =Y® = Jexy € Cr[X,Y]).

Proof. The proof is organized by induction over the complexity of the
objects X € |T| = H°.

Because of X® = X for every X € JU{I,0} = H°® 1y € Cp[X, X&),
hence the start of induction is verified.

Let c¢x exist in Cp for any X € H °() and an arbitrary n € N. Let
be X € He(MtD \HO(”). Then there are X1, Xo € H°™ such that X =
X1 ® X9 and cx, € CT[Xl,XICI)], cx, € CT[XQ,XQ(I)], hence (CX1 ®CX2) €
CT[X, X1 ® XQ‘I)]

n n+m
Since X1® = ® A; and Xp® = ® A; for suitable A; €
ji=1 j=n+1
J, 1 < j <n+ m, there is the canonical associativity isomorphism

amm™ (X1®, Xy®) : X1® ® Xo® — (X1 ® X2)® = X& in Cr,
therefore,
cx = (ex, @ cx,)a™™ (X8, X,®) € Crp[X, XP].

So, the existence of a central morphism cx for every X € |T| = H? is proved.
Moreover, X® = Y is sufficient for cxy := cx(cy)™! € Cp[X,Y].

The uniqueness is again a consequence of the coherence principle.
The claim concerning the dts-case will be proved similarly. [

The function ® defined as above induces in a natural manner a functor from
a J-sorted theory T into itself with additional interesting properties. This
properties concern the monoidal structur of T.
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3. STRUCTURE PRESERVING FUNCTORS

Considering different symmetric monoidal categories K®* and K’® one has
to distinguish between the operations and the basic morphisms of K*® and

those of K'®, respectively, for instance between 1"1(4K) and TE(K ). If there is

not danger of confusion, the upper index will be omitted.

Definition 3.1 ([14]). A functor F': K* — K'® between symmetric mon-
oidal categories K*® and K'® is called monoidal, iff there exists in K’ a family
of morphisms

F=(F(X,Y): XFQYF - (X®QY)F | X,Y € |K|)
and a morphism

ip:I' = IF,
such that the following conditions are fulfilled:

(F~) ¥X,Y € |K| (F(X,Y) € Isog),
(FI)  ip € Isogr,
(FA) vx, v,z e K| (180 @ By, 2)) F(X,v @ 2) (o), F)

K/ ~ K/ ~
= ag(F,)YF,ZF (F(X, Y)® 1(ZF)) FX®Y, Z>) ;

(FR) VX € |K| ( (X, I>< (K>F) - ( 150 @izt )rXF)
(1) vX,Y e |K| (FX,v) (SK9F) = s o F (Y, ).
(FM) Vo:X —»Y,0:U—VeK (oF @ pF)F(Y,V) =

= F(X,U)(p®¥)F).

A monoidal functor F' : K* — K '* is called strictly monoidal, iff all mor-
phisms of the family F' as well as the morphism ¢p are unit morphisms
only.

Corollary 3.2 ([14]). Let F : K* — K'* be a monoidal functor between
symmetric monoidal categories with reference to F',ip. Then

(FL) vX € K] (F(rx) (1I50F) = (7' @15 ) i), »
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In applications to theories of algebraic structures, functors F : K — K’
between dhts-categories, dhthV s-categories, or dts-categories are of interest
which preserve in addition to the functor properties the dhts-, dhthVs-, and
the dts-structure, respectively, with respect to a family F' = (F(X,Y) | X,
Y € |K]) of isomorphisms F(X,Y): XF®YF — (X ® Y)F in K’ and an
isomorphism iz between I’ and I'F, where I and I’ are the distinguished
objects in K and K’, respectively, ([5], [12], [14]). All symmetric monoidal
categories with additional structures mentioned above are ds-categories. Of
importance is the fact that a monoidal functor between at least ds-categories,
which respects the diagonal morphisms except for isomorphisms, respects
the canonical partial order relation and the distinguished terminal mor-
phisms and the distinguished diagonal inversions, respectively, except for
isomorphisms.

Definition 3.3 ([14]). A monoidal functor F : K — K’ between ds-
categories K and K’ is called d-monoidal, if in addition the condition

(FD) VA€ |K]| (d(AK)F = d KV F(a, A>)

holds with reference to the corresponding isomorphisms Fandip. A strictly
monoidal functor F' fulfilling the condition (FD) is called strictly d-monoidal.

Obviously, the identical functor 1x of K*® forms a strictly monoidal
functor with respect to

i\l/{ = (],-\[;<X,Y> = 1XF®YF ’ X,Y S ‘KD, ilK = 1]

and the constant functor £ : K®* — K'* (X — I’, ¢ — 1%,) with reference
to

E=(B(X,Y)=1, | X,Y €|K|), ig = 1},

too, where K® and K'® are arbitrary symmetric monoidal categories.

Both functors are even d-monoidal functors, if K = (K*;d) and K’ =
(K'®;d') are ds-categories.

Moreover: Each d-monoidal functor F' : K — K’ between dhts—categories
possesses the following properties with respect to the corresponding F', ip

([11], [14]):
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(FI) ) =g,
(Fmon) Vo, ¢ € K (¢ < ¢ = pF < YF),
(FT) VX € |K]| (tX Vp KD = t(K)) ,

XY
(FP) VX,Y € |K]| (p( )

- NXFYF .
F:(F<X,Y>)_IP(K)]' ; ]:172)7
(FE) VAce€ |K| (e < lff) = el < 1%)) ;

(FEa) VX, Y € |K]| Vy € K[X,Y] ((a(K)(cp))F - a(K/)(ch)> .

