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Abstract

The category of all binary relations between arbitrary sets turns out
to be a certain symmetric monoidal category Rel with an additional
structure characterized by a family d = (da : A - AQA| A € |Rel|) of
diagonal morphisms, a family ¢t = (4 : A — I | A € |Rel|) of terminal
morphisms, and a family V = (V4 : A® A — A | A € |Rel|) of diagonal
inversions having certain properties. Using this properties in [11] was
given a system of axioms which characterizes the abstract concept of a
halfdiagonal-halfterminal-symmetric monoidal category with diagonal
inversions (hdhtVs-category). Besides of certain identities this system
of axioms contains two identical implications. In this paper is shown
that there is an equivalent characterizing system of axioms for hdhtV s-
categories consisting of identities only. Therefore, the class of all small
hdhtV-symmetric categories (interpreted as hetrogeneous algebras of
a certain type) forms a variety and hence there are free theories for
relational structures.
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1. Defining conditions

Let K*® be any symmetric monoidal category in the sense of Eilenberg-Kelly
([2]) with the object class |K|, the morphism class K, the distinguished
object I, the bifunctor ® : K x K — K, and the families a, r, [, s of
isomorphisms of K such that the following axioms are valid for all objects
and all morphisms of K. By K[A, B] we denote the set of all morphisms
p € K with the domain (source) domp = A and the codomain (target)
codom p = B.

Bifunctor properties:

(F1) dom (p ® p') = dom p ® dom p/,

(F2) codom (p @ p') = codom p ® codom p,
(F3) lagp = 14 ® 15,

FY) (@) o) =po e 0.

Conditions of monoidality:

(M1) aaB.coptaspcp = (14 ®aapc)aasscplaasc ®1p),
(M2) aarB(ra®lp)=14®1p,

(M3) a4B0S5A9B.CAcABR = (14 ®spco)ascn(sac ®1p),

(M4) SA.BSB.A = lagB,

(M5) sarla=r7a,

(M6) arpc((p@o)@7)=(p® (0 ®7T))ax p cr,

(M7) rap=(p@1Lp)ra,

(M8) saB(0@p)=(pR0)sa p.

Remark that the validity of an equation containing morphism compositions
includes that they are defined on both sides.

An immediate consequence of the conditions above is the validity of
(M9) VA, B € |K| (ar,aB(la ®1B) = lagn),
(M10) VA, B € |K| (aaBiragB = 14 ®1B),
(MI1) =1,
(M12)  s11 = lier,
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(M13) VA€ |K| (sp.ara = la),

Using the denotation

1 ~1
ba,p,c,p = aagB.c,n(as po(la®spc)aacs ®1p)asgec s p

one obtains the following properties for all objects A, A", B, B',C,C", D, D’
of K and all morphisms p € K[A,A], ¢ € K[B,B'], A\ € K[C,C'],
ue K[D,D':

(M15)  bapcep((p@o)@A@u)=((p@A) ® (0@ uba g oo,
(M16)  barip = lags ® ligs,

(M17)  bapcpbacsp =laxs ® leep,
(M18) ba,B,c,p(5A,c @ $B,D) = SagB,0eDbC,D,A,B-

Obviously, all morphisms ba g .c,p are isomorphims in the category K*°.

Definition 1.1 ([1]). A diagonal-terminal-symmetric category (shortly
dts-category) K = (K*,d,t) is defined as a symmetric monoidal category
endowed with morphism families

d=(da:A—-ARA|A€|K|) and t=(ta:A—1]| A€ |K|)
satisfying the following conditions for all objects A, B, A’ € |K| and all
morphisms p € K[A, A'].
Diagonality:
(D1) da(da®14) = da(la ® da)aaan,
(D2) dasaa=da,
(D3) dagp = (da ® dp)ba B, B,
(D4) da(p® p) = pdar.
Terminality:
(T1) da(la®@ta)ra =14,
(T2) tr =1y,
(T3) ptar =ta.
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Let A, A’, B be arbitrary objects in K and let p € K[A, A’] be any
morphism in K. Then the properties

(D5) da(da ® da) = dadaga,

(D6) da(da ®da) = da(da ® da)ba aaa,

<D7) tAdIZdA(tA(X)tA),

(DY) pdadyga =da(pda ® da(p @ p))),

(T4) da(ta®1a)la =14,

(T5) dae((1a ®@tp)ra ® (ta® 1)) = lags,
(T6) tags = (ta @ tp)tier,

(T7) rr = tigr,

(T8) dataga = ta,

(T9) ptardr = da(pta @ta)

are consequences of the conditions above ([1]).

