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Abstract

We prove that the set of all n-ary endomorphisms of an abelian
m-ary group forms an (m,n) - ring.
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The terminology and notation used in this paper is standard (see, for
example, [7] and [5]). The bibliography of m-ary groups (till 1982) is given
in the survey [3] prepared by K. Glazek.

Let {Ay,Ag,...,An_1,A,} be the sequence of m-ary groups, where
m,n>2 are fixed. The sequence f = {f1, fo, ..., fn—1} of homomorphisms

Ay DAy B g g,

is called an n-ary homomorphism (cf. [2]).
If A,, = Ay, then this homomorphism is called an n-ary endomorphism.
By End(A;1, Asg, ..., A,—1) we denote the set of all n-ary endomorphisms of
the sequences {Aj, Ao, ..., Ap_1, A1} of m-ary groups. It is clear that f
defined in such a way is an n-ary isomorphism iff all f; are isomorphisms.
Let fi = {fi1, fiz; - fim—1)}>7 = 1,...,n, be an n-ary homomorphism
which corresponds to the sequence

fi(n—2) fitn—1)

fi5Biﬂ>A1£>- — Ap2 — B,
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where By, ..., Bpi1, A1, ..., Ap—o are m-ary groups. The n-ary product of such
n-ary homomorphisms is defined in the same way as E.L. Post defines the
composition of m-ary permutations (cf. [5], p. 249 and [6]).

Namely:

g=1[fifofo1fn] =
= {fi1fo2-- fn—2)(n—2) fn—1)(n—1) Jn1,

Fin=n)fo1. fn—2)mn=3)fn=1)(n—2) fa(n—1) } = {191, 92, ---gn-1},

i.e., as the skew product in the matrix [fi;]mx(n—1)-

Such defined a product is an m-ary homomorphism of the sequence
{B1, A1, ..., Ay_2, Bpt1} because

1 2 3 In—2 gn—1
g:B19—>A19—>A29—>..."—>An_2"—>Bn+1.

In [2] is proved that < End(A, Ag, ..., Ap—1);[ ] > is an n-ary semigroup.
Remark that some results on m-ary transformations of commutative n-ary
groups are also contained in [7].

Now, let Aq, Ag, ..., A,—1 be abelian m-ary groups and let ¢; be the
mapping defined by the formula

a®i = (afial? . .almi),

where {fﬂ, "'7fi(n—1)} =fi € End(Al,Ag, ...,Anfl), 1 =1,....m,a € Aj,
j =1,...,n—1. Since such defined ¢; are homomorphisms (cf. [2]), we have

{(pl,(pg, -nySOn—l} =pc End(Al,Ag, ...,An_l).
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This means that in End(A;, As, ..., Ap,—1) is defined an m-ary operation ()
by the formula

(fifooifm) = .

Recall (cf. for example [1]) that a non-empty set A with two operations
():A™ — Aand []: A" — A is said to be an (m, n)-ring if

1) < A;() > is an abelian m-ary group;
2) < A;[] > is an n-ary semigroup;
3) et (Mat,] = ([af 'bral ). [al bmaly,]) forall i=1,...n

and ai,...,an,b1,...,0;m € A.

Theorem. If all m-ary groups A1, ..., An_1 are abelian, then

< End(Al, ...,An_l);( ), [ ] >

is an (m,n)-ring.

In the proof of this theorem we use properties of elements formulated
in two easily verified lemmas given below.

Recall that two sequences o and 3 of elements from an m-ary group

< A;[] > are equivalent if there are sequences ¢ and + of elements from A
such that [y, «, 8] = [v, 8, d].

Lemma 1. Let ¢ : A — B be a homomorphism of an m-ary groups. If
ai and bz1+k(m—1) are equivalent in A, then af ...af and bf"'berk(m—l) are
equivalent in B.

Lemma 2. Let ¢ : A — B be a homomorphism of an m-ary groups. If a¥ is
the inverse sequence for a € A, then a¥af ...aj and af ...aja¥ are neutral

sequences in B.