Let K, K’ be dhthVs-categories and let F' : K — K’ be a d-monoidal
functor. Then, in addition to the the properties above, the following holds

([14]):
(Finf) VX,Y€|K| Vo, ¢ € K[X,Y] ((dg?(gp ® w)vg())

F = d{ (eF @ vF)Vi)).,

K) _ oK)

(Finj) VXY € |K| Vg € K[X,Y] ((pe o)V = v

= (pF @ pF)VY) = VR (oF))
(FV) VX € |K]| ( viE) = Fix, X)WV P )

(FV1) VX,Y,U € K| Yy € K[X,U] % € K[V,U] ((p20)Vi ) F

= Fx,7) ((p@ 0)F)Vy ),

(FVs) VX,Y € |K| Vo) € K[X,Y] ((gp o)V = vy

= (pF @Y F)V YF) = V%Q(goF)) :

Obviously, property (Finj) is a special case of (FV3) and it expresses once
more the monotony of the functor F', namely p < ¢ = oF < ¢ F.
The so-called zero functor Z : K — K’ is defined by X Z = O for all

objects X € |K| and ¢Z = 1£)<K)’ for all morphisms ¢ € K. Trivially, this

functor is a d-monoidal one.
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Proposition 3.4 ([14]). Let F : K — K' be a d-monoidal functor between
Hoehnke categories such that F' # Z. Then one obtains:

vx e K| (F(x,0)=F(0,x)=1%),

K K’
VXY € K| (89 F = ol r),
o = t(lfgl)o(K/) (@ oK) = iF(O(K)F)). n

By the structure of any Hoehnke categories K and K’, each functor F' :
K — K’ determines with respect to every pair of objects X,Y € |K]| the
morphism

FY(X,Y) = d 0 e (007 Fop®)" F) € K'(X @ Y)F,XF @ Y]

in the category K’.

Proposition 3.5 ([5]). In the case that ' : K — K' is a d-monoidal
functor with reference to F and ip, the morphisms F(X,Y) are uniquely
determined by

~ _ ’ XY XY N
()™ = diydy e (90 Fep®y F) = PHXY).

Moreover:
Theorem 3.6 ([5], [14]). Assume that F : K — K’ is any functor from a
dhts-category K into a dhts-category K' satisfying the following conditions:
(Fx) VXY € |[K|[(F*(X,Y) € Isok),
(FT¥) tE) e Isogr,
(FM*) Vo, v € K (¢ @ ) F F*(X",Y') = FY(X,Y)(pF @ Y F)).

Then F : K — K’ is d-monoidal with reference to the morphisms
FIX,Y) = (F*(X,Y))", ip:=tE) L n
The statements in 3.5 and 3.6 allow us to speak about d-monoidal functors
between Hoehnke categories as such.
Hoehnke has shown in [5] that the composition of dht-symmetric func-
tors F': K — K’ and G : K/ — K" between Hoehnke categories K, K', K",
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respectively, yields a dht-symmetric functor F'G : K — K”. The same is
true for d-monoidal functors between Hoehnke categories. More precisely:

Proposition 3.7. Let I : K — K' and G : K! — K" be d-monoidal
functors between Hoehnke categories K, K', K". Then the functor FG :
K — K" is a d-monoidal functor too.

Proof. Ad (Fx): Since every functor maps isomorphisms to isomorphism
and

XY
(FG)*(X,Y) = dEX®)Y)(FG) (pgK) (FG) @ pi " (FG)>

— &)
= d((xav)P)@ << > )G>

! XY
= (dggy)F) GGH{(X®Y)F, (X®Y)F) (( ()X F) G® <pg<> F>G)
/ X,Y XY
(dggém ) G (pﬁK) F® <p§K) F> GG*(XF,YF)
’ X,Y XY
= <dg§@3yw <p§K) Fepld ) GG*(XF,YF)

= (F*(X, Y>) ) GG*(XF,YF)
one obtains (FG)*(X,Y) € Isokn.

. (BN KDY g (K7
Ad (FI): 50l =105 = (65 )) G, € Tsoxes

since ' fé’iG € Isogr and tgF’) € Isokr.

A (FMY): (p@)(FG)(FG)* (U, V) = ((p@0)F)G(F*(U, V))GG* (UF, VF)
(p@Y)FF*(U,VY)GG*(UF,VF)
FY{X,Y)Y(pF @ YF))GG*(UF,VF)

F*

= (

= (£

= (FX,Y))G(pF @ YF)GG*(UF,VF)

= (F (X, Y))GGHXFYF)((¢F)G @ (Y F)G)
= (

FG)"(X, Y)(p(FG) @ p(FG)). .
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Lemma 3.8. Let F: K — K’ be a functor from a Hoehnke category K into
a Hoehnke category K' such that the conditions

(sFD) VX € |K]| (dggﬂF - d%)),

(SFT) VX € |K]| (tgf)F - tgf')), and

(sSFM) Vo, € K (g @ Y)F = (pF @ ¢F))
are fulfilled.

Then F has the properties
(sFx) VXY € |[K|(F*(X,Y) € Ungs) and
(SFI*) t(K/)[F € U’I’ZK/,
i.e. F: K — K' is a strictly d-monoidal functor.
Proof. Assuming (sFT) one has 1%{/) = 1§K)F = th)F = t%g), hence

IF = I'K") and (sFT*) is fulfilled.
Moreover,

VX,Y € |K| (K’[(X QY)F, (X oY)F] 310 F = (1&? ® 1§,K)) F

= 1re10F =10 010} = 1{0, r e K IXF o YF)),

hence
VX, Y € K| ((X®Y)F=XFQYF).