The category Set of all total functions between arbitrary sets is a model
of a dts-category by

I:={0}, A B:={(a,b)lac A N be B},
p € Set[A,B] . p={(a,b)|a€ A N b=p(a) € B},
Vac AN beB (b= pla)),
p € Set[A,B], o € Set[B,C] = poo:={(a,c)|a€ A AN c=0c(p(a))},
(a,c) €poo<=3Ibe B ((a,b) €p N (byc) €0),
peSet[A, B], pl € Set[A', B') = p@p = {(a, ), (p(a), p/(a')) | a€ A, € A},
arpc = {((a, (b)), ((a,b),c)| ac A be B, ceCl,
sap = {(({a,b),(b,a)) | a € 4, be B},
ra:={(a,0),a)] a € A},
la:={({0,a),a)| a € A},
da = {(a,(a,a)) | a € A},
ta:={(a,0)] a € A}.
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Remark that I is a terminal object in any dts-category K and
(A® B; pf’B,p‘;’B) forms a categorical product of the objects A, B in the
category K, where pf’B =(1a®tp)ra and pgl’B = (ta® 1p)ip.

Moreover, da(p ® o) = pdp is equivalent to p = o for all A, B € |K|
and all p,o € K[A, B] because of

o= O'dBp2B’B =d(otp®0o)lp =da(ta®o)lp

=da(ptp ® o)l = da(p®@ 0)p; " = pdppy " = p.

The morphisms p‘f’B and pf’B are called canonical projections in the
category K.
Conditions (D9) and (T9) are equivalent to

Al A
Pa

pdar=da(pda@da(p®p)) and pt g =da(pt 4 @ta)py”, respectively.

Definition 1.2. Let K*® be again a symmetric monoidal category endowed
with morhism families d and t as above. Then K = (K°®,d,t) is called
halfdiagonal-terminal-symmetric category (shortly hdts-category), if the con-
ditions

(D1), (D2), (D3), (D5), (D7), (T1), (T2), (T3)
hold identically.

As above, the identities (T4), (T5), (T6), (T7), (T8), (T9) follow from
the defining conditions in an hdts-category.

Definition 1.3. A diagonal-halfterminal-symmetric  category  (shortly
dhts-category) ([3], [7], [10]) is defined as a sequence K := (K*;d,t,O,0)
such that K*® is again a symmetric monoidal category, d and t are families as
above, O is a distinguished zero-object of K*, o : I — O is a distinguished
morphism of K°, and the following equations are fulfilled for all objects
A,B,A",B" € |K| and all morphisms p € K[A,A'], 0 € K[B,B'], X €
K[A, O], k € K[O, A]:

(D4), (T1), (T4), (T5), (T6), and

(ol) tao= A,
(02) (la®to)ra =k,

(01) ARO=0®A=0.
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Remark that the conditions

(D1), (D2), (D3), (D5), (D6), (D7), (DY), (T2), (T7), (T8), (T9),
and

(B1) ba,B,c,p(lage @ tpep)ragce = (1a ®@tp)ra ® (lc @ tp)re,
(B2) ba,B,c,p(tasc ® 1pgp)lep = (ta @ 1)l ® (tc ® 1p)lp

are consequences of the other conditions ([3], [7], [10]).

Formulas (01), (02), and (O1) explain that the morphism sets K[A, O]
and KO, A] both consist of exactly one element 04 o and 0o, 4, respectively,
and O is a zero object in K. In any dhts-category there is a so-called
zero-morphism o4 p to each pair of objects A, B € |K| with the properties

(03) Vpe KI[A A, 0 € K[B,B'] (poap=o0aB N 0480 =04p),
(04) Vf,nEK(OA,B®§=OA’B:?7®OA7B),
(05) 00,4=(1a®@to)ra=(to®1a)la.
The category Par of all partial functions between arbitrary sets is a model
of a dhts-category by the same fixations as above and O = ) (the empty
set)and o: I — O, o40: A — 0, 004a:0 — A, oap: A— B as the
empty functions. The morphisms are given by

peKIAB] = p={(a.pa)]acDp) A pla)e B,

VaeD(p)CAINbe B (b=p(a)).

The following fact is of importance for the consideration of dhts-categories.

Lemma 1.4. Let K be a symmetric monoidal category endowed with mor-
phism families d and t as above which fulfil conditions (D4), (T1) and (T6).
Then conditions (T4) and (T5) are consequences of the validity of (D2) and
(D3) in K.

