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Abstract

Tree transducers are systems which transform trees into trees just
as automata transform strings into strings. They produce transforma-
tions, i.e. sets consisting of pairs of trees where the first components are
trees belonging to a first language and the second components belong
to a second language. In this paper we consider hypersubstitutions, i.e.
mappings which map operation symbols of the first language into terms
of the second one and tree transformations defined by such hypersub-
stitutions. We prove that the set of all tree transformations which are
defined by hypersubstitutions of a given type forms a monoid with re-
spect to the composition of binary relations which is isomorphic to the
monoid of all hypersubstitutions of this type. We characterize transi-
tivity, reflexivity and symmetry of tree transformations by properties
of the corresponding hypersubstitutions. The results will be applied to
languages built up by individual variables and one operation symbol
of arity n > 2.
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1. INTRODUCTION

Let 3 := {f; | ¢ € I} be a set of operation symbols of type 71 = (n;)cr,
where f; is n;-ary, n; € IN and let Q = {g; | j € J} be a set of operation
symbols of type 19 = (n;)cs where g; is nj-ary. We denote by W, (X) and
by W, (X) the sets of all terms of type 71 and of type 7, respectively. Then
we define

Definition 1.1. A (71 — 72)-hypersubstitution is a mapping
o:{fili€el}t = Wr(X),

which maps operation symbols of type 7 to terms of type 75 and preserves
the arities.

Clearly, every (71 — 7o)-hypersubstitution o can be extended to a

mapping
6 Wy (X) = Wiy (X)

in the following inductive way:

(ii) o[fi(tiy... tn,)] :=a(fi)(O[ti], ..., [tn,])-

Remark that the right hand side of (ii) means that one has to substitute the
term & t;] for the variables x;, for 1 < ¢ < n;, in the term o(f;).

Definition 1.2. Let o be a (71 — 72)-hypersubstitution. Then
To :=A{(t;0[t]) [t € Wr (X)}
is called tree transformation defined by o.

We remark that terms also are called trees.

Instead of the two different types 7 and 75 one can consider the join
> U of the operation symbols of type 7 and of type 75 to obtain a type 7.
Then a hypersubstitution of type T is a mapping

o:{h|leL} - W, (X),

where L =1 U J, which preserves the arities. Let Hyp(7) be the set of all
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such hypersubstitutions. On Hyp(7) a binary operation o can be defined
by

01 0 09 := 01 © 09,

where o is the usual composition of functions.

Clearly, the hypersubstitution ;4 which maps each operation symbol
h; to the so-called fundamental term hy(z1,...,2y,) is an identity element
with respect to oj, and (Hyp(7);op, 04q) is a monoid. Regarding the type T
as the union of the types 71 and 7o, every (7] — 72)-hypersubstitution can be
considered as a hypersubstitution of type 7, where the operation symbols g;
of the type 7o are mapped to the fundamental terms g;(z1,...,zy;). Since
the composition of two hypersubstitutions, which fix the operation symbols
from (2, is again a hypersubstitution which fixes the operation symbols from
Q, the set of all (11 — 72)-hypersubstitutions regarded as hypersubstitutions
of the type 7 forms a submonoid of the monoid Hyp(7). This allows us
to consider tree transformations 7, where o € Hyp(7), t € W, (X) and
at] € W-(X).

Hypersubstitutions were introduced in [2] to make the concept of a
hyperidentity more precise. Let V' be a variety of type 7, i.e. an equationally
defined class of algebras of the same type 7. Then an equation s =~ t of terms
of type 7 is said to be satisfied as a hyperidentity in V if for all o € Hyp(1)
the equations &[s] ~ d[t] are identities in the variety V. A variety V is
called solid if each of its identities is satisfied as a hyperidentity in V. All
solid varieties of a given type 7 form a complete sublattice of the lattice of
all varieties of type 7. For more background see [4].

2. TREE TRANSFORMATIONS AND TREE TRANSDUCERS

The most important tree transformations are those which can be given in
an effective way. Next we define a general system, called a tree transducer,
which induces tree transformations.

The concept of a tree transducer which will be used in this paper is due
to Thatcher ([6]).