Now let X and Y be any objects of |K|. Then

’ XY XY o
F*(X,Y)= dEﬁQ%Y)F (p(K)l F @ pf); F) (by definition)
XY XY
= dSoy F (p(K)l F@pf, F) ((sFD))
K XY XY
= (&2 (pO1 T @p03 ™)) F (sFM))

K K’
= (152y) F = 15y s € Unicr =
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Proposition 3.9. If functors F : K — K' and G : K' — K" between
Hoehnke categories K, K', K" fulfil the conditions (sFD), (sFT), and (sFM),
then the functor FG : K — K" satifies the same conditions. [}

Corollary 3.10. If any functor F : K — K' as above fulfils (sFT) and
(sFM), then F' is a d-monoidal functor satisfying (sFI*).

Proof. It remains to prove the validity of (Fx).

\ _ (K Xy
FHX,Y) = d) (p( XY B g p); F)

= deyr (10 @) ) Fo (189 1)) )

= (e (P00 F) o (0 F 210 F)) () FeilF)
(42 (17 7) P 10 (49 1) )
(P i(7F)
((Tgp)_l ® (lgflg)) ) 12§2®1F)®(IF®YF) (TE(K)F ®If'F )

(M) R e (50) T OF € Lo .

4. FUNCTORS BETWEEN THEORIES, THEORY MORPHISMS

The following considerations are confined to dhts-theories, but it is easily
to see that all results are transferable to dhthVs-theories and dts-theories,
respectively.

Lemma 4.1. Let F' be a d-monoidal functor from a Hoehnke theory T into
a Hoehnke theory T’ such that all morphisms FV(A, B) and ip are central
morphisms only. Then F maps every central morphism ¢ € Cr to a central
morphism cF € Cpv.

Proof. Every functor maps unit morphisms to unit morphism. Any
d-monoidal functor fulfils the conditions (FA), (FR), and (FL) and since ip
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and every ﬁ(A, B) are central morphisms, all images ag g cF, 1aF, [aF,
(aZ}B,C)F, (ri")F, (I;')F are central morphisms in T’.

Therefore, the images of all morphisms of C(lg) are central morphisms
in T'.

Assuming that all morphisms of C,(]Tf ) for any n € N are mapped by F
to central morphisms in T one has

Vo € CETIN\ CY 301,02 € CF (oF = (p192)F =
(p1F)(p2F) € Co V @F = (p1 @ p2)F' =
(ﬁ’(dom o1, dom o)) Y1 F ® gng)ﬁ((:od ¢1,cod pa)) € Cv),

hence Vo € Cp (pF € Cv). |

Observe that especially strict d-monoidal functors map central mor-
phisms to central morphisms.

Theorem 4.2. Let T be a J-sorted Hoehnke theory. Then the function ®
as defined in 2.5 induces a d-monoidal functor ® : T — T relative to ® and
ie such that

VX,V €T (2(X,Y) = (c}' @ ¢y Jexwy) and ig =15

Proof. The object mapping is given by the function ® : |T| — |T|, namely

X, forall X e JU{I O},

1, for all X € (I),
Xo =

n
® A; forall X e|T|\(I)°,
j=1
where A1, ..., A, € J are exactly the factors appearing in X in this sequence
independently of brackets.
Using the uniquely determined central morphisms cxy € Cr[X, X P]
define a morphism mapping by

T[X,Y] 2 p— o :=cy'pcy € TIXP, Y.

Then the functor conditions are fulfilled, since
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Vo € T ((domp)® = dom(¢p®P), (codp)® = cod(p®)) by definition,
VX € ’T’ (1X‘I> = C_;{llch = 1)(.:1),
VX,Y,P € |T| Vo € T|X,Y] V¢ € T[Y, P]

()@ = cx'per = ' pey eyl er = (p®@)(1P)).

By Theorem 3.6, it is sufficient to prove the conditions (Fx), (FI*), and
(FM*) for the functor ®.

Ad (Fx): Let X and Y be arbitrary objects of T. Then, by definition,

OH(X,Y) = dixay)e(p; Popy " @) = d(X®Y)<I>(C)_<,1fo{’YCX ®C)_(}YP§’YCY)

= cxydixav) (017" @ P37 )(ex @ ey) = ey (ex @ ey) € Cr C Isor.
Ad (FT*): Because of I® =1, t;¢ =t; =15 € Isor.

Ad (FM*): For all objects X1, Xo, Y7, Y and all morphisms ¢; € T[X,,Y;], i €
{1,2}, the equation

(01 @ 02)®* (Y1, Ya) = 1o x, (#1 © 02)cvievs €y, gy, (i @ cx,)
= Cxiox, (P10v; ® acy,)
= c)_(i@XQ(ch ® cx,) <C)_(}(P10Yl ® C;échg)
= O*(X1, X2) (01D ® @2 ®)

is valid. Therefore, (P, ‘5, ip) with P = (®*)~! and ig := 17 is a d-monoidal
functor from T into T. [ |
The functor ® shall be called the canonical functor of T.

Corollary 4.3. Let T be a J-sorted dhts-theory. Then the canonical func-
tor of T possesses the following properties:
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(1) VX € |T| (XP)P = X D),
(2) VX €|T[ ((tx)® = txa),
(3) VX €|T| ((rx)® = 1xo = (Ix)®),
(4) VX €[T] (dxP2*(X, X) = dxo),
(5) VX €[T| (Vx® = (X, X)Vxa),
(6) VX €|T| (*(X,I) = (rxe)™ ', @ (I, X) = (Ixe) '),

(7) VX € ‘T‘ ((Cx)q) = 1ch = (lx)(p = Cch),

n m
(8) V@GT(domgp: © AjAcodp = @ Bk/\Aj,BkeJ:wI):go),
j=1 k=1

(9) Vo eT ((p2)® = ¢?).