Proof. Using (T1) and (D2) one obtains (T4) as follows:

1a=da(1a®ta)ra=dasaa(la@ta)ra=da(ta®la)srara=da(ta®1a)la.
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The calculation

dagp((la®@tp)ra® (ta ® 1p)lR)

= (da ®dp)ba,app((1a®tp)ra® (ta @ 15)lp) ((D3))
= (da(la ®t4) ® dp(ts ® 1p))barrs(ra ® L) ((M15))
= (da(la®ta) @ dp(tp ® 1p))(lagr @ l1gp)(ra ® Ip) ((M16))
= (da(la®ta) ®dp(tp ® 1B))(ra ® Ip) ((F3))
= (da(la ®@ta)ra®@dp(ts ® 1p)lp) ((F4))
=14®1p ((T1),(T4))
shows the validity of (T5). n

Let K be an arbitrary dhts-category. Then all morphisms p € K[A, A'],
A, A" € |K|, fulfilling pty = ta, form a subcategory M of K which is
even a dts-caregory. Denoting by My the smallest dts-subcategory of M X
containing all morphisms of the families a, 7, [, s, d, t one has

My CIso(K) C Cor(K) € M,

where Iso(K) (Cor(K)) is a dts-subcategory of MX generated by all
isomorphisms (coretractions) of K together with all terminal morphisms
of K, since all coretractions and all terminal morphisms fulfil the condition

(T3) (see [7], [10]).

The object I € | K| is a terminal object in the subcategories M -, Iso(K),
Cor(K), and M but not in the whole category K. Morphisms of the kind
pf’B = (14®tp)ra and p’;’B = (ta®1p)lp are called canonincal projections
again and (A ® B; pf’B,p’;’B) is a categorical product of A and B in M*X,
but in general not in the whole category.

Schreckenberger had proved ([7]) that
p<o:=dalp@o)=pdy (p,o€ K[A A

defines a partial order relation which is stable under composition and
®-operation. Moreover, the following are equivaent:
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(i) da(p® o) = pda,
(ii) dalp® o)py " = p,
(iif) da(o® p)p ™ = p.

Hoehnke had shown ([3]) the validity of the identical implication

1A

A Al A’
p=dalp®o)py’ T

= p=da(p®o)p;

The relation < in the dhts-category Par describes exactly the usual inclusion
C.

N Morphisms e4 € K[A, A] of any dhts-category K fulfilling e4 < 14 for
any A € |K]| are called subidentities ([7]). Especially, for each p € K[A, B],

the morphism

al(p) = da(p® 1a)py" (= da(1a ® p)pi™")
is a subidentity of A € |K|, since

N A A,A
Py =da(p @ da(la ® 14))apaa(py* @ 1a)py°

= da(p®da)(1p @ py " )ps*

= da(p @ dapy ™ py ™ = da(p @ 14)py "

da(da(p@14)py@1,4)

Important properties of subidentities are described in [7], [13], [15].

Definition 1.5. A diagonal-halfterminal-symmetric category with diagonal
inversion V (shortly dhtV s-category, [10]) is, by definition, a sequence K :=
(K*;d,t,V,0,o0) such that (K*;d,t,O,0) is a dhts-category endowed with a
morphism family V = (V4| A € |K|) satisfying the following for all A € |K|:

(V1) daVa=1a,
(V2) Vadadaga = daga(Vada @ 1aga).

The category Par is also a model of a dhtV s-category, where

Va:={({a,a),a)] a € A}, A€ |Par|.



ON THE STRUCTURE OF HALFDIAGONAL-HALFTERMINAL- ... 147

The properties

(D8)  Vada =daga(Va®Va),

(DY) pda =da(pdar @ da(p ® p))Vagar,

(T9)  ptar =da(pta @ta)Vy,

(V3) aaA4,A(Va®14)Va=(14®V4)Vay,
(V4) 54,4V4=V4,

(V5)  Vagp=bapap(Va®Vp),

(V6)  Vada=(da®1a)az’y 4(14® Va),

(V7) Vada=1a®da)assa(Va®1ya),

(V8) Vada = (da ®da)Vaga,

(V9)  Vapda = daga(Vap® (p®p)Va),
(V9)  Vap=daga(Vap® (p®p)Va)Va,
(V10)  VapaVa = (VA ®@ V)V,

(DV)  p=dalp®p)Va

follow from the axioms and the other properties of a dhtVs-category for all
A, A, Be|K|and all p e K[A, A] (see [13]).

By the definition of the partial order relation, (T9) is equivalent to
ptar < ta, (V2) is equivalent to Vada < 1,2, and (V9) is equivalent to
Vap < (p@p)Va for p € K[A, A'].

Moreover, one has the following important property in any
dhtV s-category K ([11]):

(PV) VA, A'€|K|V p,o KA, A (da(p@0)py " =p & da(p0)V.a =p).
In any dhtVs-category, conditions (D9), (T9), and (V9) result in (D9’),
(T9’), and (V9’), respectively.