Proof of Theorem. In [2] it is proved that < End (Aj, ..., 4p—1);[] > is
an n-ary semigroup.
Now, we prove that < End (A1, ..., Ap—1); () > is an m-ary group.
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Let
((fifor-fm) fms1fom—1) = 9 ={91,92, - In—1};

(fr-fi(fixrofivm) firme1--fom—1) = h
= {hl,hz, ...,hnfl}, 1= 1, 2, ey, M — 1;
(frfo-fm) = 0= {o1,02, -, Pn-1};

and

(fi-‘rl"'fi-i-m) - ¢ = {7/11;@527 -"7¢n—1}7
Where f]’ = {fjl,fjg,...,fj(nfl)}, j = 1,2,...,2m — 1.

Moreover the brackets () will be also denoted the derived (extended)
operation.

At first, we prove the associativity of the m-ary operation ( ). Observe
that a%/ = (af17a/%. .. afmi), where a € Aj,j=1,..n—1, implies

a¥% = (a‘Pjaf(nH»l)j B ‘a/f(mel)j> -
— ((afljaf2j o afmj) alm+1i .af(Zm—l)j) —

_ (af1jaf2j . 'af(Qm—l)j) .

Hence,
(1) a¥%i = (aflfaf2j . ..af@m—l)f) .
Similarly, a¥/ = (a/G+0i ... afG+m)i) implies
ali = (aflj afiiq¥igfirmini a/f(mel)j> —
— (aflj afi (af(i-H)j o af(i+nb)j> al+mt1)i af(2m—1)j> —

- (afljaf2j N ‘af(Qm—l)j) 7
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(2) ahi = (aflqu?j . ..af<2m4>i) .

From (1) and (2), we get g; = hj, for all j = 1,...,n — 1. Therefore g = h
and, in the consequence,

2m—1 i ( ri 2m—1
(A gaet) = (A (RE) £2mh)
for all i = 1,...,m — 1, which proves that < End(Ay,...,Ay—1);( ) > is an
m-ary semigroup. It is an abelian m-ary semigroup, because all m-ary

groups Ai, ..., A,_1 are abelian.
Now we prove that the equation

(3) (fifa--fm-1u) = @,

where

fl,f?,---,fm_l,sﬂ c End(Al,...,An_l),
fi=Afi, fizs oo fin—ny }, 1 =1,2,...,m — 1,
© =1{p1,$2,, Pn-1},

has a solution u € End(A4y, ..., An—1).
Note that ay, ..., aj, is the inverse sequence for a; € A;, then the mapping
ujra— (a{(mfl)j . ag(mfl)j . a{” . .ailj a%')
is a homomorphism.
Indeed, if b;1,...,b; € A; is the inverse sequence for b, € A;

(t=1,2,...,m) and dy,...,d, € A;j is the inverse sequence for (biba...b;,) €
Aj, then

(4) bty or bk ooy D215 oy b, b11, oo, D1

is an inverse sequence for (bybs...by,). Thus d, ..., dx and (4) are equivalent.
By Lemma 1,
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Bl el b bl el bl and ad . al?

mls 9 Ymko

are also equivalent sequences.
Using this fact and the abelianity of all m-groups Ay, ..., A,—1, we get

(biba. . b = ({7 dl (biba. . b)?) =

e R Y N T VL R C N € O )

=m0 . . fy oy
o (L G A Ul B (VB A

mk
=(07. ).

This proves that u; is a homomorphism for every j = 1,...,n — 1. Hence
u={ui,....,up—1} € End(Ay, ..., A,_1). Moreover, by Lemma 2, we get

(aflj . .af<m*1)ﬂ'a“j> =

(af“' . altm-v; (a{("“m .. .ag("hl)j . a{lj . ailj a"”j)) =

= aflfaflj .. .aglj af(m*)ja{(m_l)j . ai(m_l)j afi | =a¥

neutral neutral

Therefore, we have (3). Since, the operation ( ) defined on End(Ay, ..., A,—1),
is abelian, we have that < End(Ay, ..., A,—1); () > is an abelian m-ary group.