Proof. Ad (1): (X®)d — ( él Aj> o — .él A = X6,
i= i=
Ad (2): (tx)® = C;(ltXC[ =txe since cx € Isopr N ¢; =1;.
Ad (3): The assertion is a special case of (7).
Ad (4): dx® = c'dxexex = dxo (cy @ cy') exex = dxo(®*(X, X))
= dx PP (X, X) = dya).
Ad (5): Vx®=(cxox) 'Vxex =(cxex) Hex®ex) Ve =" (X, X)Vxe.
Ad (6): ®*(X,I) € Cr[X®, X®® I] and rye € Cp[X® ® I, X,

hence ®*(X,I) = (rxe)~! by the coherence principle.
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Ad (7): cx €Cp[X, X®]= (cx)® € Cp[X®, (XP)D|=Cr[XP, XP]51x0e
= (Cx)q) =1xe =1x9.

CxXp € CT[X(I),X‘I)(I)] = CT[X‘I),X(I)] shows cxe = 1x®.

n
Ad (8): p® = cyppcys = p, where X = @ A;j=X0 A Y =
j=1

= X Bk:YQ),
k=1

Ad (9): (@)@ = (cx'pey) @ = (i) D(p)P(cy) D = . |

Definition 4.4. Let T be a J-sorted Hoehnke theory and let ® be the
canonical d-monoidal functor of T. Then define a binary relation s for ob-
jects and morphisms of T as follows:

(X,)Y)€Ex:e XP=Y0,
(p1,02) € 3 1 P1P = a®.

Theorem 4.5. The relation s defined by the canonical d-monoidal functor
® of a J-sorted Hoehnke theory T as above is a “generalized” congruence
on T.

Proof. Concidering small categories as many-sorted total algebras, a con-
gruence p is defined as a family of equivalence relationes on the isolated
morphism sets, i.e. (¢,¥) € p = domp = domy) A codp = codi).

That is not true for the relation s, since only
Vo, € T((p, ) € 3 = (domp)P=(dom))P A (codp)P = (cody))®),
because of

(907 ¢) Ex=pb=9d= C(;(}m¢30ccodw = C(;Olmwgpccodw
= (domp)® = (domy)® A (codp)® = (cody))d.

Moreover, the relation s is not compatible with the morphism composition
in the strong sense.
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By definition, the relation s is reflexive, symmetric, and transitive for
objects and morphisms, respectively.

The relation is compatible with ®-operation of morphisms and objects,
respectively, because of the following argumentation.

Using of (FM*) and Corollary 4.3 (5) one has for morphisms:
(01, 02), (Y1, ¢2) € 32 = (P1@Y1)® = D" (X1, P1) (12091 2)(2*(Y1,Q1)) !

= O* (X1, P1)(p2® @ 1ho®)(D* (Y1, Q1))
_ o1 —1 —1 —1 1
e CX1®P1 (CX1CX2 ® CPlCPQ) (902 ® w2) (CY2CY1 ® CQ2CQ1) CY1®Q1
= (1 @191)® = ((p1 ®P1)P)P
_ (.- 1 —1 1 1
= (CX1®P1 (CXlCX2 ® cplcp2> (2 @ 92) (CYQCY1 ® CQQCQ1> ch®@1> P
= (2 @ 1) P

= (1 @ Y1, p2 ® o) € 5.
Concerning the object relation one obtains

(X1,X2) € N N, Y2) € x= X0 = X0 A V1P =Y2d
=1x,2=1x,2 A 1y, =1y,9
= (I1x,,1x,) € 2 A (1yy,1y,) € 2
= (1x, ® 1y, 1x, ® 1y,) € 5
= (Ix,0vy, Lxoey,) €
= 1lx,evi® = 1x,01, P

= 1(X1®Y1)¢’ = 1(X2®Y2)<I>
S (X Y1) = (Xa ® Ya)®

j(X1®Y1,X2®Y2) € .
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The relation s is, as already mentioned, reflexive, therefore it preserves all
morphisms wich are determined by constant operation symbols.

For the morphism composition:

Let ¢; € T[X;,Y:],1; € T[P;, Q] for i € {1,2} be arbitrary morphisms
of T. Then, for Y1 = P, i. e. 1 is composable with 1,

(Sol) 802)7 (¢17¢2) € x= (%011/11)(1) = (801‘1))(7/)1(1))
= (p2®)(12®) = cxLpacysCp) Y2cQy,
therefore, by Corollary 4.3 (7) and (5),

(pr61)® = (p190) @)@ = (cxbpacnacp)vacas ) © = (poors,py2),

hence (@191, pacy, p¥2) € .

Observe that especially o and 12 have not to be composable in general,
but there is a central morphism c¢ such that there exists the compositum

p2ca. |

Remark. It is easy to verify that the generating central morphisms
1, a, a= ', r, v~ 1, 17! of any J-sorted theory T fulfil even the following
conditions:

VX, Y, P € |T| (Ixger) Lixeyv)apr) € ),
VX,Y, P € |T| ((axy.p; 1xeyer) € * A ((axyr) " Lixay)er) € %),
VX € |T| (I1xer, 1x), (liex), 1x) € »),

VX € |T| ((rx,1xer), ((rx) ™1 1x) , ((Ix), l1ex), ((x) 7 1x) € 5).

Theorem 4.6. To every J-sorted Hoehnke theory

T € [Thay(J)]
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there exists in a natural manner a J-sorted strict Hoehnke theory
Ts € [sThap,(J)].