2. hdhtVs-categories
Definition 2.1 ([10]). A sequence K = (K*;d,t,V, o) is called halfdiagonal-

halfterminal-symmetric monoidal category with diagonal inversion V (shortly
hdhtV s-category), iff K® is a symmetric monoidal category as above,
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(da: A—ARA| A€ |K|),(ta: A—=T|A€|K|),(Va: ARA —A| A€ |K])
are families of morphisms of K, and o : I — O (I # O € |K|) is a
distinguished morphism of K such that for all objects and all morphisms
of the underlying category K the conditions

(D1), (D2), (D3), (D5), (D7), (D8),
(T1), (T2), (T6), (T9),

(V1), (V2), (V3), (V4), (V5), (DV),
(o1), (02), (O1),

and
(*1)  da(p®p)Vedp(o ® 0" )Ve

= da(da(p® p")VEdp(oc ® 0')Ve ®da(po @ p'0")Ve)Ve
are fulfilled.

The system of axioms given in this definition is free of contradictions,
because the category Rel of all binary relations between sets is a model of
it, i.e. Rel fulfils all the axioms of an hdhtV s-category, where |Rel| is the
class of all sets, the morphisms are characterized by

p € Rel[A, A& p={(a,d)|ae D(p) CANd € W(p) CA AN H(a,d")},

where H(z,y) is a sentence form in two variables, the distinguished objects
are I = {0} and O = (), the operation ® for objects is given as in Set, the
composition and the ®-operation of morphisms are described by

p€ Rel[A, B],o € Rel|B,C| =poo={(a,c)| 3beB ((a,b)ep A (b,c)E0)},
p€ Rel[A, B, p'e Rel[A', B'|=p®p' ={(a,d’), (b;V) | (a,b)ep A (d', V) €'},

and the morphisms of the families a, 7, I, s, b, d, t, V, (04 | A, B € |Rel|)
are as in Par.

Lemma 2.2. The relation < defined by
p<o:=ds(p@o)Vp=p

15 a partial order relation in any hdhtV -symmetric category which is compat-
ible with compostion and ®-operation for morphisms. Moreover, the greatest
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lower bound of two morphisms A, p € K[A, B] with respect to the canonical
order relation < is given by

da(A@ p)Vp =inf{\ u}.

Proof. Condition (DV) shows the reflexivity of <. The relation is anti-
symmetric because of

p<o ANo<p = oc=da(c®p)Vp

:dASA7A(J®p)VB ((D2))
=da(p®0)sp,BVB ((M8))
=da(p®0)Vp ((V4))

The implication

p<oNo<T=p=da(p®0)Vp

=da(p®da(c®7)VB)Vp

=da(la®da)(p® (c®7))(1p®VE)Vs

= da(da®14)(p®0)@7)aplp (15 VE)Ve (M6), (D1)
=da(da(p®0)@7)(Vp®1p)Vp (V3)
=da(da(p®0o)Vp®T)VE
=da(p®T1)Vp

=>p<T

yields the transitivity of the relation <.

Now suppose p < g, A< pu, and cod p = dom A. Then pA < op follows
via the definition of < by condition (x1):



150 H.-J. VOGEL

p<oc AN A<p= da(p®0c)Vp=p AN dg(A@u)Ve =\
= pA= dy p®0’)deB()\®/L)VC
= da(da(p®0)Vpdp(A@p)Ve@da(pA®op)Ve)Ve

(
(
= da(pA®@da(pA @ op)Ve)Ve
= da(da(pr® pA) @ op)agc (1o © Vo) Ve
= da(pA® pA\)Ve @ op)Ve
= da(pA®@op)Ve
= pA<ou.
For morphisms p < o € K[A, B] and p < ¢’ € K[A, B'] one obtains
p=dalp®0o)Vp and p' =dx(p ®0")Vp,
hence
p@p =da(p®o)Vp@dy(p ®d )V
=(da®da)((p®0o)® () ®0"))(VE® Vp)
=daga((p®p) ® (0 ®0"))bp p 5 (VE&VpE) (D3),(M18))
= daga((p®p) ® (0 ©0’))Vpgp ((V5)),

therefore p® p' <o ®0o’.

Now let A and g be morphisms from A into B. Then

da(N® p)Vp = da(da(A® \)VE @ 1)Vp (DV))
=ds(A®da(A® p)Vp)Vp ((D1),(M6),(V3))
=dasaa(A@da(A®@ p)Vp)Vp ((D2))
=da(da(A® u)VE @ N)spsVa ((M8))
=da(da(A® )V @ \)Vp ((V4)),
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hence d4o(A ® 1)Vp < A. In the same manner one shows da(A® p)Vp < pu.