Definition 2.1. A (r; —7)-tree transduceris a sequence A= (2, X,A,Q,P A'),
where ¥ = {f; | i € I'} is a finite set of operation symbols of type 7, X is a
finite set of variables, = {g; | j € J} is a finite set of operation symbols
of type 72, A = {a1,...,an} is a finite set of unary operation symbols,
A’ C A, and P is a finite set of productions (rules of derivation) of the forms
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(i) x—atforze X, ac A, t € W, (X),

(i) filar&i,. .., an;én,) — at(&a,.... &), for fi € Xai,...,an, € A,
a € A, &,....6n € Xn;, Where xpn, = {&1,...,&,} is an auxiliary
alphabet, and ¢(&1,...,&n,) € Wao(X U xny,)-

Further we define for trees s,t: s directly derives t in A, if t can be
obtained from s by one of the following steps:

(1) replacing an occurrence of a variable z € X in s by the right hand side
of a production of the form (i)

or

(2) replacing an occurrence of a subtree f;(aiq1,...,an;qn,;), Where
A1y ylny, €A, q1yeeqn, € Wr (X U Xn,), in s by at(qi, ..., qn,) if
filai&, ... an,&n;) — at(&1, ..., &) is a production.

If s directly derives t in A, we write s — 4 t.

s derives t in A, if there is a sequence s —4 81 —4 82 —A4 ... —A
s, = t of direct derivations of ¢ from s or if s = ¢. In this case we write
s =% t. If we regard —4 and =7 as binary relations, then =7 is the
reflexive and transitive closure of — 4.

Tree transformations induced by tree transducers can be defined in the
following way:

Definition 2.2. If A is a (71 — 7)-tree transducer, then
Ta:={(s,t) | s € Wr(X),t € Wr,(X) and (Jag € A")[s =% aot]}
is called tree transformation induced by A.

(That means, tree transformations of the form T4 can be described in an
effective (algorithmic) way ).

It turns out that tree transformations T, for a hypersubstitution ¢ have
this property, i.e. we have

Proposition 2.3. If o is a (11 — T2)-hypersubstitution then one can define
a tree transducer A = (2, X, A,Q,P,A") with A = A" = {a} and P =
{z —qax |z e X}YU{fi(ak&,...,a&,) —=aao(fi)(&,-..,&n,;) | i €T}, such
that Ty = Ty.
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Proof. Because of the definition of T4 and T, for abitrary terms t €
W (X),t € Wr,(X), we have to prove
olt] =t &t =% apt’.

We proceed by induction on the complexity of the term ¢. For the base case,
let ¢ = x be an element of X. Then ¢[z] = z, i.e. ' = x and x =% ax, since
x — 4 ax is a rule and conversely.

Assume now that t = f;(t1,...,t,,) and assume that
olt;] =t; =ty =7 at) for all j=1,... 0,
Then 6[t] = o(f;)(6[t1],...,0[tn,]) = ' and we have to find a derivation of

t' from t. In fact, we have

t=fi(ti,....tn,) =% filao[t1],...,a0]ty,]) by hypothesis of the
induction,
—A  ao(fi)(o[t1],...,0[tn,]) = ad]t] by the second
rule.

Conversely, assume that there is a derivation of at’ from ¢, i.e. t =% at’.
Since t = fi(t1,...,tn,) in the first step of the derivation only a rule of the
second kind is applicable and therefore ¢; = at} forj=1,...,n; and

t =% filaty, ... aty,) =% ao(fi)(t), ... t,,).
But t; = at} means t; =% at}, for j = 1,...,n;. By hypothesis of the
induction we have 6[t;] = ¢’ and then
t =% ao(f;)(6[t1], ..., 6tn,]) = a6lt] = at’.
Since this derivation is unique, we get ¢’ = &[t]. |

Note that tree transducers considered in Proposition 2.3 are particular cases
of so-called HF-transducers introduced e.g. in [5] and that hypersubstitu-
tions are special cases of tree homomorphisms ([5]).

3. OPERATIONS DEFINED ON TREE TRANSFORMATIONS

In the sequel we assume that we have only one type 7. By 1y, o Ty, we
denote the composition of the tree transformations 7, and 7,,. Since a
tree transformation 7T, is a relation, we can consider inverses, domains and
ranges of such transformations under the relational composition o. We define
Thypr) = {1 | 0 € Hyp(7)} and prove
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Theorem 3.1. (THyp(T);o,Taid) is a monoid which is isomorphic to the
monoid of all hypersubstitutions of type 7.

Proof. We define a mapping ¢ : Hyp(7) =T gyp(r) by o — T;;. Clearly, ¢
is well-defined and surjective.

(i): We show that T, 0 Ty, = Tpi0,09, 1-6. @(01 0 02) = p(01) 0 p(02).
Indeed, we have

(t,t7) € Ty, 0 Ty, < ' ((t, ') € T,, and (t',t”) € Ty,)
< t'=69[t] and t” =61[t'] & 7 = 61[62[t]]
St = (010p02)[t] & (t,17) € Toy040,-

This shows that T, - is closed under composition and that ¢ preserves
the operation.