Proof. The canonical d-monoidal functor ® : T — T related to any J-
sorted Hoehnke theory T induces the “generalized” congruence .

Construct a new category Tg by using the knowledge about H°, S° and
the functions W and W*.

Ts| := 5% (:=5),
Ts = {l¢) | ¢ € T}, where [p],. = {¢ € T | p® = ¢/ @},
dom(T*)[g],, := <d0m(T)<p) W*, codT9)[y],, := <Cod(T)g0> W,
1EXTS) — [154’]?{/2/} g
(el () [0 = ey L, where Y@ = (codip)® = (domy)® = P
(& YW* = (codp)W* = (domt))W*) = PW*),

A®r,) B= (AW ®(T) BW)W* (by (W4)),
[SO]% ®(Ts) [¢]% = [90 ®(T) 1“%7

(T) _ (D
GpBC = [aAW,BW,CW] e [1AW®(BW®CW)]”’

= )= [, = [, = o

S = [ ] = 4B A = [60)] O = [V

o) i [o(™)]

>

Obviously, (S°;®,1,0) is an algebra of type (2,0,0) with an associative
binary operation, a unit element I, and a zero element O.

Moreover, (|Ts|, Ts, -, dom, cod, 1) is a small category, since | Ts| is a set
and
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[0 € TA, Bl = o € T[X,Y] A A=XW*, B=YW* = 14]¢],.

= [Ix]lpl = Mxex x ¢l = @l = [pey,y 1y ] = [pllly ] = [¢]ilB,

[p]oc € Ts[A, B, [¢].c € Ts[B, CJ, [x]x € Ts[C, D]

= [pl([¥]selx]s) = [@lulepox] = [pex yepox]s
= [QDCX,YU’]%[X]% = ([@]5[V]50) [X]5e-

(Ts; ®,1,1,1,1, s) is a symmetric strictly monoidal category since the defin-
ing conditions are fulfilled. Observe that to every morphism p € Ts[A, B|
there is a morphism ¢ € T[X,Y] such that A = XW* B =YW*, p = [¢]...

Ad (F1): Vp,p' € Ts (dom (p @ p) = dom ([¢],c @ [¢].)
= dom [p ® ¢'],. = (dom (¢ ® ¢'))W*
= ((dom ) ® (dom ¢"))W* = (dom @) W* @ (dom )W~
= (dom [g],) ® (dom [¢];.) = dom p ® dom p).

Ad (F2): The assertion Vp, p' € Ts (cod (p ® p’) = cod p ® cod p’) will be
proved in the same manner.

Ad (F3): VA, B € |Ts| (1ags = [LagBywlsx = [lawesw]s

= [law @ 1w = [law ] ® [1pw ] = 14 ® 1),
since T is a symmetric monoidal category and for all A, B € S° one has
(A BIW® = (A BWW*W = (A® B)W = (AWW* @ BWW*)W =
(AW @ BW)®.

Ad (F4): YA, B,C, A, B',C" € |Ts| ¥p € Ts[A, B

Vo € Ts[B,C| Vp' € Ts[A', B'|Vo' € Ts[B', ']
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(p@p)(o@0") = ([¢]: ® [¢']:) ([¥] ® [1]50)
= lp @ ¢l @Y.
= (v @ P)evay,per (¥ @Y
= [(e® ¢)(ev,p @ cyr,p) (¥ @ YP')]s
= [pey,pY @ p'eyr pr]s
= lpevpdle ® [Peyr prid]c
= [Plse[]2 @ [@]c[¥]
= po @ plo’).

Ad (M1), (M2), (M3): The conditions are trivially fulfilled since a and r

consist of unit morphisms only.
Ad (M4): ¥4, B € [Ts| (s05sis) = [sWow] _[s5aw]
= [S(ATV%/,BWCBW®AW7BW®AWSgV%/,AW] .
= {SELXTV%/,BWSSBTV%/,AW}% = [1£xTV%/®BWL = 1E§XS/[)/®BW)W* = 1&1%%3)
Ad (M5): VA € [T| (s = [s@hw] 15] = [sShawt ]
_ [Tgl;[)/L _ rqus) _ 11(4Ts)).
Ad (M6): VA, B,C, A", B',C" € |Ts| Vp € Ts[A, A
Vo € Ts[B, B'|VT € Ts[C, (]

(6T clve e = [ p]_(ele [ @ K.
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= _ag("l:g’,Pc(X@JY)@P,(X@Y)@P((SD ®Y) ® X)} .

= (80 ® (Y ® X))ag?ygpf] .

= :(90 RW® X))CX’®(Y’®P’),X’®(Y’®P’)ag?yzpf} B
= (¢l ® ({81 © 1)) [6Py ]
= (0@ (@O ).
Ad (M7): VA, A’ € | T4| Vp € Ts[A, A <rf4Ts>p - [rff;)v] [4%
- :rf};)VcAW, Xgo} 3 (by XW* = AWW* = A)
e

] " T
- (CAW,X90® 151 )) CX’®I,X’®I7"E<’)L

:CAw,Xso ® 1§T)} . {Tg)}

cannely o (47 ),

- (
GE [ LI,
= (e

p® ) Ts)> (by X'W* = AWW* = A").

Ad (M8): VA, B € |Ts| Vp € Ts[A, A'],0 € Ts[B, B

(557 000 = [sSaw] (W@ lel)

= -SE4TV%/BW} [ @ ]

T
= _3.(AV[)/7BWCBW®AW7Y®X(¢ ® @)}

el

= CAW@BW,X@YSE?}WJ ® 90)] B



ADJOINTNESS BETWEEN THEORIES AND STRICT THEORIES 199

= [CAI/V@BW,X@Y(‘P ® I/J)SQ?Y/} L

= [(90 ® ¢)CX’®Y’,X’®Y’3§I;?Y’} B

= e @Y. [s&?)y} .