Further let be 7 < A and 7 < p. Then it follows
T=da(t@p)Vp =da(da(t @ N\)Vp @ u)Vp =da(t @ da(A @ u)Vp)Vp,

therefore 7 < da(A ® p)Vp. Consequently, da(A ® u)Vp is the greatest
lower bound of A and p with respect to the partial order relation. [

Lemma 2.3. Any hdhtVs-category K has the following properties:
V Ae|K| (Vada < 1aga),
VAA €KV pe KA A] (pda < dalp® p)),
VAA€elK|YpeK[A A (Vap<(p©p)Va).

Proof. Composing the equation in condition (V2) with V4 4/ and using
(V1) one obtains
Vada =VadadagaVaga = daga(Vada @ 1aga)Vaga,

hence V4da < 1454 by the definition of <.
Condition (DV) gives rise to

pdar = (da(p @ p)Var)da = (dalp @ p))(Vada) <dalp®p)  and
Vap=Valdalp@p)Va) = (Vada)((p®@p)Va) < (p®@p)Va,
respectively. [
Corollary 2.4. By the definition of the partial order relation,
(DY) pdar =da(pdar @ da(p® p))V argar and
(V) Vap=daga(Vap®@ (p@p)Va)Va
are identities in each hdhtVs-category K. [

Theorem 2.5. Let K be an hdhtVs-category as defined above. Then the
class
F = {p e K | daomp(p® p) = pdeod p}
of so-called functional morphisms forms an hdhtVs-subcategory FX of K
which is even a dhtV s-category.
The partial order relation in the dhtV-symmetric category FX is the
restriction of < in the hdhtV-symmetric category K.
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Proof. The conditions (D5), (D7), and (D8) show that the class F'¥
contains all morphisms of the families d, ¢, and V, respectively.

Let p € K[A, B] be an isomorphism in K. Then thereisa p~! € K[B, A]
such that p~lds < dp(p~' ® p~') and pdp < da(p ® p), hence da(p ® p) <
pdp < da(p® p), i.e. pdg = da(p® p). Therefore, each isomorphism of K
belongs to FX, especially, all identities and all morphisms of the families
a, a= Y, r, r74 L 17N s, s7Y, b, b7l are in FE.  All zero morphisms
oa,B, A,B € |K|, 0o = 05,0, are elements of FE gince 04,BdB = 0A.BeB =
da(oa,B ®o0aB).

Let p € K[A, BN FX and ¢ € K[B,C]N FX. Then

(p0)de=plade) = pldp(080)) = (pdp) (080) = da(p@p) (000) =da(po@p0),
hence FX is closed under composition.

If p € K[A, B] and p’ € K[A', B'] are morphisms of FX then (p® p') €
K[A® A, B® B'] is in FX too, since

(p®p)dpep = (p® p')(dp ® dp)bp B BB
= (dalp®p) @ da(p' @ p')bp BB B
= (da®@da)baaaa((p@p)@(p®p))

= daga((p®p) @ (p@ p)).

With respect to the axioms of an hdhtV s-category, which are identities only,
and because of the defining condition of FX C K, one has a
dhtVs-category FX.

The partial order relation < in K is defined by p < 0 & p = da(p ®
o)V 4 for morphisms p,0 € K[A, A']. By property (PV), this condition is
equivalent to p = da(p ® J)p’;,’A/ for morphisms p, o of FX, hence p < o
with respect to the partial order relation in the dhtVs-category FX. [

Proposition 2.6. All morphisms p € K[A,B], A,B € |K|, of an
hdhtV s-category K fulfilling the condition ptp = ta (so-called total mor-
phisms) form a symmetric monoidal subcategory TX® which contains all
coretractions of K and all morphims t4, A € |K]|.

Moreover, TX := (TX® d,t) is an hdts-category.

Proof. Obviously, all identity morphisms 14, A € |K]|, are in TX.
Because of

ptp =ta N otc =tp = (po)t. = p(otc) = ptp =ta
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and

pte=tanp'tp=ta = (pRp )tpep=(pRp ) (tpRtp ) tigr = (tAQta ) tior =tagar

the class TX is closed under composition and ®-operation.
Let p € K[A, B] be a coretraction in K. Then there is p* € K[B, A]
such that pp* = 14. So, one has (see [6], p. 12)

ptp = Lapty = da(la ® ta)rapts (T1))
=da(ptp ®@ta)rr ((MT))
=da(p® p)(tp @ p*ta)rs ((pp* = 14))
> pdp(tp ® 1) (11 @ p*ta)ls ((2.3))
= pdy(tp ® 1B)lBp*ta ((M14))
= plppta ((T4))
=1la 2 ptB,

therefore ptp = t4, hence p € TX.

Because of tqt; = tal; = ta, A € |K|, daVa = 14, A € |K|,
and each isomorphism is just a coretraction, all morphisms of the families
a, a ', r, r7h 117 s, 57, b, b7, d, and t belong to TX.

