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Abstract

In this paper we consider some special classes of Diophantine
equations connected with McFarland’s and Ma’s conjectures about
difference sets in abelian groups and we obtain an extension of known
results.
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1. INTRODUCTION

Let G be finite multiplicative group of order v. A k-subset D of G is called
a (v, k, A)-difference set in G if and only if the ”differences” dydy' for
di, do € D with d; # ds, give every nonidentity element of G precisely A
times. If G is abelian, then D is called an abelian difference set.
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An important concept in the theory of difference sets is the concept of
multipliers. A multiplier is an integer ¢ such that {d':d € D} = Dg for
some ”translate” Dg of D.

One of the unsolved problems concerning difference sets with —1 as a
multiplier is McFarland’s conjecture (see, K.T. Arasu [1]):

Conjecture 1. If a nontrivial (v, k, X)-difference set exists in an abelian
group with —1 as a multiplier, then either v = 4n, where n = k — XA = 625
or v = 4000.

S.L. Ma [8] posed the following two number-theoretic conjectures that would
imply Conjecture 1:

Conjecture 2. Let p be an odd prime and a, b, t,r € N. Then
(A) Y = 22492t — 2295147 1 1 s a square if and only if t = r;
(B) Z = 2222 9b+2pt4r 4 | s ¢ sqare

if and only if p=>5, b=3, t=1, r =2.

In the paper [8], Ma also obtained some partial results concerning Conjecture
2, namely:

Result 1. IfY in (A) is square, then r <t < 2r.

Result 2. If Z in (B) is square, then t < r.

In 1994 the first author claimed (see [2]) that the Conjecture 2 holds.

Recently, Yongdong Guo in the paper [7] gave a generalization of
Result 1, proving that if £k > 1 is odd and r < t < 2r, then the exponential
Diophantine equation:

(1) x? = 2202 _ 920kt L 1 where z,a,k, t,r €N
has no solution.

Let
x,y,a b ki tiyr; € N, i=1,2,...,s, and 6 € {—1,1}.
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In the present paper we consider the following Diophantine equations:

(2) g% = 2% | k2ay? getbphite | platres 4,

(3) a? =k EHey? —oegrt | kbteg 42 where e € {0,1};

and
(4) a? = kP ke Akt Rt 44,

We prove the following results:
Theorem 1. Consider equation (2) with t; > r; for i = 1,2,...,s,

a > b, and add y. Then Diophantine equation (2) has only solution given
by formulas:

g =20t lphr bt 5 and oy = 20T LE LR,

If a = b and y odd, then Diophantine equation (2) has only solution given
by formulas:

g =2k KLt 50y = kKT and 2 [k k.

From the Theorem 1 follows the following:
Corollary. If ¢t > r, then Diophantine equation (1) has no solution.

Theorem 2. Ift; > r; fori = 1,2,...,s, then Diophantine equation (3)
has no solution.

Theorem 3. Ift; > r; fori=1,2,...,s, then Diophantine equation (4)
has only solution given by formulas

x= kDT kT 95 and y =KL EDE.

Moreover, we can also prove similar results on the following Diophantine
equations:

(5) g% = 2% | g2y getbphite gl
(6) 1:2 — k’%tl thsyQ _ 2ek,§1+r1 kt5+r55 _9
(7) g? = B3 ke 4kt letTeg g

with the corresponding restrictions as in (2), (3) and (4).
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2. BAsic LEMMAS

Let D € N be a non-square and let y|*D denote that D is divided exactly
by each prime factor of y.

Lemma 1 ([3], p. 154-155, cf. [9]). If z1,y1 € N, 22 — Dy} = 1 and
x> %y% — 1, then 1 + y1V'D is the fundamental solution of the Pell’s
equation

(8) 22 — Dy? = 1.

If v1,91 € N, 23 — Dy} = 4 and 22 > y3 — 2, then x4 + 1V D is the
fundamental solution of the Diophantine equation

(9) 2 — Dy? = 4. n

Lemma 2 ([11)). If 21, y1 € N, 22 — Dy} = 1 and y1|* D, then x1 + y1vV/D
is the fundamental solution of the Pell’s equation (8). [

Lemma 3 ([4]). Let a, b, x1, y1 € N, a# 2 and ax? — by} = 2, D = ab. If
a =1, y1|*b, then % (2% +by?) + z1y1V'D is the fundamental solution of the
Pell’s equation (8).

If mi|*a or y1[*b, then 3 (ax? + by?) + v1y1vVab = € or is equal to €3,
where € is the fundamental solution of the Pell’s equation (8). [ ]

Lemma 4 ([5]). Leta, b, 1, y1 € N, a# 4 and ax? — by? = 4, D = ab. If
a =1, y1|*b, then x1 + y1V/b is the fundamental solution of equation (9).

If ;1|*a or y1|*b, then § (az? + byd) + z1y1Vab = w or is equal to Jw?,
ercept when a =5, b =1, x1 = 5, y1 = 11, where w is the fundamental
solution of equation (9). |

From Lemma 1 one can deduce the following:

Lemma 5 (see also [6] and [10]). Let € be the fundamental solution of
Pell’s equation (8). If D = s(st>—¢), with s,t € N, and s > 1, then
e=2st> —§+2tV/D.

If D = s(st?—25) > 0, with s,t € N, and § € {—1,1}, then ¢ =
st? — 5 +tVD.

If D = s(st> —46) > 0, with s,t € N, then st?> — 25 + tV/D is the
fundamental solution of equation (9). ]
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3. PROOF OoF THEOREMS
Proof of Theorem 1. From (2) we have
(10) 2% =20 bR{ Rl (200 R T kTR0 ) (2R LKD) B
Putting in (10) X =2, t =y, s = 2070kl " kL and Y = 2%k} .. . kTs
we obtain
(11) X2 —s (st =0) Y2 =1.

By Lemma 5, it follows that the fundamental solution of the Pell’s equation:

U? — s (st? — ) V2 =1is given by € = 2st* — § + 2t/s (st — ).
On the other hand we have Y|*s (st? — §), therefore from Lemma 2 and

(11), we obtain X +Y /s (st2 — §) = 2st2—5+2t\/s (st2 — §), s0 X = 2st>—§
and Y = 2t
The proof of the Theorem 1 is complete. [

Proof of Theorem 2. From (3) we obtain

(12) @ = R R (R Ry = 208 (R RL) 4 2,

Applying Lemma 3 to (12), we get

1
(13) o= (@ kT R (TR T 28 ) (R k) o+

+zkt . K"VD,
where ¢ is the fundamental solution of Pell’s equation (8) and
D= Kkl (R R Ty - 29).

Hence, by Lemma 5 it follows that

__ 2k kb Tmsy? — 5+ 2yV/D, if e=0
k?—”...kés_”yQ—é—i—y\/ﬁ, if e=1 ’
and consequently, we see that (13) is impossible. The proof of the Theorem
2 is complete. u

Remark. The proof of the Theorem 3 is completely similar to the proof
of the Theorem 1.
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