= (I ® 1) [s$0)]

= (p®0)s %,
where

XW*=AWW* =A, X'W*=AWW*=A/

YW*=BWW*=DB, YW*=BWW*=P5. |
Theorem 4.7. Let T € |Thy,,(J)| be a J-sorted Hoehnke theory. Then
there exists in a natural manner a strictly d-monoidal functor ¥ into the

corresponding strict Hoehnke theory Ts € |sThy,,(J)|.

Proof. Defining XU := XW* U := [p],, one obtains for arbitrary
objects X, Y, P and morphisms ¢ € T[X,Y], v € T[Y, P]

(dom(T)gp) U =XU = XW* =dom™[g],, = dom™) (p0),
(Cod(T)SO) V=YV =YW =cod™[p],. = cod™) (p¥),
Xw= XU

1Dy = [1@}% _ 1) @

() V)V = [@ (1) V]se = [0)se (1) [¥]se = (0¥) (1) V),

hence ¥ is a functor.
By Lemma 3.8, it is sufficient to show (sFD), (sFT), and (sFM).

Ad (sFD): M = [ald] = [ = dyye = diy
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AdFT): 1w = (D] = [60] =G =45
Ad (sFM): (9@ 9)¥ = [p @Y. = [p]oc @ [¢]oc = 9T @ V.

Therefore, ¥ : T' — Ty is a strictly d-monoidal functor. ]

The converse question is also positively answered by the following
theorem:

Theorem 4.8. Let T, € |sTyg,,(J)| be a strict J-sorted Hoehnke theory.
Then there corresponds to Ts in a natural way a J-sorted Hoehnke theory
T € [T (J)]-

Proof. Take |T| = H° (|T| = H), where (H°;®,1,0) ((H;®,I)) is the
free G°-algebra (free G-algebra) freely generated by J.

Defining T[X,Y] = {(X,¢,Y) | ¢ € T[XW* YW*|} for arbitrary
X,Y € H° (X,Y € H) one obtains obviously T[X,Y|JUT[X", Y| =0 if X #
X" orY #Y’ and, by definition, dom™ (X, ¢, Y) = X, cod™ (X, p,Y) =
Y and 17 = (X1, X).

Morphisms (X, ¢,Y) and (P,v,Q) are composable for Y = P defined
by

(X7§07Y) (T) (Yﬂﬁ,Q) = (Xv ¥ *(Ts) ¢7Q)

Then

1§r) (T) (Xv @, Y):(Xa 12?{/5[/)*7)() (T) (Xa P Y) (Xv 1%?[/)*%5/) (Xv SOvY)’

T Ts
(X7 907Y) (T) 1§/ ):(X,QO,Y) (T) (Y7 1§/VV)*7Y)

(X010, V) =(X, 0.Y),
<X7 ') Y) (T) ((YW?P) (T) (P7X7 Q)):(XAOWX),Q)

=(X, (p¥)x, Q)=((X,»,Y) (T) (Y9, P)) (T) (P, x;Q),

hence one has a category.
By the agreements

(X1,01, Y1) ®(1) (X2, 92, Y2) = (X1 ®(1,) X2, 01 ®(1y) ¥2, Y1 O(14) Y2)5
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T Ts
agf,g’,P =X® Y ®P), 1g(V()/'*®YW*®PW*’ (X®Y)e P),

one obtains a dhts-category (T,®), I, a(T),T(T),l(T),S(T),t(T),o(T)), ie.
a Hoehnke theory in [T3,,(J)|, since the validity of the defining axioms
obviously carries over from Ty into T. [

Remark. If T € [sT,,,o(J)| is even any strict J-sorted Hoehnke theory
with halfdiagonalinversions, then one obtains by the additional agreement

v = (xex, v, X)

a dhthVs-category (T, ®(T),I,a(T),r(T),l(T),s(T),t(T),V(T),o(T)), ie. a
Hoehnke theory in |73, < (J)|.

Definition 4.9. Let T and T be J-sorted Hoehnke theories in |Thg,,(J)|
and |sThgy,,(J)|, respectively.

Then a d-monoidal functor F' : T — T’ is called theory morphism, if, in
addition, the conditions

(Thl) VX € |T| (XF = X),

(sFx)  VX,Y € |T| (F(X,Y) € Ung)
are fulfilled.
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Lemma 4.10. Every theory morphism F : T — T’ has the properties
(sFD), (sFT), (sFM), (sFI*).

Conversely, any functor F' : T — T’ is a theory morphism between J-
sorted Hoehnke theories T and T', whenever F satifies (Thl), (sFD), (sFT),
and (sFM).

Proof. The assertion is an immediate consequence of Lemma 3.8 and
Corollary 3.10. ]

Theorem 4.11. All J-sorted Hoehnke theories together with the correspond-
ing theory morphisms form a category Thy,,(J) and sThg,,(J), respectively,
where the composition of theory morphisms is defined by the usual composi-
tion of functors.

Proof. Obviously, dom (F : T —-T) =T, cod (F: T —T)=T".
The identical functor 1 : T — T is a theory morphism with respect to

E: (E<X,Y> =lxgy | X,Y € H°), i1, =1;.

Let F: T — T and G : T/ — T” be theory morphisms. Then, by definition,
FG is a functor fulfilling the condition (Thl).