Since arbitrary suitable morphisms and objects of K fulfil the identities
(D1), (D2), (D3), (D5), (DG), (D7), (T1), (T2), (T3), (T4), (T5), (T6),
(T7), (T8), (T9), the sequence (T5*,d,t) is an hdts-category. |

Corollary 2.7. Let K be any hdhtVs-category. Then all morphisms of the
families 1, a, r, I, s, b, d, t, V, and (oap | A,B € |K|) possess all
properties of such morhisms in a dhtVs-category, especially the following
identities are valid:

(D8), (T4), (T5), (T7), (T8), (B1l), (B2), (03), (04), (05),

(V6), V7), (V8), (V10),

(I1) Vidr = ligr,

(I12) tror=Vi=1ly=r;=d;",

(13) dr=r;t =11,

(14) dr ®dy = djgr- [ |
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Lemma 2.8. Let K be an hdhtVs-category. Then one has

(T9) ptardr = da(pta @ta)
for all objects A, A’ € |K| and all morphisms p € K[A, A'].
Moreover:

(i) VAAE[K|VYpeK[AA] (pdadaga =dalpda @ da(p @ p))
= pdar = da(pdy ® da(p ® p))Vagar),
(i) VA A €[K[VpeK[AA] (Vapdar =da(Vap® (p®@p)Va)
= Vap=da(Vap® (p@p)Va)Va),
(i) VA, A € |K|V pe KA A (ptads = da(pta @ ta)

& pta =da(ptar ®tA)Vy).

Proof. Because of Vid; = 1;g9; and Vi = r; = lj = t;gs the equation
da(ptar @ta) =da(pta @ta)Vidr = da(ptar @ ta)rids

= dA(lA & tA)TAptA/d[ = ptA/d[

is valid for each p € K[A, A’'] and all A, A’ € |K]|, hence K fulfils condition
(T9).
The condition (T9’) is equivalent to (T9), since

da(pta @ta) = ptadr = da(pta @t4)Vi = pta
by d]V[ = 1] and
da(ptar @tA)V1 = pta = da(pta @ta) = ptads

by Vid; = 11g1, hence property (iii) is shown.

The implications (i) and (ii) are satisfied because of the general property
fdp =da(§®n) = £ =&dpVp = da(§ ®n)Vp.
|

Remark 2.9. The opposite of the implications (i) and (ii), respectively, is
not true in general, since there are conterexamples in Rel.
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Remark 2.10. As in any dhtVs-category, the morphisms
A,B K

p1 = (la®tp)ra € K[A® B, AJNF",

pa"? = (ta® 1p)lp € K[A® B, B]n FX

of an arbitrary hdhtVs-category K are called canonical projections again
and one has

Va4 =inf {pf’A,pf’A} =dg (pf’A ® p?’A) Va

for all A € |K|.

Remark that (A ® B;pf’B, p’24’B) is not a categorical product in the
whole category K, but in the subcategory T5

The family V = (V4 | A € |K|) is uniquely determined by the family
d=(ds | A €]|K|) and the conditions (V1) and (V2).

Lemma 2.11. Let K be an arbitrary hdhtVs-category. Then there holds:

(x2) VA, B,C € |K|Vp,p' € K[A,B] Vo,0’ € K[B,C] (da(p® p')Vp=p
A dp(c @' )Ve=0 = da(poc® p'c’)\Ve=po),
(x3) VA, Be€|K|Vp,0eK[A B] (dalp®0o)Vp=p N dalc ®0)=0dp
= dalp@ o)y’ =p (i€{1,2}),
(+4) YA, B €|K|Vp € K[ B] (dap® p)p"=p (i €{1,2})),
(¥5) VA, B € |K|Vp,0€ K[A B] (dalp®0)Vp=p N da(c ®0)=0dp
= da(p ® p)=pdp),
(x6) VA€ |K|Vpe K[A,A] (da(la®p)Va=p
= da(la ® p)pi =da(la @ p)py " =p).
Proof. Axiom (x1) implies condition (*2) because of p < p/ A o <

o' = po < plo’. To show (*3) not that da(p ® 0)Vp = p < p < o and
da(oc ® o) = odp < 0 € FX. So one obtains
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da(p® o)pl” = da(da(p® o)V @ o)p” (p<o)
=da(p®@da(oc ®0))ap,B (Ve ®1B)p; 5.5 (0 € Fig)
— da(p® 0)(1p ® dp)ap.pp(VE © 15)p>P ((F4))
= d(p ® 0)Vdpp’? (V7))
=da(p®o)Vp=p

with respect to the axioms of an hdhtV s-category.
The property (x4) is a consequence of (D9’) and (T9’):
p=pdpp;"” <dalp@p)pl"" A ptp <ta
= dalp® p)py"" =da(p @ ptp)re < da(p @ ta)rp=da(la ® ta)rap=p

A dalp® p)py P =da(ptp @ p)lp < da(tsa ® p)lp=da(ts @ 14)lap=p.