(ii): We show that ¢ is one-to-one.
Assume that T,, = Ty,,. Then for all t € W.(X) we have 1[t] = d2[t]. But
this means that for all operation symbols f; we also have

o1lfi(wi, ... an,)) = o1(fi) = o2(fi) = 62[filwi, ..., 2n,)]

and, therefore, o1 = 0.
Since Ty, o T,;, = T 0,00, the tree transformation 7., is an identity
element with respect to the composition o. [

Theorem 3.1 allows us to describe properties of the relation T, by prop-
erties of the hypersubstitution ¢ and conversely.

Theorem 3.2. Let 0 € Hyp(T) be a hypersubstitution of type T and let T},
be the corresponding tree transformation. Then

(i) Ty is transitive iff o is idempotent,
(ii) Ty, is reflexive iff o = 04,

(ili) T, is symmetric iff o op 0 = 04q.

The proofs are straightforward and left to the reader. [
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Remark that these propositions are true for any function ¢ and the
corresponding relation T,.

A tree transformation is called injective if o is injective, i.e., if from
a[t] = o[t'] follows t = t', and T, is called surjective if o is surjective.

In general, the range of a tree transformation o, i.e. the set

FWH(X)) = {t'| 3t € Wo(X)(t' = 5[t])},

is a subset of W;(X). Therefore, we consider T, as a relation between
W-(X) and 6(W-(X)), ie. T, = Wr(X) x 6(W,(X)), to get surjectiv-
ity. We notice that T, o (T,)~! = 15,y = Aw,(x) and that (T,)toT, =
{(t,t') | o[t] = 6[t']} = kero (the kernel of o). Then we have:

Let 0 € Hyp(7) be a hypersubstitution of type 7, consider a tree trans-
formation of the form T, = W, (X) x 6(W,(X)). Then T, is bijective iff
kero = AWT(X) = Tgid.

In [2] the authors characterized for the type 7 = (n), n > 2, all hyper-
substitutions for which kero is equal to Ay, (x)-

It turns out that for n > 2 this is the case iff varo(f) = {x1,..., 20},
where varo(f) is the set of all variables occurring in o(f). Such hyper-
sustitutions are called regular. Let Reg(7),7 = (n), where n > 2, be the
set of all regular hypersubstitutions of type 7 = (n). It is easy to see that
Reg(7) forms a submonoid of Hyp(7) and then, by Theorem 3.1, Tgeq(r) is
a submonoid of T+ and we have

Corollary 3.3. Let o be a hypersubstitution of type T = (n), forn > 2, and
let T,, be the tree transformation defined by o. Then T, is bijective iff o is
regular, i.e. o € Reg(7), and therefore Ty € Treg(r)- [

For types different from 7 = (n) there is no explicit description of all hyper-
substitutions with kero = Ay (x), but in [4] one can find an algorithmic
solution of this problem.

We remark that kero = (T,)~'oT, is always a fully invariant congruence
relation on the absolutely free algebra F.(X) of type 7, i.e. an equational
theory.

4. TREE TRANSFORMATIONS OF TYPE T = (2)

In this section, we want to consider tree transformations defined by hyper-
substitutions of type 7 = (2). Let f be the binary operation symbol and let
Xo = {1, 22} be a two-element alphabet of variables. Here o, for a term
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t e W(Q)(X ) means that the hypersubstitution ¢ maps the binary opera-
tion symbol f to the term ¢. In [3] the semigroup properties of the monoid
Hyp(2) of all hypersubstitutions of type 7 = (2) were studied.

Let W()({z:}) be the set of all terms built up by using only the variable
xz;,1 = 1,2. Then we define the following sets of hypersubstitutions of type
T=(2):

Evy = {0 |os = f(a1,u) and u € Wiy ({z1})},
By i={o|o: [+ f(v,22) and u € Wy ({22})},
E=F,ULE,,,

M = {Gx17UI27 Oidy O f(x2,21) O f(x1,21)> Uf(xg,xg)}'

A hypersubstitution o has infinite order if for any n > 1,0" # o"*!
Then in [3] the following was proved:

Proposition 4.1 ([3]). Let 0 € Hyp(2). Then
(i) o is idempotent iff c € EU{0y,,04,,0id};

(ii) o has infinite order iff o € Hyp(T) \ (E U M). |
As a consequence we have

Corollary 4.2. Let o € Hyp(2). Then
(i) Ty is transitive iff o0 € EU{0g,,0,, Tid};
(ii) T, is symmetric iff 0 = Opyny;

(iii) T, has infinite order iff o € Hyp(1) \ (EU M). |

Moreover, (i), (ii), (iii) describe all possible cases for T, if ¢ € Hyp(2). If
0 # 0,4, then T, is either transitive or symmetric, or has infinite order.

We remark that in [3] some properties of the monoid Hyp(2) concern-
ing Green’s relations were proved which can also be applied to the monoid
Thryp(2) of all tree transformations of type 7 = (2).
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