Moreover, because of Lemma 4.10 and Proposition 3.9, F'G is a theory
morphism.

Trivially, Fly = F = Flp and F(GH) = (FG)H for every theory
morphism F' and all composable theory morphisms F', G and H. [

Theorem 4.12. Let Thy,,(J) and sThy,,(J) be the categories introduced
above. Then there are the functors

2 Thgy(J) = sThg,,(J)

(F:T—T)w— (FX:Ts — T) defined by

XW* = XW*, [l = [pF e
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and

X=X, (X,0,Y)— (X,poFY)
such that ¥ is a left-adjoint functor of the functor 11.

Proof. a) The functor property of X:

The mapping on objects is well defined by Theorem 4.5. Let F be a the-
ory morphism from a J-sorted theory T into a J-sorted theory T, i.e.
F € Thy,,(J)[T,T']. Then FX, defined as above, is a theory morphism
too, more precisely,

FY. € sTh°(J)[TS, T'3).

By definition, the mapping F'Y respects “dom” and “cod” and one obtains

(FX)= [19)17} = [19/)} = 1) = 1&%/)*)(1?2)

»

1% (Fy) = [1&}”} 3

for all objects X € |T|.

Now let [p],. € TE[XW* YWk, [¢],. € TE[UW*, VIW«| be arbitrary
morphisms such that YW* = UW*. Then

([P0 (FE) = [peyudlse) (FE) = [0 FLeevu FlLe [P Fle
= [pFLelcy ple Wl = [pF L [y gl [V F o2
= [pFLa [ Floe = [pl(FE) Y] (FX).

Furthermore, the functor F'Y satisfies (Th1) by definition, (sFD) and (sF'T)
since for all A € S° one has
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dFD)=|d | FD)=|dGF] =|di e = [dW] =i

and

= (6B =] =] = (B,

and (sFM) since for all ¢ € T[X,U], ¢ € T[Y, V] the equation
([0 ® [WL)(FE) = [(p @ V) Floe = [pF @ Y F],0
= [pFle @ [PF o0 = [p]:(FX) @ [¢],2(FE)
is valid.

b) The functor property of II:

The mapping on objects Ts is well defined by Theorem 4.7.

Let (F : Ts — Ty) be a theory morphism. Then (FII: T — T’) defined by
X = X, (X,0,Y) — (X,oF.Y)

is a theory morphism too, since the conditions (Thl), (sFD), (sFT), and
(sFM) are satisfied.

Ad (Thl): VX € H® (X(FII) = X) by definition.

Ad (sFD):
VX e H° (dgf)(FH) - (X, d&). X ® X) (FII) = (X, i) P X e X)

- (X, AT X X) — (X, i), X ® X) =T = dgf(}m).
Ad (sFT): VX € H° <tg)(FH) - <X, t%ﬁ%,]) (FII) = (X, 1T I)

= (Xt 1) = (X180 1) = 177 = 50 )-
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Ad (sFM): Vp € T[X,U], o € T[Y, V] ((p © o) (FTI)

= ((X,9,U) ® (Y,9,V))(FII)

= (XY, ey, U V)(FI)

= (XY, (p@yY)F,URYV)

—(X®Y,pF@yF,UaV)

= (X,pF,U)® (Y,yF,V)

= (X, o, U)(FII) @ (Y, ¥, V)(F1II)

— p(FID) ® a(FH)).

c¢) It remains to show that 3 is a left-adjoint of II. We will prove in several
steps that for every T € |Thg,,(J)| and every Ts € |sTh,,(J)| there is an
isomorphism between the sets sThg,,(J)[TX, Ts] and Thy,,(J)[T, TII].

1. A functor from a theory T into T(XII):

Define a mapping © on objects and morphisms of any Hoehnke theory
by XOr := X and ¢Or = (X, [¢].,Y) for ¢ € T[X,Y]. This mappings
are well defined and the values are objects and morphisms of T(XII).

Ot : T — T(X1I) is a functor, since the object mapping is compatible
with “dom” and “cod” and

(‘Pw)GT = (X7 [pr}%v U) = (X7 [‘p]%[w]}ﬂ U)

= (X, [¢le, Y)Y, [¢]:, U) = (9Om) (4 O1).
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Moreover, O : T — T(XII) is even a theory morphism because of the
validity of (Thl), (sFD), (sFT), and (sFM) as follows:

VX € |T| (XO1 = X) by definition.

vX e || (dfer = (X, [d&?L,X@X) = (x.d{ x @ x)

T)3)IL T(XII
= dE _ FEW),

VX € [T (tS(T)@T = (X, [tg(T)L,I) - (X, tgch?*J) _ (D=

T (XI1

Vo e TIX, U], v e TIY, V] (¢ © ¢)Or = (X @Y, [p @ Y], UR V)
= (Xv [30]%7 U) ® (Y7 [w]%a V) = OT ® 1/1@'1‘)

In such a way, every theory morphism G’ € |sTh$,,(J)| determines uniquely
a theory morphism G := O¢(G'II) € ThY,,(J)[T, TII].