(*5): Using the previous results and the assumption one obtains

da(p ® p)=da(da(p® o)py'" @ da(p @ o))py ")

=da(da®da)(p@0) @ (p©o)(py” @ pyP)
=dadasa((p@0) @ (p20))(py " @py?)

B,B B,B
=da(da(p® p) @da(c ®0))bp,B BBy~ @py")

=da(da(p @ p) @ adp)py©P PP

(

(
—dalp@dalp® 0))ap.pp(lpep @ dp)py 2P PP
=da(p®dalp® 0))ap.psps P Pdg

dA(p®dA(P®U))(1B®p2 BypB:B gy

=da(p® da(p® o)py " )p;
(

=da(p® p)pyPdp = pdp.

The property (*6) arises from (*3) because of 14 € FX for each A € |K|. m
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Lemma 2.12. Let K be a monoidal symmetric category endowed with mor-
phisms families d, t, (oap | A, B € |K|), and V such that all azioms of an
hdhtV s-category without (*1) are fulfilled. Moreover, let the condition (*2)
be valid. Then K is an hdhtVs-category in the defined sense as above.

Proof. It remains to show the condition (*1):

da(da(p® p)Vpdp(o ® ')V ® da(po @ plo’)Ve)Ve

= da(po @ da(po @ p'o’)Ve)Ve ((x2))

= da(la ®da)(po ® (po ® p'o’))(1c ® Ve )Ve ((£4))
= da(da ®1a)az'y 4(po @ (po @ p'o’))(1c ® V) Ve ((D3))
= da(da @ 14)((po ® po) @ p'o’)ag o (1o © Vo)V ((M6))
= da(da)(po ® po) ® p'a’)) (Ve ® 1c)Ve ((V3))
= da(da(po ® po)Ve @ p'o’))Ve ((£'4))
=d(po ® po’)Ve ((DV))
— oo ((x2))
=da(p® p')Vpdp(oc ®o')Ve ((x2))
|

The results of the last both lemmata are important for the axiomization of
hdhtV s- categories. The system of axioms for an hdhtVs-category given in
[11] contains two identical implications, namely (21) (< (*2)) and (20) (<
(*6)). The property (*6) is a consequence of the other properties and the
conditions (*1) and (*2) are equivalent in a monoidal symmetric category
K endowed with morphisms families d, ¢, (o4,5| A, B € |K]|), and V such
that

(D1), (D2), (D3), (D5), (D7), (D8), (T1), (T2), (T6), (T9),
(V1), (V2), (V3), (V4), (V5), (V6), (VT7), (DV),
(ol), (02), (O1)

are fulfilled. Therefore, hdhtV s-categories are axiomatizable by identities
only, hence all small hdhtV s-categories form a variety of many-sorted total
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algebras and there are free many-sorted algebras to each generating set with
respect to this variety. Especially, there are free hdhtVs-theories, i.e. free
algebraic theories for relational structures, by analogy with the existence of
free algebraic theories for partial algebras ([3], [10]).

Lemma 2.13. In any hdhtV-symmetric category the following conditions
are fulfilled for arbitrary morphisms p, o:

§) po=14 N op<lp = da(p®p)=pdp

(i) po<1la AN op=1p = Vap=(p®p)Vp

Proof. To show (j) we use at first the known property ocds < dg(o ® o).
Further,

da(p @ p) = poda(p® p) < pdp(c @ c)(p®p) < pdp(lp ® 1p) = pdp,

hence da(p ® p) = pdp by pdp < da(p ® p).
In a similar way one shows the statement (jj), namely because of Vo <
(0 ® o)V 4 and

(p@p)VE=(p®@p)Vpop < (po & po)Vap <Vap < (p®@p)Vp

one has Vap = (p® p)Vp. |

Definition 2.14. Morphisms e € K[A, A] C K with the property e < 14,
ie. e=da(la ® €)V 4, are called subidentities in K (compare with ([7])).