Now, we prove the identity

(5) A7 em fa] = ([ o ft) - [ 0 ft)) -

where i =1,...,n.
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Let

(A7) fa] = (51,8201 )

([ g fma] o [ g ]) = s ras
fe = {fers fazs s frm—n) 1 B =1,.0m;

95 = 191,952 - Gitn—1y }, 3 = 1, ..., m;

(A7 g0 = Lttty by G = 1,y

and

(g{n) = {@17 P25 eny Spn—l}~

It is clear that identity (5) is satisfied only in the case when s = 7 for all
k=1,...,n—1.
For 1 <i <n —k, we have

a’F =
af1bFa—1) (k-2 Pi Far1) i4k) - F =1y (n=1) Fn— kD)1 F(n—1) (k=1) frk
:<aflk~--f(i—1)(i-¥-k—2)gli. N af1k~“f(i—l)(i—l—k—Q)gmaf(i-&-l)(i+k)~~~f(n—k)(n—1)f(n—k,~+1)1~~f(n—k)(k—1)fnk
:(af1k~~~f(i—1)(n+k—2)91if(i+1)(i+k)“~f(n—k)(n—1)f(n—k+1)1-~~f(n—1)(k—1)fnk o

N aflk~-~f(i—1)(i+k—2)gmif(i+1)(i+k)~~~f(n—k)(n—1)f(n—k+1)1~~-f(n—1)(k—1)fnk)
and

at = (atlk . ..atm’“) =

— (afllc--~f(i71)(i+k—2)glif(i+1)(i+k)~~~f(n—k)(n—1)f(n7k+1)l~'~f(n—1)(k—1)fnk._.

__.aflk~~~f(i71)(i+k72)gmif(i+1)(i+k)"~f(n7k)(n71)f(n7k+1)1'~~f(n71)(k71)fnk> )
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Thus, a®* = a"* and, in the consequence, s; = 7.
If n — k <i<n, then

o’k = gfik Tk (n—1) fn—kt 1)1 Fi=1) (i+k—n—1)Pifi+1) i+h—n+1) - Fn—1) (k=1) Fnk —
— (aflk--~f(n—k)(n—1)f(n—k+1)1~~~f(i—1)(i+k—n_1)91im

al 1t Fm-1)(—1) fn—kt1)1- F(i=1) (i+h—n—1)Imi

)f(i+1)(i+k—n+1)"'f(n—l)(k—l)fnk _

— (aflk--~f(n—k)(n—1)f(n—k+1)1~~f(z'—1)(i+k—n_1)91if(i+1)(¢+k—n+1)--~f(n—1)(k—1)fnkm
._.aflk~~~f(n7k)(n71)f(nfk+l)l~-uf(if1)(i+k7n71)gmif(i+1)(i+k7n+1)~~~f(n71)(k71)fnk)
and

a’t = (at”C . ..atmk) =
— (aflk---f(nfk)(n—l)f(nflwrl)l---f(if1)(i+k—n—1)91if(i+1)(i+k7n+l)---f(nfl)(k—l)fnk'“
_..a/flk---f(nfk)(nfl)f(nkarl)l---f(if1)(i+k7n—1)gmif(i+1)(i+k7n+1)---f(nfl)(kfl)fnk>7

which — similarly as in the previous case — give, s = 7.
This completes the proof. [

Corollary 1. If < Aj;+,—,0 >, ..., < Ap_1;{+, —,0} > are abelian groups,
then < End(Ay, ..., An—1); {+,—, 0, [} > is the multiring, where ©=(0, ..., 0).

Corollary 2 ([4]). The set of all endomorphisms of an abelian m-ary group
forms an (m,2)-ring.
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