2. A construction of a strictly d-monoidal functor G : T — Tg:
To every theory morphism G € Thj,,(J)[T, TslI] there is assigned in a

natural manner a strictly d-monoidal functor G : T — Ty as follows:
Let be given any G € Thg,,(J)[T, TsII]. Then

XG=X (X €|T|) and

TIX, U] > ¢ — oG = (X, ¢q,U) € T[X, U],

where pg € Tg[XW*, UW*|.
The agreements

H°> X — XE:=XW*e S°

and
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TLI[X, U] 5 (X, ,U) — (X, 9, U)ZE := ¢ € T[XW*, UW*]

define a functor = : TsII — Ty because of:

dom ™) ((X, 1, U)E) = dom(Ts) (1)) = XW* = XE = (dom(Tsn) (X, 9, U)) E,
codT=) (X, 9, U)Z) = cod ™) (y)) = UW* = UE = <cod<TsH> (X, 9, U)) =,
1§(T5H)E _ (X’ 1(Ts) X) =—1(Ts) _ 1(T:s)

XW=*>»

((X7 (0 U)(U> o, Y))E = (Xa 1o, Y)E =1 = (Xv (0 U)E(Uv o, Y)E

(1]

: TIl — Ts is a strictly d-monoidal functor since (sFD), (sFT), and
sFM) are valid:

—

dF e = (x.d{) X © X) 2 = d{). = a2,
TsIl) = Ts — Ts Ts
(0= = (X 1) 2 = o0 = 2,

(X1,91,U1) ® (Xa,2,U2))Z = (X1 ® Xa,91 ® 2, U1 ® Ug)=
= 1 @ = (X1,91,U1)2 ® (X2,v9, U)E.
The compositum G := GE is strictly d-monoidal functor from T into Ts.

3. The induced theory morphism G’ € sTh$,,(J):

Let G, Z, and G be given as above. Then define a mapping G’ by
AG' := Afor all A € S° and [¢],.G' := oG = (¢G)E = (X, e, U)Z = ¢g €
T[XW*, UW*] for all ¢ € T[X,U], where g is a well-defined morphism
of Ts.

Because of

o1 € T[X1,Ur] A @2 € T[X2,U2] A [p1]se = [2]5c =

= X\W=XogW*:=A4A N UW*=U,W*:=B

A 0}19016[]1 = c)_égochQ € Ts[AW, BW| =
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= (@(@1G) (e, G) = (e, G)(926) (0, G) € TSTI[A, B]
= (aw 1 Xl) (X1, (p1)a Un) (01,15, BW)
= (W1 X) (KXo, (p2)c: V) (U2, 15, BW)

= (X1, (p1)a, Uh) = (Xa, (92)a, Ua)

= (v1)a = (p2)a;

possibly different representants of the same s-class of morphisms determine
identical images, thus [p1]xG" = [p2]»G'.

The mapping G’ determines a functor G' : TY — T since

dom™)([g]..¢) = dom™) () = XW* = (XW)&' = (dom™)([].)) 7',

() = (18] )= 0R) - (1) o=

= (1) = =1 e = 10 = 1E

(%))
(Am)c)z = La AGH
([elt]:) G = ([peuy¥]:) G = (peuy¥)G = (9G)(cuy G)(¥G)

= eaba = ([pl:G)([¥]:G).

Moreover, G’ is even a theory morphism in sT'hj,,(J) because of the validity
of (Th1) by definition and the validity of (sFD), (sFT), and (sFM) as follows:

(@) e = [aP] @ =dPe=dE = d = d5),

T T T)~ TsIl) — Ts Ts
(7)o = 1] ¢ =1Pa =iz = o) =),
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([¢] ® [W]:)G" = ([p @ Y1) G = (p @ 9)G = (vG) ® (YG) =
= [p]..G' @ [Y]..G"

By the functor II : sTh® — dht(J) — Thy,,(J), G'II : T(XII) — TGl is a
theory morphism.

Moreover, this theory morphism has the property
G = O (G'T).

This is a consequence of
H° > X — X(07(G'l)) = (XOr)(G'T) = X(G'Il) = X = XG
" T[X,U] 5 ¢ = ¢(01(G'T)) = (Or)(G'I) = (X, [g]., U)(G'T) =
= (X, [¢]G"U) = (X, 9a,U) = ¢G.

Finally, let L : TS — T be a theory morphism such that ©1)(LII) = G.
Then

VX € H° (XWHG' = XW* = (XW*)G)
and
VX,U € H° Yo € T[X, U] ((X, [@]%leU) = (X, (pé, U) =G =

= ¢(O1)(LID)) = (Or)(LID) = (X, [¢],, U)(LI) = (X, [¢]..L, U)

thus L = G’, i.e. G’ is the only theory morphism in sThg,,(J) with the
property
G = O (G'T). |
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T(SII)
Ot G

G

T - TII

v G =
4 Y

Y - T

el -

The diagram illustrates the individual d-monoidal functors and theory mor-
phisms, respectively, which are considered in the proof of the last theorem.
This diagram is commutative in all of its parts, namely G = ©1(G'Il) was
shown above, G = GZE by definition, and G = WG’ follows by

X(UG) = (XU)G' = (XWHG' = XW* = XG

and
PG = (pV)G" = [¢]G" = pg = ¢G.
Corollary 4.13. The theory morphisms ©r, T € |Thy,,(J)| form a natural

transformation © : Idrps, () — X1

Proof. © = (O | T € |Thy,(J)|) is a natural transformation
O:1 drpg,, () — XII because of the commutativity of the following dia-
gram for arbitrary theories and theory morphisms of Thy,,(J):
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OT
(N) T - T(ST)
F F(SI)
T - T/(SI)
O

Let X be any object of T. Then

X(FOp) = (XF)Op = XOp = X

and
X(OpF(XI)) = (XO7)((FX)I) = X.

For every morphism ¢ € T[X, U] one has

SD(FGT’) = (SOF)@T’ = (X) [QOF]%’) U)

and

(O F(XI1) = (pOr)((FX)) =

= (X, [pLse, U)(FE))) =

= (X7 [@]%(FE)’ U) = (X7 [‘)OF]%’» U),
hence

OrF(SI) = FO.
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