Proposition 2.15 (cf. [7]). For each morphism p: A — B, A, B € |K|,
the morphism

alp) :=da(p@ 14)py"

is a subidentity of A in K and there holds a(p)p = p. Each subidentity e of
K fulfils da(e ® €) = ed 4, therefore the subidentities of K are the subiden-
tities of FX and satisfy the following conditions for all suitable morphims
and objects of K :
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(el) e<1y = ee=e,

(€2) e1,ea <1y = ejeg = ege; = infer, e},

(e3) e1<ex2<1y & er=ere < g,

(ed) e<l1y & afe) =e,

(eb) e<l1y = edg=dale®e)=dale®1a),
(e6) e<1yu = Vie=(e®e)Va=(e®14)Va,
(e7) po€K[AB] = alp)o=da(poo)py” Aa(o)p=da(p@o)py”,
(e8) a(p)o=p =  p<o,

€9) ep=p A e<lae alp) <e<ly,

(e10) codp = domo = a(po) < alp),

(ell) e<1yu = alep) <e,

(el2) e<1y = a(ep) = ea(p),

e13) p<o = alp) < alo),

(el4) codp = domo = pa(o) < a(po)p,

(el5) codp = domo = a(po) = a(pa(o)),

Proof. Because of ptg <t one obtains
alp) =da(p@ 14)py" = da(ptp @ 1a)la < da(ta ®14)la = La.

Using the definition of «(p), properties (M14), (M15), and a(p) < 14 one
receives a(p)p = p via

B,A B,B B,B
a(p)p=da(p®@1a)py " p=dalp® p)py’~ = pdppy™~ = p=1ap > a(p)p.

Because of e < 14 the property da(e ® e) = edy is a consequence of
Lemma 2.11, (*5), and the subidentities of K are exactly the subidentities of
FX | therefore, all subidentities have the properties (el), (e2), (e3) and (e4)

(ct. [7)).
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To show property (eb) use the property (ed) e < 14 = e = afe) =
AA
da(e ® 1a)py

da(e®e) = dale@da(e®1a)ps ™) = da(da(e®e)®1a)az’y 4(1a®ps™")
=da(da(e ® e)pi" @ 14) = da(e @ 14).

The second part of the property (e6) is a consequence of (e2) and (e5)
owing to Vada < laga, (e®e) < laga, and (e® 14) < laga:

da(e®e)=dale® 14) = Vada(e ® ) = Vada(e ® 14)
= (e®e)Vada = (e®14)Vada ((e2))
(e®e)VadaVa = (e®14)VadaVa

= (e®e)Va=(e®14)Va. ((V1))

Because of (e ® €) < 1ag4 and Vadg < 1454 one has

(e®e)Va=(e®e)VadaVa (daVa =14)
=Vada(e®e)Vy ((e2))
= Ve ((DV))

Property (e7) is an immediate consequence of (M7), (M14), (M8), and
(M13).
To show (e8) take into consideration
p=a(p)o <lio=o0.
(€9): Assuming ep=p, e < 14 one gets
a(p):a(ep):dA(ep@)lA)pg’A =da(eptp®14)la < da(eta®14)la=a(e)=e.
Conversely, a(p) < e < 14 yields
p=alp)p<ep<lap=np.
Condition (el0) is true, since

a(po) = da(po @ 14)p5 " = da(potc @ 1a)la < da(pts @ 1a)la = a(p).
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Condition (ell) arises from a(ep) < a(e) =e.
Property (el12) is a consequence of (e5) as follows:
a(ep) = dalep @ 12)pe ™ = dale @ 14)(p ® 14)p5*
=da(e@e)(p@ Lapy™" = edalp @ 1a)py "
= ea(p).
To show (el3) use the definitions of < and a(p) (p: A— B, 0: B — C):

A

a(p)=dalp ® 14)py™" = da(dalp © 0) V5 ® 14)py” (p<0)
<di(dapo oy @10 (Ve <p?)
= da(dalp @ La)py o La)py ™" ((M14))
= da(a(p)o @ La)py™*
<da(o®14)py"" = (o). (a(p)o <o)
Assertion (el4) is true since
pa(o) = pdp(o @ 1p)p5"" < da(po @ p)ps™” = alpo)p.
Condition (el5) follows by (el0), (el3), and (el4):
Let p and o be as above. Then one has
a(po) = a(pa(o)o) < alpa(o)),
hence
a(po) < alpa(o)) < ala(po)p) < ala(po)a(p))
< a(a(po)la) = ala(po)) = a(po). -

Remark that, as an easy example shows, in Rel the opposite implication
to (e8) is not true: Let be given A = {a}, B = {b1,b2},p = {(a,b1)},0 =
{(a,b1),(a,b2)}. Then p < o and p < a(p)o = o.

Furthermore, the equality in (el4) is not true in general. For this let be
the sets A and B as above and let be C' = {z}. For the relations o as above
and 7 = {(b1,z)} one obtains ca(r) = {(a,b1)} and o7 = {(a,z)}, hence
a(or) = {(a,a)}, consequently a(o1)o = {(a,b1),(a,b2)} =0 # oa(r).
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